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Abstract. Cemented soils have particles held together by a binding agent. Of 8 
particular interest are weakly cemented soils found in an intermediate state, be-9 
tween granular and solid, when loading begins to break their bonds. To properly 10 
understand and describe such materials, appropriate contact laws are needed. 11 
This constitutive behavior has two main parts, elasticity and bond rupture; several 12 
works have focused on the bonds’ failure criterion, and fewer have dealt with 13 
their elastic response. This work compares granular specimens’ macroscopic 14 
elastic behavior based on various contact bond laws employed with the Discrete 15 
Element Method (DEM). An advanced bond law proposed and evaluated by one 16 
of the authors is compared with other two simpler laws in terms of formulation 17 
but well-established in the literature. Cementation is applied to DEM samples 18 
with spherical grains in different isotropic states with different densities and con-19 
tact connectivities. Overall, all laws can capture some fundamental aspects of the 20 
samples’ elasticity and its dependence on the bond characteristics (bond geome-21 
try, bond stiffness). However, as the bond law becomes more complex, more ef-22 
fects affect the macroscopic elastic response. 23 
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1 Introduction 27 

Soils are granular materials with networks of grains and contacts. Different processes 28 

might eventually transform the contacts leading to the formation of cemented soils. 29 

Once cemented, grain assemblies behave like solids until bonds are broken. Sone ex-30 

amples of such materials are sand grains that turn into sandstones; in engineering prac-31 

tice, one may exploit the micro-organisms’ cementation capacity to improve soil prop-32 

erties; a similar result may occur as gas hydrates form inside submarine sediments. Of 33 

particular interest are weakly cemented granular materials found in an intermediate 34 

state when loading breaks their bonds. To properly understand and describe such ma-35 

terials, appropriate contact laws are needed. Several works have focused on the bonds’ 36 
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failure criterion, and fewer have dealt with their elastic response. This work compares 37 

granular specimens’ macroscopic elastic behavior based on three contact bond laws.  38 

2 Contact laws and macroscopic elasticity 39 

The bond laws are presented in the following in order of increasing complexity, at least 40 

regarding their final formulation. Focus is here given only on the normal (axial) bond 41 

stiffness being the most critical component related to the macroscopic elasticity of gran-42 

ular samples. However, the other parts of the bond laws (tangential, rolling, and pivot-43 

ing stiffness) were also used in the calculations of this study but are not analyzed. 44 

Brown et al. [1] presented a bond law, named herein Law1, based on the assumption 45 

of the Timoshenko beam theory, which considered axial, shear, and bending behavior 46 

of the bond. A cylindrical beam is considered joining the centers of two distant grains, 47 

and the response of the beam defines the behavior of the bond. Then the normal stiffness 48 

yields: 49 
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where Ec is the Young modulus of the beam, L is the distance between the grain centers, 51 

and α is the beam’s radius. Based on the Timoshenko beam theory, all additional stiff-52 

nesses are accordingly calculated. 53 

Potyondy and Cundall [2] presented a bond law, named herein Law2, for rock; the 54 

primary assumption is the “parallel bond” concept, i.e. a bond similar to a cylindrical 55 

beam element that works in parallel to the contact of two particles. Therefore, the nor-56 

mal stiffness has two parts, one from the bond and one from the grain contact: 57 
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where Eg is the grain’s Young modulus and R is the mean radius of the grains in contact.  59 

Finally, Theocharis et al. [3] presented a contact law based on the solution of the 60 

boundary value problem that includes two grains in distance or in contact bonded by an 61 

elastic cylindrical bond. Because the result could not be analytically represented, the 62 

normal stiffness was expressed through a correction function to a critical limit, the rigid 63 

punch. This limit is when the grains are rigid, and only the bond contributes to the 64 

elastic behavior. The rigid punch normal stiffness and the normal stiffness are then: 65 
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where gn is the correction function that depends on the grains’ distance and the elastic 67 

relation between the grains the cement. 68 

Cementation was applied to DEM samples with spherical grains in different isotropic 69 

states with different densities and contact connectivities. Table 1 presents the employed 70 
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samples, while the cement was assumed to be applied as a cylinder of predefined radius 71 

to all grains in contact or in distance with a distance less than a predefined limit. 72 

The macroscopic elasticity is presented in terms of bulk and shear moduli. Due to 73 

the cementation procedure, two parameters are critical for the definition of the elastic-74 

ity: the cement volume over the initial void volume (S, cement saturation) and the limit 75 

distance (ho) - over the grain diameter (d) - below which two grains are cemented. 76 

Table 1. DEM samples used for comparison [3] 77 

No Pressure (kPa) Porosity Coordination number Rattlers 

1 80 0.423 ± 0.002 4.75 ± 0.027 296 ± 53 (7.4%) 

2 100 0.406 ± 0.001 4.79 ± 0.023 344 ± 18 (8.6%) 

3 100 0.365 ± 0.0006 4.82 ± 0.011 494 ± 76 (12.3%) 

4 100 0.373 ± 0.0008 5.86 ± 0.008 55 ± 14 (1.4%) 

5 100 0.362 ± 0.001 6.17 ± 0.004 45 ± 4 (1.1%) 

Based on these two parameters, the macroscopic moduli of one indicative DEM sam-78 

ple (Sample No 4) are presented for the three contact laws in Fig. 1, Fig. 2, and Fig. 3. 79 

(a)  (b)  80 

Fig. 1. Elastic Moduli with cement saturation for dense sample No 4 and Law1 [1]  81 

A different order of magnitude is presented for the different laws; Law1 proposes 82 

moduli up to 1.5Gpa, Law3 up to 8GPa, and Law2 up to 75GPa. Additionally, when 83 

saturation tends to zero, three different situations are observed. Law1 tends to zero as 84 

Eq. (1) provides stiffness only when bonds exist, Law2 tends to a very high value due 85 

to the contribution of the grain part in Eq. (2), Law3 tends to a non-zero value, lower 86 

than for Law2. 87 

(a)  (b)  88 

Fig. 2. Elastic Moduli with cement saturation for dense sample No 4 and Law2 [2] 89 
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In all cases, different results arise for the same cement saturation but different ce-90 

ment distribution. Furthermore, for Law1 and Law3, moduli increase with cement dis-91 

tance, cement radius, and cement saturation. In contrast, for Law2, due to the very high 92 

contribution of the grain part in Eq. (2), practically constant moduli are observed with 93 

cement radius and cement saturation. Nevertheless, even in this case, there is an in-94 

crease with cement distance. Overall, Law2 provides the stiffest contacts and the high-95 

est elastic moduli, while Law1 provides the lowest elastic moduli. 96 

(a)  (b)  97 

Fig. 3. Elastic Moduli with cement saturation for dense sample No 4 and Law3 [3] 98 

3 Conclusions 99 

This work compared three contact laws in terms of their effect on the macroscopic elas-100 

tic response of various DEM samples. The comparison shows that all laws can capture 101 

some fundamental aspects of the samples’ elastic moduli and their dependence on the 102 

bond characteristics (bond geometry, bond stiffness). However, as the law becomes 103 

more complex, more effects are added, affecting the macroscopic elastic response. 104 
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