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Searches for neutrino magnetic moments/transitions in low energy neutrino scattering experiments are
sensitive to effective couplings, which are an intricate function of the Hamiltonian parameters. We study the
parameter space dependence of these couplings in the Majorana (transitions) and Dirac (moments) cases, as
well as the impact of the current most stringent experimental upper limits on the fundamental parameters.
In the Majorana case we find that for reactor, short-baseline, and solar neutrinos, CP violation can be
understood as a measurement of parameter space vectors misalignments. The presence of nonvanishing CP
phases opens a blind spot region where—regardless of how large the parameters are—no signal can be
observed in either reactor or short-baseline experiments. Identification of these regions requires a
combination of different datasets and allows for the determination of those CP phases. We point out
that stringent bounds not necessarily imply suppressed Hamiltonian couplings, thus allowing for regions
where disparate upper limits can be simultaneously satisfied. In contrast, in the Dirac case stringent
experimental upper limits necessarily translate into tight bounds on the fundamental couplings. In terms
of parameter space vectors, we provide a straightforward mapping of experimental information into
parameter space.
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I. INTRODUCTION

For decades, experimental signals of magnetic and
electric dipole moments have been searched for in a large
variety of environments (for a review see Ref. [1]). Their
distinctive feature—regardless of neutrino flavor—is that
of spectral distortions at low recoil energies, thus making
detectors with low recoil energy resolutions an ideal tool
for such searches. Rather than being controlled by a single
parameter, the size of the distortion is instead governed
by an effective coupling, μeffνα , with flavor dependence α
determined by the incoming neutrino flux. In the absence of
such signal and using neutrino-electron elastic scattering
as well as coherent elastic neutrino-nucleus scattering

(CEνNS), short-baseline accelerator facilities have placed
competitive bounds on the electron and muon effective
couplings [2–5]. Solar neutrino experiments, in particular
BOREXINO, have placed even more stringent limits on the
electron effective coupling, which along with the GEMMA
reactor experiment and XENON1T set the most tight
bounds on this coupling at the laboratory level [6–8].
Forthcoming low threshold reactor experiments [9–18],

short-baseline neutrino detectors [19], multi-ton dark mat-
ter (DM) direct detection experiments [20–22] and possibly
even decay-in-flight neutrino facilities [23] will further
scrutinize these regions. Indeed, searches for neutrino
magnetic couplings along with searches for other novel
interactions in the neutrino sector including nonstandard
interactions, neutrino generalized interactions as well as
long range scalar and vector interactions, are among the
experimental phenomenological targets of these type of
experiments (see, e.g., [24–33]). As pointed out recently,
the presence of these interactions may actually have deep
implications for DM direct detection searches [34].
Motivated by these experiments, in this paper we study

the implications of measurements (or upper bounds, result-
ing from the absence of a signal) of neutrino magnetic and
electric dipole moments/transitions [35–40] on parameter
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space. Focusing on both the Majorana and full diagonal
Dirac cases we do the following: (i) study possible basis
invariants that enable a basis-independent mapping of
experimental information into parameter space, (ii) derive
general matricial expressions for the effective couplings in
short-baseline, reactor, and solar neutrino experiments
(in the mass and flavor eigenstate bases), (iii) introduce
a parameter space vector notation that allows a straightfor-
ward mapping of data into parameter space and allows as
well the identification of the role played by CP phases in
opening blind spots in the Majorana case,1 (iv) perform
a general mapping of LSND [2], GEMMA [7], and
XENON1T [8] experimental data into parameter space,
that enables us to demonstrate the viability of reconciling
the LSND bound with the more stringent GEMMA limit.
The remainder of this paper is organized as follows. In

Sec. II we introduce the couplings involved in our analysis,
along with the notation employed throughout the paper.
In Sec. III we present a general analysis, valid for any value
of the Dirac CP phase, of the effective couplings in short-
baseline and reactor experiments, as well as in solar
neutrino experiments, in both mass and flavor eigenstate
bases. In Sec. IV, we specialize the discussion to the
Majorana case and introduce a vector notation that allows
for a straightforward mapping of experimental data to
parameter space. In Sec. V, we discuss neutrino magnetic
moments in the Dirac case, while in Sec. VI we summarize
and present our conclusions. In the Appendixes A and B we
calculate the phase average for solar neutrinos and dem-
onstrate the connection between blind spots and the
unitarity of the lepton mixing matrix for the Majorana case.

II. NEUTRINO MAGNETIC AND ELECTRIC
DIPOLE MOMENT INTERACTIONS

The structure of the interactions we are interested in,
depends on whether neutrinos are Dirac or Majorana
particles. For the Dirac case—in the flavor eigenstate
basis—they are described by the effective Lagrangian [41]

HD ¼ −
1

2
ν̄σμνðμþ iϵγ5ÞνFμν ¼ −

1

2
νRσμνλνLFμν þ H:c:;

ð1Þ

where νT ¼ ðνe; νμ; ντ; νs � � �Þ with νs denoting possible
sterile neutrino states, and ν ¼ νL þ νR being the Dirac
neutrino fields. The matrices μ and ϵ are N × N Hermitian
matrices in flavor space that satisfy μ† ¼ μ and ϵ† ¼ ϵ, as
required by the Hermiticity of the Hamiltonian. Their
entries correspond to neutrino magnetic and electric dipole
moments (i ¼ j) and transitions (i ≠ j), which follow from

the zero momentum transfer limit of the magnetic and
electric dipole form factors, FMðq2Þ and FEðq2Þ [1]. The
following combination of μ and ϵ matrices defines

λ ¼ μ − iϵ; ð2Þ

a matrix that proves to be rather useful when describing
neutrino scattering induced by these interactions. In the
Majorana case, the effective Hamiltonian, written as well in
the flavor eigenstate basis, reads [36]

HM ¼ −
1

4
νTC−1σμνðμþ iϵγ5Þν

Fμν ¼ −
1

4
νTLC

−1σμνλνLFμν þ H:c: ð3Þ

Here the massive Majorana fields are given by ν ¼ νL þ νCL
and the matrices μ and ϵ, in addition to being Hermitian, are
as well complex antisymmetric: μT ¼ −μ and ϵT ¼ −ϵ. An
implication of their antisymmetric character is that in the
Majorana case the neutrino and electric dipole moments
vanish and transitions are purely imaginary numbers.
Relations between the flavor and mass eigenstate bases

follow from the diagonalization of the neutrino mass
matrices (mD for Dirac and mM for Majorana). In the
Dirac case it proceeds as in the charged fermion sector
through biunitary transformations. In the Majorana case,
instead, the symmetric character of the neutrino mass
matrix enables diagonalization solely through the lepton
mixing matrix. Quantitatively one has

νL ¼ U · ν0L and νR ¼ V · ν0R ⇒ V† ·mD ·U ¼ m̂D

and UT ·mM · U ¼ m̂M: ð4Þ

Here primed fields refer to mass eigenstates. Note that the
unitary matrix V enters only in the Dirac mass term, and has
no effect in any other coupling nor in neutral or charged
currents. This means that it has no physical character and so
any choice for its parametrization should be as good as any
other. The most “extreme” choice would be rotating it
away, which is equivalent to V ¼ I. If one does so, then the
diagonalization in the Dirac case in Eq. (4) reduces to
mD ·U ¼ m̂D, from which one can see that the Dirac mass
matrix mD ¼ m̂D ·U† is constrained. It involves one CP-
violating phase and six independent real parameters, rather
than six CP phases and nine real parameters as it should.
Following this argument we then fix V ¼ U�, a choice that
enables the relation for the transformation from the flavor
to the mass eigenstate basis for λ to have the same structure
in the Dirac and Majorana cases (see discussion below).
The coupling matrices in Eqs. (1) and (3) involve a

particular number of physical CP-violating phases. Its
counting is as follows. In the Dirac case, the magnetic
and electric dipole N × N matrices—being Hermitian—
involveNðN þ 1Þ=2moduli and NðN − 1Þ=2 CP-violating

1Here with blind spots we mean regions in parameter space
where an effective coupling vanishes despite the fundamental
parameters being different from zero. For a given experiment this
translates in the absence of a signal.
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phases. Since only diagonal phases can be removed by
phase rotations of the neutrino fields, all the phases are
physical. The general Majorana case, instead, involves
NðN − 1Þ=2 moduli and the same number of physical
CP-violating phases. Despite the properties of Hermiticity
of the magnetic and electric dipole matrices, in the Dirac
case λ is a complex N × N matrix. Accordingly, it involves
2N2 parameters,N2 moduli, andN2 phases, of whichN can
be removed by phase rotations of the neutrino fields,
resulting in NðN − 1Þ physical phases. In the Majorana
case the combination keeps being antisymmetric, but one
CP phase can be removed by a single field redefinition.
In the Majorana case, λ involves NðN − 1Þ=2 moduli and
NðN − 1Þ=2 − 1 physical phases. A summary of the
physical parameters, including the CP-violating phases
that define each matrix in each case, is shown in Table I.
Taking into account this parameter counting, the coupling
matrix (in the 3 × 3 case) for Dirac and Majorana neutrinos
in the mass eigenstate basis can be parametrized as follows:

λ0D ¼

0
B@

λ11eiφ11 jλ12jeiφ12 jλ13jeiφ13

jλ21jeiφ21 λ22eiφ22 jλ23jeiφ23

jλ31jeiφ31 jλ32jeiφ32 λ33eiφ33

1
CA;

λ0M ¼

0
B@

0 jΛ3jeiφ3 −jΛ2j
−jΛ3jeiφ3 0 jΛ1jeiφ1

jΛ2j −jΛ1jeiφ1 0

1
CA; ð5Þ

where the notation Λi ¼ ϵijkλjk has been adopted in the
Majorana case.2 With the aid of the transformation bases in
Eqs. (4), bearing in mind that we have chosen V ¼ U�, the
relations between the coupling matrix in the mass and
flavor bases read3:

λ0D ¼ UT · λD ·U; λ0M ¼ UT · λM ·U: ð6Þ

One can see that if rather V is rotated away the relation
between the flavor and mass eigenstate bases in the Dirac

case reduces to λ̃0D ¼ λD · U. This, however, does not mean
that results involving scattering processes are affected by
this choice, something expected due to the nonphysical
character of V (see discussion in Sec. III).

III. SCATTERING PROCESSES INDUCED BY
MAGNETIC AND ELECTRIC DIPOLE MOMENTS

Weak processes produce neutrinos as flavor eigenstates.
As they propagate towards a detector located at a distance
L, they may be subject to flavor oscillations, depending on
L and on their average energy. As they reach the detector,
the interactions in Eqs. (1) and (3) induce [electromagnetic
(EM)] scatterings with the target material. Depending on
the neutrino energy spectrum, the scatterers can involve
electrons, nuclei, nucleons, or quarks. For neutrino energies
relevant for CEνNS (Eν ≲ 100 MeV), as those coming
from reactors, or pion decay-at-rest (π-DAR) neutrino
sources, scattering is dominated by neutrino-nucleus and
neutrino-electron processes. For energies as those in decay-
in-flight neutrino beams, e.g., NuMI or DUNE, the EM
scattering is—instead—driven by neutrino-nucleon proc-
esses or quarks.
EM t-channel scattering processes να þ X → να þ X

(X ¼ N, e, n, q) involve chirality flip, in contrast to those
induced by electroweak (EW) interactions. Thus, they do
not interfere with the SM contribution. In the presence of
the new EM interactions the differential scattering
cross section is then a sum of two terms: dσ=dEr ¼
dσEW=dEr þ dσEM=dEr, where dσEW=dEr and dσEM=dEr

refer to theSMandEMcomponents, respectively. The second
contribution, being of EM origin, exhibits a Coulomb
divergence that becomes particularly pronounced at small
momentum transfer,q. For this reason is that themost suitable
targets for EM neutrino interaction searches are neutrino-
electron elastic scattering and CEνNS. Experiments with
sensitivities to these processes operate at rather low thresholds
and so are able—in principle—to identify possible spectral
distortions generated by the new interactions. In contrast,
experimental setups involving neutrino-nucleon or neutrino-
quark interactions operate at higher thresholds. Identification
of spectral distortions then require λ couplings whose values
have been already ruled out, implying that decay-in-flight
neutrino beams are not suitable for neutrino EM interaction

TABLE I. Number of physical parameters, including CP-violating phases, that define the neutrino magnetic and electric dipole
matrices as well as the λ ¼ μ − iϵ matrix. Results are shown for a general N × N (N active and N sterile) neutrino scenario in both the
Dirac and Majorana neutrino cases.

Dirac Majorana

Matrix Type Moduli CP phases Matrix Type Moduli CP phases

λ C N2 NðN − 1Þ λ C antisymmetric NðN − 1Þ=2 NðN − 1Þ=2 − 1

μ Hermitian NðN þ 1Þ=2 NðN þ 1Þ=2 μ C antisymmetric NðN − 1Þ=2 NðN − 1Þ=2
ϵ Hermitian NðN þ 1Þ=2 NðN þ 1Þ=2 ϵ C antisymmetric NðN − 1Þ=2 NðN − 1Þ=2

2For the Majorana phases a different notation has been
previously used in Refs. [5,42]. The translation is straightfor-
ward: φ1 ¼ ξ3 ¼ ζ1 − ζ2 and φ3 ¼ ξ1 ¼ ζ3 − ζ2.3We will see that the choice of V does not affect the form of the
effective magnetic moment.
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searches. In what follows we then focus our discussion on
neutrino-electron elastic scattering and CEνNS.
The EM neutrino-electron elastic scattering differential

cross section was first calculated by Vogel and Engel in
Ref. [43], without taking into account flavor oscillation
effects. However, for a neutrino flavor (weak) eigenstate να
(α ¼ e, μ, τ) produced at t0 ¼ 0 and further detected
at L at a time t0 ¼ t these effects are unavoidable.
References [44,45] have taken them into account by
considering propagation in the mass eigenstate basis and
neutrino-electron elastic scattering. Doing so, they have
found the following differential cross section:

dσEM
dEr

¼ πα2

m2
e

�
1

Er
−

1

Eν

�
μ2ναðL; EνÞ

μ2B
; ð7Þ

where the dimensionful coupling μ̄ναðL;EνÞ ¼ μναðL;EνÞμB
has been normalized to the Bohr magneton μB ¼ 1=2=me.
After rescaling the previous equation by Z2F2

Wðq2Þ, with
FWðq2Þ being the nuclear form factor, this result applies as
well to CEνNS [46].
In the context of an “agnostic” phenomenological

analysis, Eq. (7) can be used without specifying the
parameter space coupling function μ2να ≡ hμ2ναðL;EνÞi.4
Such an approach allows placing constraints on μ2να , which
can then be mapped into the λij parameter space
[5,42,48,49]. However, this second step is rarely done,
and results obtained for μ2να are directly presented instead.
This can lead to misleading interpretations of results
derived from different datasets. It can potentially imply
that a limit derived from, say, reactor data is taken to be
universal regardless of the experimental context to which
one is comparing it to. To avoid confusion, and to make
sure that a certain limit is properly applied, the mapping
onto the λij parameter space should then be understood as
mandatory.
To begin with, we then write μ2ναðL;EνÞ for incoming

neutrinos in the most general way in terms of the couplings
in the mass eigenstate basis [44,45]

μ2ναðL;EνÞ ¼
X3
j¼1

jU� · PjðL;EνÞ · λ0T j2; ð8Þ

where, in contrast to Refs. [1,44,45], we have employed
matrix notation since this allows for an easier identification
of basis transformation effects. The leptonic mixing matrix
in this expression accounts for the fact that flavor eigenstates
are a superposition of mass eigenstates. Thus, depending on
the environment at which neutrinos have been produced and

further propagated, this matrix can be either that in vacuum
or in matter. The 3 × 3 matrices Pj in Eq. (8) are diagonal
matrices defined as Pj ¼ diagðP1j; P2j; P3jÞ, where Pij ¼
e−iΔij and the phases are given byΔij ¼ Δm2

ijL=2=Eν. Since
neutrino oscillation data provide information on Δm2

21 and
on jΔm2

31j [50], the Pij entries should be expressed in terms
of just two phases Δ21 and Δ31. Taking into account that
Δm2

21 ≪ jΔm2
31j one finds for the normal spectrum case

P21 ¼ e−iΔ21 , P31 ¼ e−iΔ31 and the following relations:
Pii ¼ 1, P12 ¼ P�

21, P13 ¼ P23 ¼ P�
31, and P32 ¼ P31.

For the inverted spectrum case, instead, P31 ¼ eiΔ31 ,
P13 ¼ P32 ¼ P�

31, and P23 ¼ P31 with all the other relations
as in the normal case. By shifting Δij → −Δij, Eq. (8) is
valid for antineutrinos as well [1].
From Eq. (8) it is clear that different experimental setups

imply different effective coupling functions. There are two
variables which are key to this statement: (i) the oscillation
phases Δ21 and Δ31, and (ii) the incoming neutrino flavor
state index α. These two variables are independent of the
basis one chooses for the description of the scattering
process. Focusing first on (i), we then write the oscillation
phases according to

Δ21 ¼
Δm2

21

2Eν

L¼ 3.8× 10−4
�

Δm2
21

7.50× 10−5 eV2

��
10MeV
2Eν

��
L

10m

�
;

ð9Þ

Δ31 ¼
Δm2

31

2Eν

L¼ 1.3× 10−2
�

Δm2
31

2.55× 10−3 eV2

��
10MeV
2Eν

��
L

10m

�
;

ð10Þ
where best-fit point values for Δm2

21 and Δm2
31 (normal

ordering case) have been used [50] along with typical values
for L and Eν. For the processes we are interested in, the
experimental environments that matter are short-baseline
reactors, π-DAR neutrino facilities, and solar neutrino
detectors. For reactors and π-DAR neutrino sources, the
numbers quoted in Eqs. (9) and (10) apply, and one can fairly
assume Δij → 0 and so Pj → diagð1; 1; 1Þ for all j.
Moreover, since matter effects are absent in these cases,
U matches the leptonic mixing matrix in vacuum.
Equation (8) specialized to these two cases, which can then
be written according to the following:

Reactor and π-DARðmass basisÞ∶μ2να;ðL → 0Þ

¼
X3
j¼1

jðU� · λ0TÞαjj2 ¼ ðU · λ0† · λ0 ·U†Þαα: ð11Þ
4For the cases in which the effective coupling has a L=Eν

dependence an average over this variable has to be done, in the
same vein one does with oscillation probabilities (see, e.g., [47]).
A normalized Gaussian function can be used for that aim.
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From now on, we will use the notation μ2να; to denote this no-
oscillation case. Notice that as a consequence, in these cases
the expression of the effective coupling for neutrinos and
antineutrinos is the same. For solar neutrinos the discussion
is more subtle. Interference terms in Eq. (8) involve the
propagation phases Δ21 and Δ31, which cannot be dropped
as in the previous cases (L is fixed by the Sun-Earth distance
and so L=Eν ≫ 1). In this case then μ2νðL;EνÞ should be
averaged over L=Eν. As already mentioned, this can be done
by assuming the smearing function to be a normalized
Gaussian function with median μ ¼ hL=Eνi and variance σ.
Doing so one gets for the average values of the propagation
phases the following result (for completeness, we present the
details in Appendix A):

he�Δm2
ijL=2=Eνi ¼ e�Δm2

ijL=2=Eνe−Δm
4
ijhL=Ei2=8; ð12Þ

which implies that interference terms in the solar case are
(strongly) exponentially suppressed and so can be ignored.
With this simplification, Eq. (8) thus reads

Solar neutrinosðmass basisÞ∶

hμ2ν;soli≡ μ2ν;sol ¼
X3
k¼1

jUM
αkj2ðλ0† · λ0Þkk; ð13Þ

where the leptonic mixing matrix UM involves mixing
angles in matter, which implies that the coupling is still
energy dependent.
A relevant point—already mentioned at the end of

Sec. II—has to do with the impact of the change of basis
in Eqs. (11) and (13). Or, in other words, on whether μ2ν as
defined by these equations is basis independent or not. This
question is actually crucial for two reasons. First of all
because the nonphysical character of V enables parame-
trizing it arbitrarily. Second, because it tells us how robust
results derived in a particular basis are. Let us first consider
the Dirac case and the most general transformation between
the mass and flavor eigenstate bases: λ0 ¼ V · λ · U. One
can see that Eqs. (11) and (13) become

Reactor and π-DARðflavor basisÞ∶
μ2να ¼ ðλ† · λÞαα; ð14Þ

Solar neutrinos ðflavor basisÞ∶

μ2να ¼
X3
k¼1

jUM
αkj2ðU† · λ† · λ · UÞkk: ð15Þ

These results do not depend on V and therefore imply that
any choice for this matrix is as good as any another. They
are valid as well in the Majorana case, thus demonstrating
that the flavor effective neutrino magnetic moment cou-
pling is not basis independent. Interesting, however, is the

fact that for the reactor and π-DAR cases, the sum of these
quantities over flavor is a basis invariant

X
α¼e;μ;τ

μ2να ¼ Trðλ0† · λ0Þ ¼ Trðλ† · λÞ: ð16Þ

This implies that if one can access data sets which
involve the three flavors (e.g., GEMMA, COHERENT,
and DONUT), the mapping from these measurements to the
fundamental parameters can be done in a basis-independent
way. One can also see that in the mass eigenstate basis,
CP-violating effects are present in the reactor and π-DAR
effective coupling [Eq. (11)], while they are absent in the
solar effective coupling [see Eq. (13)]. Conversely, in the
flavor eigenstate basis they play a role in the solar coupling,
while they have no effect in the reactor and π-DAR
effective parameter. This is somehow expected given the
physical nature of the phases. A basis choice hides these
phases from a certain effective coupling but at the same
time exposes them in the other. In an analysis including
reactor, π-DAR, and solar data, one chooses a basis and
thus if the physics responsible for electric and magnetic
dipole moments is CP violating, then the effects of the
CP-violating phases will necessarily show up (provided the
phases are large enough).
Regarding (ii), for the reactor case we have α ¼ e (ν̄e),

while for π-DAR neutrinos α ¼ μ and α ¼ e for the
prompt (νμ) and delayed (ν̄μ; νe) incoming neutrino states,
respectively. For solar α ¼ e (νe). In what follows,
using Eqs. (11), (13), (14), and (15), we then determine
the impact of current more stringent bounds on the
fundamental parameters for the Majorana and Dirac neu-
trino cases according to Eq. (5), differentiating between the
CP-conserving and CP-violating scenarios.

IV. MAJORANA NEUTRINO TRANSITION
MAGNETIC AND ELECTRIC DIPOLE MOMENTS

A. Effective couplings in reactor and short baseline
accelerator experiments

We begin with the Majorana case for short distance
sources in the mass basis. To simplify the notation, we see
that Eq. (11), combined with the Majorana coupling matrix
in Eq. (5), can be recast in terms of parameter space vectors,
namely

μ2να ¼
X3
i¼1

jΛij2 −
����
X3
i¼1

Λ⃗iα

����
2

¼ jΛ⃗j2 −
����
X3
i¼1

Λ⃗iα

����
2

: ð17Þ

We denote Λ⃗ ¼ Λiêi, and we define the flavor-dependent
vectors, which are in general not orthogonal, as

Λ⃗iα ¼ jUαijjΛijêiα; ð18Þ
with êiα being unit vectors. Within this formalism, the
misalignment between these vectors is determined by the
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phases of the magnetic moment couplings and can be
interpreted as a measure of the amount of CP violation the
new physics comes along with. They are weighted accord-
ing to the entries of the lepton mixing matrix Uαi, which
together with the misalignment products, êiα · êjα, deter-
mine their size (for details see Appendix B). Writing the
effective neutrino magnetic moments in terms of these
vectors has one clear advantage. Maximization (and min-
imization) of the effective couplings (with respect to the
phases for fixed moduli) can be understood as a conse-
quence of vector misalignments in parameter space, thus
allowing a quantitative determination of the role played by
the CP-violating phases φ1 and φ3.
Using Eqs. (17) and (18) a general analysis, valid for any

value of the δ Dirac CP phase, can be done. Here instead
we fix its value to π as suggested by global fits to neutrino
oscillation data.5 In doing so, the entries of the lepton
mixing matrix do not depend anymore on δ and so we adopt
the notation Uαi → fαi. The misalignment as well gets
simplified and involves only the new sources of CP
violation. Both the coefficients and misalignments for this
case are shown in Table II. Note that combined analyses of
future DUNE [51], T2HKK [52], and MOMENT [53] data
will achieve at most a ∼10% resolution [54]. Furthermore,
from the practical point of view, such a value facilitates the
presentation and analytical treatment of the various param-
eter space features we now discuss. It is worth emphasizing
that our results, in particular their qualitative features, are
independent upon our choice.
Let us consider first the parameter space maximization of

the effective couplings, for which given a dataset the more
stringent bounds (consistent with an upper limit) on the
Lagrangian couplings are obtained. From Eq. (17) it is clear
that this happens whenever the second term acquires its
minimum value. For this to be the case, the flavor vectors,
Λ⃗iα, have to be aligned in certain directions in parameter
space. Such configurations can be determined through the
conditions

∂
∂φa

����
X3
i¼1

Λ⃗iα

����
2

¼ 0; ða ¼ 1; 3Þ; ð19Þ

which result in relations between the phases and the flavor
vectors. For reactors and one of the delayed components in
π-DAR (α ¼ e) we find

cosðφ1Þ ¼
−Λ2

1e − Λ2
2e þ Λ2

3e

2Λ1eΛ2e
;

cosðφ3Þ ¼
−Λ2

1e þ Λ2
2e þ Λ2

3e

2Λ2eΛ3e
: ð20Þ

For the prompt and delayed muon neutrino components in
π-DAR, the relation follows from Eq. (20) by trading
Λie → Λiμ for i ¼ 1, 3 and Λ2e → −Λ2μ. For the tau
neutrino case the same relations hold. This can be under-
stood as follows. The interference terms in the muon
neutrino case differ from those in the electron neutrino
case by minus signs in the terms involving the Λ2μ

coupling, while in the tau neutrino effective coupling they
differ by a global minus sign. Of course relations in
Eq. (20) along with those for the other flavors should be
combined with the obvious constraint j cosðφaÞj ≤ 1,6

which in turn fixes the regions in parameter space where
minimization of the flavor vector in (17) is achieved.
We have found that in those parameter space regions it

holds that jP3
i¼1 Λ⃗iαj2min ¼ 0. This means that although the

effective neutrino transition magnetic moment depends
upon five parameters (in the CP-violating case), when
moving to the regions where μ2να peaks (namely μ2να jmax) the
mapping of experimental information (limits or measure-
ment) reduces to a three parameter problem7:

TABLE II. Coefficients of the flavor-dependent vectors that define the effective neutrino magnetic moment coupling in Eq. (17).
Shown as well are the misalignment products whose values determine the amount of CP violation the new couplings come along with.
These expression follow from fixing δ ¼ π, a value that differs from that suggested by neutrino oscillation data by ∼7% (for the normal
spectrum case) [50]. The notation cij ≡ cos θij and sij ≡ sin θij, where θij corresponds to neutrino mixing angles, has been used.

Electron Muon Tau

f1e c12c13 f1μ c23s12 − s23c12s13 f1τ s23s12 þ c23c12s13
f2e s12c13 f2μ c23c12 þ s23s12s13 f2τ −s23c12 þ c23s12s13
f3e s13 f3μ s23c13 f3τ c23c13
ê1e · ê2e cosðφ1Þ ê1μ · ê2μ cosðφ1 þ πÞ ê1τ · ê2τ cosðφ1Þ
ê1e · ê3e cosðφ3 − φ1 þ πÞ ê1μ · ê3μ cosðφ3 − φ1 þ πÞ ê1τ · ê3τ cosðφ3 − φ1Þ
ê2e · ê3e cosðφ3 þ πÞ ê2μ · ê3μ cosðφ3Þ ê2τ · ê3τ cosðφ3Þ

5This value differs by about 7% with respect to the actual best
fit point value for the normal ordering δ ¼ 1.08π [50].

6If jΛiej are such that cosðφαÞ are not defined, then the
minimum in the (φ1;φ3) plane will be located at either one of
the trivial solutions (0, 0), (π, 0), or (0, π).

7If the minimum is located at (0, 0) (see footnote 6), then we
have μ2να jmax ¼ jΛ⃗j2 − ðjΛ1ej þ jΛ2ej − jΛ3ejÞ2, with similar ex-
pressions for the other two trivial solutions.
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μ2να jmax ¼ jΛ⃗j2; ð21Þ

where the parameter reduction follows from the two
constraints imposed by the minimization conditions in
(19). In the Λi − Λj plane, the regions obtained this way
correspond to the lower boundary where the couplings (i.e.,
with smallest possible values) still saturate an experimental
upper limit. As can be seen from Eq. (21), in this boundary
the typical size of the couplings amounts to that of the
experimental upper limit.
Condition (19) along with the results in Eq. (20) (and the

corresponding ones for the muon and tau neutrino cases)
define the maximum value for the effective coupling when
varying the phases. On the other hand, conditions (19) also
lead to critical points that correspond to a maximum, which
satisfies

����
X3
i¼1

Λ⃗iα

����
2

¼ jΛ⃗j2: ð22Þ

When this relation is satisfied, the presence of a neutrino
magnetic transition moment interaction in a particular
scattering experiment will not show up, allowing for large
values of fundamental couplings, even orders of magnitude
above the effective coupling limit. We refer to these regions
in parameter space as blind spots (identified for the first
time in Ref. [55]). Around these regions, the smallness
of the effective neutrino magnetic transition moment has
little—if nothing—to do with the absolute size of the Λi

couplings. How large or small μ2να becomes, depends on
how much these vectors are aligned in parameter space.
If properly chosen, then stringent experimental limits can
be satisfied with couplings that exceed the experimental
limit in several orders of magnitude. This demonstrates that
analyses using only reactor or π-DAR neutrinos cannot
exclude the presence of these interactions, and hence, both
datasets should be included for a full picture.
The analysis of these regions in parameter space corre-

spond to μ2να jmin, in contrast to our previous discussion in
which we determined μ2να jmax. Notice that while the latter
fixes a lower boundary, the former instead fixes an upper
one. Thus, the largest possible couplings consistent with
experimental information are therefore encompassed
within this region. Of course if the only available infor-
mation is an upper limit, smaller values for the couplings
are allowed, but those that saturate the limit are enclosed by
this region. Blind spots are found whenever the following
two conditions are simultaneously satisfied:

êiα · êjα ¼ 1; jΛij ¼ fiαjΛ⃗j: ð23Þ

From Table II one can see that nonvanishing phases are
required to access blind spots. For the electron neutrino
effective coupling φ1 ¼ 0 and φ3 ¼ π, while for the muon
and tau neutrino cases φ1 ¼ π and φ3 ¼ 0. Perturbations of

the conditions in Eq. (23), such that Eq. (22) becomes
jΛ⃗j2 − δjΛj2, allow saturating an upper limit or matching a
potential measurement with large Λi couplings.
So far we have discussed results for reactor and short

baseline accelerator effective couplings in the mass basis.
As can be seen from Eq. (14) along with Eq. (5), in the
flavor basis these couplings acquire rather simple forms

μ2να ¼
X
β≠α

jΛβj2; ð24Þ

where Λβ ¼ μβ − iϵβ and the relation between these cou-
plings and those in the mass eigenstate basis are determined
by Eq. (6). In this basis, the effective couplings have no
dependence on CP phases. Thus, stringent bounds on μ2να
translate into tight bounds on the Λα upon which the
effective coupling depends. In contrast to the mass basis,
the mapping involves just two parameters and so the
regions allowed by a given limit are those determined
by

P
β≠α jΛβj2 ≤ μ2να jExp. However, information on possible

CP-violating effects is lost.
All in all, and as we have already stressed, when

mapping experimental upper limits or an actual measure-
ment into parameter space (in the mass eigenstate basis) the
region of interest is the one with boundaries given by
μ2να jmax (lower boundary) and the perturbed blind spot
region (upper boundary). Following this approach, we
proceed with the mapping of experimental upper limits
into parameter space and determine whether different
datasets can be reconciled. For that aim we use the
90% C.L. upper limits shown in Table III.
Graphs in the upper row in Fig. 1 show the results

obtained by mapping the upper limit on μ2νe from the
GEMMA reactor experiment [Eqs. (11) and (17) with
α ¼ e] to the parameter space of fundamental couplings
[those entering in the Hamiltonian in Eq. (3)]. Graphs in the
lower row, instead, follow from limits on μ2νμ from the
LSND experiment. Boundaries in the colored regions
saturate the limit, while points within correspond to smaller
values. Shown as well is the blind spot line along which

TABLE III. Current most stringent 90% C.L. limits (or range in
the case of XENON1T) on effective neutrino magnetic couplings
(normalized to the Bohr magneton). The range for XENON1T
assumes the signal reported in [8] is due to this new effective
coupling.

Type Experiment
Effective
coupling 90% C.L. limit (range)

Reactor GEMMA [7] μνe 2.9 × 10−11

π-DAR LSND [2] μνμ 6.8 × 10−10

π-DAR DONUT [3] μντ 3.9 × 10−7

Solar Borexino [6] μνe 2.8 × 10−11

Solar XENON1T [8] μνe ½1.4; 2.9� × 10−11

NEUTRINO MAGNETIC AND ELECTRIC DIPOLE MOMENTS: … PHYS. REV. D 105, 035027 (2022)

035027-7



μ2να ¼ 0 (α ¼ e, μ). For parameters along that line, signals
in a reactor or a short baseline accelerator experiment are
absent regardless of the size of the fundamental couplings.
Three regions in each Λi − Λj plane can be identified. The
green region is determined by vector alignments for which
μ2νe is maximized, as discussed previously. For this reason,
in this region the most constrained parameters are found
(the largest couplings have sizes of the order of the
GEMMA or LSND limit). The blue region, in particular
the spike along the blind spot line, follows from parameters
that satisfy the alignment condition in Eq. (23) but that
slightly depart from the conditions the Λi should satisfy so
as to fall exactly in the blind spot. In this region couplings
about two orders of magnitude larger than the GEMMA or
LSND limit can be found, inline with our previous
discussion as well.

To emphasize that the larger the couplings the more
aligned the parameter space vectors Λie should be, we have
as well included a region where the new interactions have
vanishing CP phases (brown region). One can see that
although larger couplings are allowed, compared with those
in the green region, the largest possible values are not
comparable to those in the region where CP phases are not
zero. Finally, it is worth mentioning that the corresponding
results for the μ2τ coupling follow the same behavior, but
since the upper limit is not as stringent as for the other two
flavors, they are not displayed.
Experimental upper limits apply to the effective coupling

μ2να and do not necessarily imply small fundamental
couplings, as demonstrated by the results in Fig. 1. This
then raises the question of whether limits on the funda-
mental parameters implied by GEMMA can be reconciled

FIG. 1. Upper row graphs: 90% C.L. limits on Majorana neutrino transition magnetic and electric dipole moments in Bohr magneton
units. The results are obtained for couplings in the mass eigenstate basis by mapping the upper bound on μ2νe from the GEMMA reactor
experiment [7] to the fundamental parameters Λi ¼ μi − iϵi. Points along the colored regions saturate the GEMMA limit while those
below correspond to smaller values. No CP means the CP phases in the electromagnetic sector are fixed to zero. Lower row graphs:
same as for graphs in the upper row but for bounds on μ2νμ from the LSND accelarator experiment [2]. Results from the DONUT upper

limit on μ2ντ [3] follow the same trend. Since they involve less stringent bounds are not displayed.
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with those that follow from the less severe LSND limit.
From our discussion of blind spots, it is clear that despite
the large mismatch of these experimental upper limits,
regions in parameter space where this is the case indeed
exist. For example, if couplings and phases are tuned
according to the conditions of the μ2νe blind spot, one finds

μ2νμ ¼ μ2νμ jmax ¼ jΛ⃗j2.8 Thus, in this region no signal at
GEMMA is expected regardless of the size of the cou-
plings. The GEMMA upper bound is therefore trivially
satisfied, and couplings with the appropriate size to satisfy
the LSND bound as well are indeed possible. Figure 2
shows the result of a scan in the parameter space where
phases have been fixed such that alignments of the flavor
vectors in μ2νe are in place. This choice allows us to enter the
region where the GEMMA limit can be satisfied with
sufficiently large couplings and hence leads us to regions in
parameter space where couplings can simultaneously
account for GEMMA and LSND measurements.

B. Effective couplings in solar neutrino experiments

We now turn to the discussion of the effective coupling
pertaining solar neutrinos. In contrast to the reactor and
short-baseline cases, this coupling acquires a rather simple
form in the mass eigenstate basis, as can be seen from
Eq. (13). Explicitly it reads

μ2ν;sol ¼
X2
i¼1

jΛij2½1 − c213P
2ν
ei ðEνÞ� þ c213jΛ3j2; ð25Þ

where P2ν
ei ðEνÞ refers to the two-flavor scheme probability

of observing the ith mass eigenstate νi at the scattering
point, given an initial electron neutrino state. No depend-
ence on CP phases is found in this basis, and so
experimental limits placed on this effective coupling only
constrain the mass basis parameters Λi. The oscillation
probabilities introduce as well an energy dependence. For
electron-neutrino scattering experiments that dependence is
to a large degree determined by the energy range of the
solar pp process, while for CEνNS by the energy range of
the 8B reaction. Since these processes peak at ∼0.4 and
∼10 MeV, respectively, one can then evaluate the proba-
bility for those energies and then map into parameter space.
In the flavor basis the effective coupling becomes more

intricate, but carries information on possible CP phases. As
in the analysis of reactor and short-baseline experiments, in
this case one can as well understand CP violation in terms
of parameter space vectors misalignments. However, in
contrast to what we have found in those cases, no align-
ments in parameter space exist such that blind spots can be
accessed. The coupling in this basis can be written as

μ2ν;sol ¼
X3
i¼1

jΛ⃗m
i j2ð1 − c213P

2ν
ei Þ ðwith P2ν

e3 ¼ 0Þ: ð26Þ

Here the oscillation probabilities follow the same meaning
as in Eq. (25) and the parameter space vectors are defined
according to

Λ⃗m
i ¼

X
α¼e;μ;τ

Λ⃗m
iα ¼

X
α¼e;μ;τ

fiαΛαûiα; ð27Þ

where the superindex “m” has been introduced to differ-
entiate these vectors from those in the reactor and short-
baseline cases given in Eq. (18). Alignments, dictated by the
scalar product of the unit vectors ûiα, are displayed in
Table IV. We have found that, for certain alignments and

FIG. 2. Effective electron and muon neutrino couplings contour plots in the planes of fundamental parameters Λi ¼ μi − iϵi (in Bohr
magneton units) in the mass eigenstate basis. These regions determine the 90% C.L. limits on the Hamiltonian parameters, they follow
from GEMMA, LSND, and XENON1T measurements [2,7,8]. These results demonstrate that regions in parameter space where
GEMMA and LSND limits can be simultaneously satisfied exist.

8We have found that proceeding the other way around, c’est-à-
dire fixing couplings according to the blind spot conditions for
μ2νμ , maximizes μ2νe as well.
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parameter choices, one of the three vectors Λ⃗m
i can be set to

zero; however, for that particular choice the other two do not
vanish.Hence,weconclude that blind spots are not present in
the solar neutrino case.
Results for the parameter space mapping using

XENON1T results (interpreted as being generated by
neutrino magnetic transitions) are shown in Fig. 3. The
result has been obtained by fixing the CP phases such that
one of the three terms in Eq. (26) vanishes. This demon-
strates that although individually one of these terms can be
set to zero by proper alignments (determined by the CP
phases) a blind spot region does not exist. Accordingly,
in view of solar neutrino data the mapping to parameter
space will result always in parameters whose values amount
to the same size of the corresponding measurement. This in
sharp contrast to the reactor and short-baseline accelerator
cases where the blind spot region allows for couplings with
larger values.

V. DIRAC NEUTRINO MAGNETIC AND
ELECTRIC DIPOLE MOMENTS

Since the Majorana case allows only for transition
moments, in this case we focus on purely magnetic and

electric dipole moments. This means that in the Dirac
coupling matrix in Eq. (5) we take the off-diagonal
couplings to be zero. Couplings in the flavor basis follow
from the relations in Eq. (6), and so all the entries of the
coupling matrix in that basis are nonzero. In contrast to the
Majorana case, in this particular Dirac scenario all cou-
plings acquire a rather simple form in both bases. For
reactor and short-baseline accelerator neutrinos in the mass
basis one finds

μ2να ¼
����
X3
i¼1

λ⃗iα

����
2

; ð28Þ

where the parameter space vectors in this case read

λ⃗iα ¼ fiαλiiv̂i: ð29Þ

The unit vectors v̂i are orthonormal and the coefficients fiα
follow from Table II. Note that in contrast to the results
in the Majorana case, no destructive interference is found
and so no dependence on CP phases. Thus, for Majorana
neutrinos and reactor and short-baseline accelerator

TABLE IV. Alignments of the parameter space vectors that define the neutrino magnetic effective coupling in the
solar case in the flavor eigenstate basis [see Eqs. (26) and (27)]. As in the reactor and short-baseline cases, they
“measure” the amount of CP violation the new physics comes along with.

Λ⃗m
1 Λ⃗m

2 Λ⃗m
3

û1e · û1μ cosðφ1 þ πÞ û2e · û2μ cosðφ1Þ û3e · û3μ cosðφ1 þ πÞ
û1e · û1τ cosðφ3 − φ1Þ û2e · û2τ cosðφ3 − φ1Þ û3e · û3τ cosðφ3 − φ1 þ πÞ
û1μ · û1τ cosðφ3Þ û2μ · û2τ cosðφ3Þ û3μ · û3τ cosðφ3Þ

FIG. 3. Parameter space regions in the Λα − Λβ planes consistent with the 90% C.L. range reported by XENON1T (understanding the
excess as being generated by neutrino magnetic transitions) [8]. Results are obtained for CP phases choices such that one of the terms in
the effective neutrino magnetic moment coupling vanishes. This result demonstrates that even though individually one of the terms in μ2νe
can be taken to vanish through proper parameter space vector alignments (with suitable CP phases), upper limits on the couplings
amount to the size of the experimental measurement.
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experiments, CP phases play a crucial role but none for
purely magnetic and dipole moments (only possible in the
Dirac case). In the flavor basis, again, expressions for the
effective neutrino magnetic moments are reduced to a
rather simple form with no CP phases dependence as well:

μ2να ¼
X
β

jλαβj2: ð30Þ

For solar neutrinos in the mass basis the result is rather
simple and as expected involves a dependence on the
neutrino flavor oscillation probability

μ2ν;sol ¼
X2
i¼1

jλiij2c213P2ν
ei − jλ33j2s213; ð31Þ

whereas in the Majorana case, P2ν
ei measures the probability

of detection of the ith neutrino mass eigenstate. Results for
the flavor basis follow directly from Eq. (31) through

λii ¼ ðUT · λD ·UÞii: ð32Þ

From these results it becomes clear that each term in
Eq. (31) involves CP phases, but given the structure of the
full effective coupling no special features are found.
Alignments might be found so a particular jλiij term
vanishes, but those alignments will not lead to blind spots.
All in all, in the Dirac diagonal case (pure neutrino

magnetic and electric dipole moments) no features as those
found in the Majorana case (transitions) are observed. As a
result, mapping of experimental data into parameter space
implies couplings whose values are of the same order than
the corresponding upper bounds (or an eventual actual
measurement). Results of the mapping are shown in Fig. 4,

which displays the 90% C.L. limits in the fundamental
parameters derived by considering upper limits obtained
from LSND [2], GEMMA [7], and XENON1T [8] neutrino-
electron elastic scattering measurements.

VI. CONCLUSIONS

We have studied the behavior of effective neutrino
magnetic and electric dipole moments (transitions) and
their dependence with the Hamiltonian (fundamental)
parameters, including CP phases in the new sector. We
have considered the case of transitions for Majorana
neutrinos and pure moments for Dirac neutrinos in both
the mass and flavor eigenstate bases. Starting with a generic
Dirac CP phase (δ) we have focused on effective couplings
valid for reactor and short-baseline neutrino experiments as
well as for solar neutrino experiments.
We have shown that while individually the flavor

effective couplings are basis dependent, the sum over
flavor indices of the three different couplings is a basis
invariant quantity. We thus have pointed out that if
experimental information on the three flavors is available,
the mapping of data to parameter space should be done
using this quantity [see Eq. (16)]. Otherwise, when
interpreting data from a given experimental source in
terms of fundamental parameters, the couplings to be used
—in the absence of input on δ—are those we have derived
in Eqs. (11), (13), (14), and (15). If instead one fixes
δ ¼ π, as suggested by neutrino global fits [56], a vector
treatment of parameter space is possible and the effective
couplings can be readily expressed in terms of funda-
mental parameters with the aid of the vectors defined by
Eq. (18) (in the Majorana case) and Eq. (29) (in the Dirac
case), along with the coefficients and alignments defined
in Tables II and IV. These results provide then an

FIG. 4. 90% C.L. limits on the Hamiltonian parameters in the case of Dirac neutrino magnetic and electric dipole moments (diagonal
couplings) in the mass eigenstate basis. Results follow from experimental upper limits obtained from neutrino-electron elastic scattering
processes at LSND [2], GEMMA [7], and XENON1T [8].
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experimental data mapping into parameter space as a
straightforward procedure.
We have shown that while short-baseline and reactor

couplings are sensitive to CP phases in the mass basis, the
solar neutrino coupling is instead not. Conversely, in the
flavor eigenstate basis short-baseline and reactor couplings
are insensitive to possible CP phases, while the solar
effective coupling acquires a CP-phase dependence.
Though we have found that this behavior is valid regardless
of the neutrino nature, the presence of CP violation does
play a pivotal role in the Majorana case. We have
demonstrated that it enables a blind spot region in param-
eter space, where the short-baseline or reactor effective
couplings vanish even in the presence of nonvanishing
large fundamental couplings. We, thus, have pointed out
the need for analyses of multiple datasets to remove this
regions in parameter space.
The presence of these blind spots open up regions where

stringent limits, as those implied by GEMMA, can be
satisfied with large Hamiltonian couplings. We have shown
that this fact allows reconciling the LSND and GEMMA
upper limits, which differ in about an order of magnitude.
Here with reconciling we mean finding a common region
where both experimental upper limits can be simultane-
ously saturated. We have finally demonstrated that in the
Majorana case a tight short-baseline or reactor upper limit
does not necessarily imply couplings of the order of the
experimental bound.
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APPENDIX A: PHASE AVERAGE FOR THE
SOLAR EFFECTIVE NEUTRINO

MAGNETIC COUPLING

Since in the solar case interference terms come along
with phases the effective parameter μνα has to be averaged

over L=Eν (the phases involved are e�iðΔm2
ij=2ÞðL=EνÞ, with

i ¼ 2, 3 and j ¼ 1). For the average one can take the
normalized Gaussian smearing function

GðL=Eν; hL=Eνi; σÞ

¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p
Z

dðL=EνÞe−ðL=Eν−hL=EνiÞ2=2=σ2 : ðA1Þ

Average over the phases then reads

he�iðΔm2
ij=2ÞðL=EνÞi

¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p
Z

dðL=EνÞe�iðΔm2
ij=2ÞðL=EνÞe−ðL=Eν−hL=EνiÞ2=2=σ2 :

ðA2Þ

This integral can actually be calculated analytically by
changing variables to

x ¼ L
Eν

; λ ¼ 1

2σ2
; x� ¼ x −

�
hxi � i

Δm2
ij

2
σ2
�
:

ðA3Þ

In terms of these new variables and taking into account the
standard result

Z
dx e−λx

2 ¼
ffiffiffi
π

λ

r
; ðA4Þ

the result in Eq. (12) is obtained

he�iðΔm2
ij=2ÞðL=EνÞi ¼ e�ðΔm2

ij=2ÞhL=Eνie−Δm
4
ijhL=Eνi2=8: ðA5Þ

APPENDIX B: EFFECTIVE COUPLINGS IN THE
MASS BASIS IN TERMS OF THE LEPTON

MIXING MATRIX

In general, one can write the Majorana coupling matrix
for the transition moments as follows [see Eq. (5)]

λ0ij ¼ ϵijkjΛkjeiφk : ðB1Þ

As already noticed, φ2 (or any other phase) can be removed
by means of an overall phase scaling of the neutrino fields
vector, leaving behind only two physical CP phases.
The notation in Eq. (B1) enables us to write the effective
coupling in a rather simple form, namely. For a given
neutrino flavor, α, in the absence of neutrino flavor
oscillations, the effective neutrino magnetic moment can
be rewritten in terms of the lepton mixing matrix elements
according to

μ2να ¼
X
i;j;l

Uαlλ
0†
il λ

0
ijU

†
jα;

¼
X
i;j;l

UαlU�
αjð−ϵlikϵijmjΛkjjΛmje−iφkeiφmÞ;

¼ −
X
i;j;l

UαlU�
αjðδlmδkj − δljδkmÞjΛkjjΛmje−iφkeiφm;

¼ jΛ⃗j2
X
l

UαlU�
αj −

X
j;l

ðU�
αjjΛjje−iφjÞðUαljΛljeiφlÞ:

ðB2Þ
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After taking into account the unitarity of the lepton mixing
matrix and arranging the second term in Eq. (B2), the
effective neutrino magnetic moment in flavor α becomes

μ2να ¼jΛ⃗j2−
X
j

jUαjΛjj2−2
X
j>l

Re½U�
αjUαljΛjjjΛlje−iφjeiφl �:

ðB3Þ
From this result one can then see that proper
alignments determined by particular choices of the CP
phases allow the maximization of the coupling. More
importantly, open the blind spot region discussed in
Sec. IV. We can see that the previous equation can be
written as

μ2να ¼ jΛ⃗j2 −
����
�X3

j¼1

jUαjjjΛjjêjα
�����

2

; ðB4Þ

with êjα unit vectors such that

êiα · êjβ ¼ δαβ cos ½− argðUαiÞ þ argðUβjÞ − φi þ φj�:
ðB5Þ

In particular, for the case of δ ¼ π, we have the products
êiα · êjβ given in Table II.
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