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We examine the conditions under which a model of Tangled Type Theory satisfies the same sentences as a model
of NF (assuming we ignore type indices).
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1 Introduction

Tangled Type Theory (T TT) was introduced by Holmes in [2] as a modified version of Simple Type Theory (TST)
which is equiconsistent with Quine’s “New Foundations” (NF). In this paper, we present conditions under which
amodel of TTT is essentially equivalent to a model of NF. We first show that every sentence of the language of
NF can be expressed as a sentence of the language of TTT where all type indices have been erased (we call such
sentences semistratified). We then introduce the notion of tangled type-shifting automorphism for structures of the
language of TTT, and show that every structure that has such an automorphism satisfies the same sentences as a
structure of the language of NF (assuming we ignore type indices). We also prove that the existence of a tangled
type-shifting automorphism is equivalent to a strengthening of the Axiom scheme of Ambiguity which we call the
Axiom scheme of Strong Ambiguity. This new axiom scheme basically asserts that the truth value of a sentence
is preserved when we raise the type of one of its variables. Finally, we define the notion of permutation model in
the context of TTT, and use it to prove the independence of the Axiom scheme of Strong Ambiguity.

We briefly review some of the basic notions that we will use in this paper. We note that our metatheory through-
out this paper will be ZF with € as the membership relation.

1.1 Simple Type Theory

The language of Simple Type Theory (L1sT) is the many-sorted language of set theory with one binary rela-
tion symbol ¢ and countably many types indexed by w. For each type i € w, there are countably many variables
vh, v}, ... of type i (we use a simpler notation like x', y', u’, v', w', ... to refer to these variables). The Lyst-
formulas are built inductively from the atomic formulas x' £ y*! and x' = y' in the usual way.

Simple Type Theory (TST) is axiomatized by two sets of axioms. The Axiom of Extensionality (Ext) is the set
of all the following sentences for each type i € w,

vxi+1 , yi+l (xi+1 — yi+1 PN VZ[(Zi 8xi+1 PN Zi 8yi+1)). (EXtH—])
The Axiom scheme of Comprehension (Co) is the set of all the following sentences for each type i € w and formula
¢ of LtsT,

Vb—tayi+lvxi(xi8yi+l PN go(xi, IZ)), (Coi+])

where y™*! is not free in ¢.

The language of Tangled Type Theory (L177) is the same as LtsT, but its formulas are built inductively from
the atomic formulas x' = y' and x' ¢ y/ fori < j < w (notice that every formula of LtsT is also a formula of L117).
For each function s : @ — w and each Lyst-formula ¢, we denote by ¢* the Lyrr-formula we get if we replace

* E-mail: prouve @ math.upatras.gr

©2022 Wiley-VCH GmbH Wiley Online Library

Check for updates


https://orcid.org/0000-0001-5815-0018
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmalq.202100067&domain=pdf&date_stamp=2022-01-21

Math. Log. Quart. 68, No. 1 (2022) / www.mlg-journal.org 111

each type index i of a variable in ¢ with s(i) (i.e., if we replace each v,i with vi(i) ). Tangled Type Theory (TTT) is
defined as

TTT ={0’:0 € TST and s : @ — w strictly increasing}.

A structure <7 for the language Lys7 is a sequence (Ag, Ay, ..., {8‘5{ +1}icw), Where Ag, Ay, ... are non-empty
sets interpreting the w types of L1s7, and each sf'f +1 € A; X Ajy is a binary relation interpreting ¢ for type i € .
Similarly, a structure <f for the language L1t is a sequence (Ag, A, ..., {8%)}i<j), where Ay, Ay, ... are non-

empty sets, and &7, C A; x A, foralli < j < w.

1.2 New Foundations

The language Lyr of New Foundations is the usual one-sorted language of set theory, {¢}, where ¢ is a binary
relation symbol. To every formula ¢ of L1711 we may assign a unique formula ¢* of Lyr which can be obtained
by erasing all type indices from the variables of . A formula ¢ of Lyr is stratified if there exists an Lyst-formula
Y such that ¢ = *. If T is a set of Lyrr-sentences, then we let ' = {0* : o € I'}. New Foundations (NF) is
axiomatized by the Axiom of Extensionality (Ext),

Vx, y(x =y <> Vz(ze x < z¢ey)), (Ext)
and the Axiom scheme of Stratified Comprehension (Co), which consists of all sentences
YadyVx(x ey < @(x, ir)), (Co)

where ¢ is a stratified Lyr-formula such that y is not free in ¢. Notice that NF = TST* = TTT*.
Specker established a very important relation between NF and TST (cf. [6] or [1]). The Axiom scheme of
Ambiguity (Amb) is the set of all 0 <> oF, where o is an L1st-sentence, and o " is the Lrst-sentence we get

from o if we raise the type of each variable by one (i.e., the sentence we get if we replace each v} with v;:“l).
If & = (Ao, Ay, ..., {a;fﬂ}iew) is an Lrgr-structure, then a sequence f = (fo, f1, ... ) is called a type-shifting

automorphism of <7 (or just a tsau) if

(1) foralli € w, f; : A; — A;11 is a bijection, and
(i) foralli e w,x € A;,andy € A1,

xefly & [l fin ().

Theorem 1.1 (Specker) If M is a model of TST + Amb, then there exists an M’ elementarily equivalent to
M with a tsau.

NF is strongly connected to TTT as well. In particular, Holmes showed that these two theories are equiconsis-
tent (cf. [2]). His proof is based on a modification of the argument used by Jensen to prove the consistency of NF
with urelements (cf. [4]).

Theorem 1.2 (Holmes) NF is consistent if and only if TTT is consistent.

Note. It should also be noted that TTT is crucial in Holmes’ proof of the consistency of NF (cf. [3]), a proof
that is still unverified though.

Below, we investigate further how deep this connection between TTT and NF really is.

2 Strong Ambiguity

First of all, let us show how any unstratified Lyp-sentence can be expressed as an Lyyr-sentence (assuming we
ignore type indices).

Definition 2.1 An Lyg-formula ¢ is called semistratified if it is ¥* for some Ltrr-formula .

Obviously, every stratified Lyr-formula is semistratified, but semistratified formulas can express much more.
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Theorem 2.2 For every Lyg-formula ¢, there exists a semistratified Lng-formula W such that Ext F ¢ <> .

Proof. By induction on Lyr-formula ¢. We only need to check the cases where ¢ is unstratified. If
@ is xex, then Ext - ¢ < y*, where ¥ is the Lrrr-formula 322(Vv®(1° e 22 < v0ex!) A x! £ 7%)). The cases
where ¢ is =y or dxy, for some Lyg-formula v, are trivial. Assume now that ¢ is Q;x;...Q,x,0; A

/ /
Qi yi...Q,, Y2, for some Lyr-formulas @ (xy, ..., Xy, U1, ..., ux) and @2y, - .., Y, U1, - - ., Ug). We may as-
sume that the variables xi, ..., x,, y1, . .., ¥, are distinct. By the induction hypothesis, there are Ltrr-formulas
i in 1,5 S, J1 Jm 7 . .
wl(?cll, conxp ! oo wt) and Yoy L.yt uy Lo wgt) such that @ s Y and @ is ¥ Let x be the fol-
lowing Lrrr-formula,
i+1 int+1 i+1 i+l s+l Se+1
Q) QY (T, T T,
r+l1 re+1 0/.0 si+1 0 rit+1
AJw' L wy </\(Vv(v s v ew!'))
1<i<k

1ot ! ydmt1 J1+1 Jm+1 ri+l1 ri+1
AQuy T QYT (T YT w T L w ) ).

It is easy to see that Ext - ¢ < x*. (]

Let us now introduce the notion of tangled type-shifting automorphism for Lyrrr-structures. We will show
that an Lyr-structure with a tangled type-shifting automorphism is basically a “flattened” version of some Lyg-
structure, i.e., the two structures satisfy the same Lrrr-sentences if we ignore type indices.

Definition 2.3 Let &/ = (A, A4, ..., {sf?},(_,-) be an Lyrr-structure. Let f be a sequence of functions
(fo, f1,-..). We say that f is a tangled type-shifting automorphism (or just a tangled tsau) of < if

(i) foralli € w, f; : A; — A4 is a bijection, and
(ii) foralli < j <wandk <! < w,wherei <kand j </,andforallx € A;andy € A,

xelly & fioro- o fi0)ed fiio--o fi().

Note. We should clarify that f;_; o --- o f; denotes the identity when j = i. So, for example, condition (ii)
above implies that

o o o
XE 1Y = X€ 3 fin (V) = filx) €l 0.

Lemma 2.4 Let of = (Ao, A4, ..., {5%}i<.i) be an Lrrr-structure with a tangled tsau f = (fy, fi,...). Let
M = (Ao, eM) be the Lyg-structure where for all x,y € Ay, xeMy iff x 86%1 fo). For any ay, ..., a, € Ay and
Lyr1-formula (p(x"l‘, ... ,xfl” ),

M IZ (p*(alv "'van) — % ': ‘p(ﬁﬁl O Of()(a]), "'7ﬁ,171 O OfO(an))-
In particular, M =ENF iff o/ =TTT.

Proof. By induction on Lyrr-formula ¢. If ¢ is x' = x/, then since fi_; o---o f is a bijection, we
have that for all aj,a> € Ag, @) = ay iff fiyo---0 folar) = fio10---0 folar). If ¢ is x ex3, then for all
ap, ar € Ag, a1 eMay is equivalent to a; sé‘ﬁ fo(az), which by the definition of a tangled tsau is equivalent to
fi—10--:0 fo(a])es;.‘fi2 fi—1 00 fo(az). The cases where ¢ is =y or Y A x, for some Lrrr-formulas i and y,
are trivial. Assume now that ¢ is I’y (x, ¥, ..., xi), for some Lyrr-formula ¥. We have M k= ¢*(ay, ..., a,)
iff M = 3xy*(x, ay, ..., a,), i.e., iff there is an x € Aj such that M = ¢*(x, ay, ..., a,), which by the induc-
tion hypothesis holds iff there is an x € A( such that & = ¥ (fi—1 o--- o fo(x), fi—1 0--- 0 fola1), ..., fi,—1 0
-+ o fo(a,)), which in turn holds iff there is an x € A; such that &7 = ¥ (x, fi,—10---0 fola1), ..., fi,—10+--0
fola,)) (because f;_| o - - - o fyis onto), which is equivalent to &7 = Ix' Y (x', fi, 1 0---0 folar), ..., f;, 100
So(an)). 0

As we will see, the existence of a tangled tsau is equivalent to a strengthening of the Axiom scheme of Ambi-
guity.
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Definition 2.5 Let o be an L117-sentence and x’ be a variable. If o satisfies the following two conditions,

(i) the variable x'*! does not appear in o (i.e., if x' is v}, then v;*' does not appear in o), and

(ii) for all variables y', w*!, the atomic formulas x' = y', ¥y = ¥/, and x' ¢ w™*! do not appear in o,

then let o*'* be the Lyr7-sentence we get from o if we replace each occurrence of x' with x+1. If o does not
satisfy the above conditions, then let o't beo.

The Axiom scheme of Strong Ambiguity (StAmb) is defined to be the set of all o <> o+, where o is an L177-
sentence o and X' is a variable.
The following proposition confirms that Strong Ambiguity is indeed stronger than Ambiguity.

Proposition 2.6 If T is an Lt1r-theory such that for all i € w, T +Vx, y'(Yw™*! (¥ e w™*! < yew™!) —
x' = %) (note that TTT is clearly such a theory), then T = StAmb — Amb.

Proof. LetT be such atheory, and let o be an Ltsr-sentence. Let T be the LysT-sentence we get from o if
for all variables x', y’, we replace each occurrence of x' = y’ with Vw*! (x' e w'*! < y'e w'*!), where w'*! is a
variable not appearing in o. Since T F Vx', y/(Yw'™™ ! (x e w™*! < y e w™*!) — x' = y), wehave that T - o < 7.

Letx],..., x’n be all the variables appearing in 7, and assume that i; > i, > --- > i,. By renaming variables if
necessary, we may assume that the variables x| LI xi*1 do not appear in . Using Strong Ambiguity, we may
successively raise the type of each variable x7', ..., xin, 80

T+ StAmbF 7 < (... (¢4 F)y5+ ., Y+,

But, (... (r*‘II"L)";z* s T, s0 T+ StAmb - 17 <> tF, and therefore since T+ o <> v+ (for the same
reason that T - o <> 1), we have that T + StAmb - o < o ™. O

Let us now establish the connection between tangled tsaus, Strong Ambiguity, and satisfiability of semistratified
sentences in Lyg-structures.

Theorem 2.7 Let of = (Ay, Ay, ..., {Sf{i}[<j} be an Lryyt-structure such that for all i € w, & =
Vi, y(Yw ™t (e wt! < y e w™) = x' =) (note that any model of TTT is such a structure). The follow-
ing are equivalent:

(i) there is an Lyg-structure M such that for all Lyt1-sentences o,
MEo* < & Eo.
(ii) </ = StAmb.

(iii) </ has a tangled tsau.

Proof. We show that (i) == (ii). Let M be an Lyf-structure such that for all Lyr7-sentences o, M |=o*
iff &/ |= 0. Notice that for any Lyrr-sentence o and variable X, () is 6%, s0 M = (6 <> o*1)*, which
means that A = o < o . Therefore, A = StAmb.

Assume now that (i) holds, i.e., &/ = StAmb. We know that o7 = Va%3y'Vw?(x%e w? < YW e w?) A
Vy'3xOVw? (x° e w? < y* & w?), so by Strong Ambiguity we have that

o = VWVl (e w? < ylew?) Ay vl (X e w? < ylew?). @))]
Similarly, for all i > 0, we know that

o = vx"ay"< N\ (G ex & Zey) AV P ew™ o ye w"“))

j<i

A Vy"EIx"(/\(Vz'J’:(z'j’: ex < z; eyYN AV (X ew™? o ye w”z)),

j<i

www.mlq-journal.org © 2022 Wiley-VCH GmbH
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so by Strong Ambiguity again we have that

o = Vxi3y' T </\(Vz§(z§ ex < zj ey TN AV P e w™? <y le wi+2)>
j<i
AVyi“LlE!xi(/\(sz(zj: ex' < z§ ey TN AV P e w™? <y le wi+2)>. )
j<i
By our assumption about <7, we know that foralli € w, & = Vx', y(Yw'™™ ' (X e w™! & y e w™!) — x' =), s0
by Strong Ambiguity, we also have that &7 = Vx', y'(Yw ™ (x' e w2 < y' e w™?) — x' = y"). Therefore, from
(1) we get that
o = V"'Vl (X e w? < yew?) AVyIOVWI (e w? <y ew?), 3)

and from (2) that

d |= vxia!yi+1 (/\(VZ‘;(Z?S}C” PN ZJI:EyH*l)) A Vwi+2(xi8 wi+2 < yi+1 P wi+2)>
j<i
/\Vyl+13‘xl(/\(vzjl(zj 8)Ci PN Z; Eyi+l)) A Vwi+2(xi8 wi+2 < yi+1 P wi+2)>. (4)
j<i
Let fy : Ag — A, be such that for all x € Ay, fy(x) is the unique y € A; for which &7 = Yw?(xe w? < ye w?).
By definition, we have that for all x € Ap and w € A,
xeghw = fo e w. )

Similarly, for i > 0, let f; : A; = A;;1 be such that for all x € A;, fi(x) is the unique y € A;; for which g =
N;=i(VZj(Zjex < Zjey) A Yw*?(xe w? < ye w'?). Again, by definition, we have that for all j < i < w,
xeA;andze Ay,

zeix = ze, fio), (6)
and for all w € A;,
xsfirzw — ﬁ(x)ajflﬁzw. @)

Let f = (fo, f1,...). By (3) and (4), we know that for all i € w, f; is a bijection from A; to A;;. Furthermore, for
alli< j<wandk <! <w,wherei <kand j </, andforallx € A;andy € A},

xelly = xefi fi\0) (by (6)if j > i +2)
— xs;‘j{+2 I,;lzo...of]f_ll(y) (by (6)if j > i+2)
= fix) e o fho of;_ll(y) (by 5)if k>i=0, or (7)if k > i > 0)

[ e s fiso o fili(), if j>i+2and k> i

by (6
[ e, 1o [0, if/>j=i+2and k> i (by (6)

(by alternating (7) and (6), followed by a number of (6) if necessary)
= firo o0 i) el fio- o fi().

So, f is a tangled tsau of <7, i.e., (iii) holds.
Finally, (iii) = (i) follows from Lemma 2.4. O
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3 Permutation models

Assuming that TTT is consistent, Strong Ambiguity is consistent with Ambiguity, but is it independent of it?
In other words, does the consistency of TTT imply the consistency of TTT + =StAmb + Amb? In NF (cf. [5]
or [1]), a common way of establishing relative consistency results is through permutation models. We describe a
similar technique in the context of Tangled Type Theory.

Definition 3.1 Let &/ = (Ag, Ay, ..., {sfj}k_,-) be an Lyrr-structure. We say that m = {m; ;};; is a permuta-
tion of o if forall i < j < w, m;j : Aj — A; is a permutation that moves finitely many elements of A;. We let
(o)

7 (<) be the L17-structure (Ag, Ay, ..., {Si.j

}i<j), where foralli < j <wandx,y € A;,
g7

X ij

y < xsfi ﬂ[’j(y).
The axioms of TTT are preserved by permutations.

Theorem 3.2 If o/ = (Ay, Ay, ..., {sfﬁ}iq) isamodel of TTT, and w = {m; j}i is a permutation of o/, then
(&) is amodel of TTT.

Proof. Notice thatif ¢ = {o; ;}i<; and ¢" = {0] ;}i<; are permutations of <7, then T = {g; ; 0 0; ;}i<; is also
apermutation of .7, and 7 (%) is 0(0'(«/)). Furthermore, as we know, every permutation that moves finitely many
elements can be expressed as a product of finitely many transpositions. It therefore suffices to prove the theorem
under the assumption that there are k¥’ < I’ < w such that ;. ; is a transposition, and for all i < j < w for which
i, j) # (K, 1'), m; j is the identity.

Let s:w — w be strictly increasing and i € w. We first show that 7 (%) = (Ext™ly, ie., n() =
VoS UFD s (5D = D) 5 s (750 g 30D 5 7500 g ysGHDY) et x,y € Agiy1) such that for all z €
Ay 28550 X AEE 2070y e 28 T (@) fE 285 L) Tsien (7). We know that o =
(Ext”l)*", SO Ts(i), s(i+1)(X) = Tsi),s(i+1)(¥), and therefqre since 7y sii+1) is 1-1, we have that x = y.

We now verify that 7 (</) = (Co'™" ). Let o(x', !l . .., ui") be an Lys-formula, where y'*! is not free in ¢.
Letu; € Ay, - .-, Un € Ay,). We show that there exists some y € Ay;+1) such that for all x € Ay,
o X . () d s 8
X E(iy,s(i+1) T[A‘(l),S(l-H)(y) — XSX(i),S(i+1)y = () E=e (X ur, ..., u). ®)
If K’ ¢ ran(s) or I’ ¢ ran(s), then by our assumption about 7z, we have that for every j; < j, < w, ef((]ffi () is
8%”3(].2), so w () = ¢*(x, uy, ..., u,) is equivalent to &7 = ¢*(x, uy, ..., u,), and therefore (8) holds because
o = (Co'™ ). Assume now that k' = s(k) and I = s(I), for some k < [ < w.Let ¥ (x', ', ..., u', v}, v})be the

Lrst-formula we get from ¢ if for all variables w*, z/, we replace each occurrence of w* ¢ 7/ with

@ =v > we) A =vl > wevh) A £l A £ — whed).

Let vy, v, be the two elements of A; that are moved by 7y 5. It is easy to see that for all x € Ay,

() =@’ up, .. uy) = F =YX u, ..., Uy, v, V). )
Since & = (Co™!)*, we know that there exists some ¥ € Agi+1) such that for all x € A;),

xefg)‘s(iﬂ)y — A =YX, uy, ..., Uy, vy, 00).

Therefore, by (9) and the fact that TTs(i).s(i+1) is onto, we get that there exists'some ¥ € Ayi+1) such that for all
x € Ay, (8) holds. Hence, () = (Vuy, ..., u Iy TVx' (X ey < o, ul, ... u))). O

A permutation 7w = {m; ;}i<; of an Ly7T-structure & = (Ag, Ay, ..., {eg‘j‘j}k ;) acts on it by permuting the ex-
tensions of certain sets. Note, however, that for i > 0, every setx € A; has an extension with respect to each A ; for
Jj < i(letus call it j-extension). Moreover, Strong Ambiguity implies that all these extensions of x must satisfy the
same definable properties. Therefore, if for some j < k < w,  rearranges the j-extension and the k-extension of
x so that they differ in some definable way (for example, one is empty and the other one is non-empty), then 7 (<¢)
cannot satisfy Strong Ambiguity. Below, we use this argument to show that Strong Ambiguity is independent of
TTT + Amb.
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Theorem 3.3 If TTT is consistent, then

(i) TTT + StAmb is consistent.
(ii) TTT + —=StAmb + Amb is consistent.

Proof. We prove (i). Since TTT is consistent, we know that there is an NF-model M = (M, ¢™). Let
o =MM,..., {sl.,j},<<j} be the Ltr7-structure where each 8% is eM. Tt is easy to verify that .o/ is a model of
TTT. Moreover, 7 satisfies StAmb because the sequence f = (fp, fi, - .. ), Where each f; is the identity on M,
is clearly a tangled tsau of 7.

We now show that (ii) holds. Let 27 be as above. We know that o7 is a model of TTT + StAmb, and therefore
of TTT + Amb. Let 7y, : A, — A, be the permutation that permutes the elements wy, w; € A,, where &/ =
Vu'(u' #wo) and &7 = Yu'(u' e w)). Notice that o7 = Vul(u® ¢ wy) since 8622 is sffz (they are both M), For
all i < j < w, where (i, j) # (0, 2), let r; j : A; — A; be the identity. Obviously, m = {7; ;};<; is a permutation
of &7, so m (/) is a model of TTT. Furthermore, (/) satisfies the same Lrgst-sentences as 2/ because for
everyi € w, 821%) is 8‘5{“ . Therefore, v (<) satisfies Amb. Finally, suppose that 77 (<7') = StAmb. We know that
7 () = V2@ e 22) < I ¢ %)), so by Strong Ambiguity, we have that 7 (&) = VZ2(3y' (y' ¢ 72) <
I e2%)).But, n () = Iy' (v' e wy) because Iy € A (y sfé w1 ), whereas 7w (&) - I e w) because Px €

Ao(x 8;‘;72 7o2(wy)). Hence, 7 (&) = StAmb. O
The argument we just used does not work for the following question.
Question 1 Assume that TTT is consistent. Is TTT + —Amb consistent?

Notice thatif TTT 4+ —Amb is inconsistent, then NF and TTT must have the same stratified theorems (assum-
ing we ignore type indices), i.e., for all Ltst-sentences o,

NFFo* <= TTTFo. (10)

Let us prove it. The right to left implication is obvious because as we noted above, every model M of NF can be
turned into a TTT-model 7 such that for all Lyst-sentences o, M = o™ iff & |= 0. Now, for the left to right
implication, let o be an Lts7-sentence, and assume that NF - o*. Let &7 = (4p, Ay, ..., {e;—f”}}kj) be a model of
TTT. We know that & = Amb, so & = (Ay, Ay, ..., {aff+1}iea}) is a model of TST + Amb, and therefore by

Specker’s theorem, there is some elementarily equivalent model ¢" = (Cy, Cy, . . ., {‘91{: +1}iew) of TST with a tsau
f.Let M = (Cy, M), where for all x, y e Cy, x eM yiff x 8(()6.1 Jfo(»). It is easy to show that for all Lrs7-sentences
T, METIfE E1.50, 4 Eo. '

In his proof for the equiconsistency of TTT and NF (cf. [2]), Holmes showed that for any model &/ =

(Ao, A1, ..., {8%},~<_,-) of TTT, there is a strictly increasing r: w — w such that the Lryy-structure o7, =
A0y, Arclys -+ - {8%).r(j)}i<j) is a model of TTT + MStAmb, where MStAmb is a slightly stronger version of
Ambiguity (we call it Mildly Strong Ambiguity) defined as the set of all o <> ¢, where s : ® — w is strictly
increasing and o is an Lytst-sentence. Obviously, Mildly Strong Ambiguity implies Ambiguity and is implied by
Strong Ambiguity, but what about the reverse implications?

Question 2 Assume that TTT is consistent. Is TTT + —=StAmb + MStAmb consistent? Is TTT +
—MStAmb + Amb consistent?

Acknowledgements This research was co-financed by Greece and the European Union (European Social Fund) through the
Operational Program “Human Resources Development, Education and Lifelong Learning” in the context of the project “Rein-
forcement of Postdoctoral Researchers — 2nd Cycle” (No. MIS-5033021), implemented by the State Scholarships Foundation
(IKY).

References
[1] T. E. Forster, Set Theory with a Universal Set: Exploring an Untyped Universe, 2nd edition, Oxford Logic Guides Vol.
31 (Oxford University Press, 1995).

[2] M. R. Holmes, The equivalence of NF-style set theories with “tangled” type theories: the construction of w-models of
predicative NF (and more), J. Symb. Log. 60(1), 178-190 (1995).

© 2022 Wiley-VCH GmbH www.mlg-journal.org



Math. Log. Quart. 68, No. 1 (2022) / www.mlg-journal.org 117

[3] M. R. Holmes, NF is consistent, https://arxiv.org/abs/1503.01406 (2017).

[4] R. B.Jensen, On the consistency of a slight(?) modification of Quine’s New Foundations, Synthese 19, 250-264 (1968).

[5] D. Scott, Quine’s individuals, in: Logic, Methodology and Philosophy of Science (Proceedings of the 1960 International
Congress), edited by E. Nagel, P. Suppes, and A. Tarski (Stanford University Press, 1962), pp. 111-115.

[6] E. Specker, Typical ambiguity, in: Logic, Methodology and Philosophy of Science (Proceedings of the 1960 International
Congress), edited by E. Nagel, P. Suppes, and A. Tarski (Stanford University Press, 1962), pp. 116-124.

www.mlq-journal.org © 2022 Wiley-VCH GmbH


https://arxiv.org/abs/1503.01406

