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Abstract – Rapid fluctuations of graphene carrier density due to strongly confined surface

waves and the subsequent nonlinear response are studied in this work. Initially, the influence

of the carrier density on graphene chemical potential is investigated thoroughly and a properly

modified FDTD algorithm is introduced to evaluate the dynamically varied graphene surface

conductivity. Numerical results highlight a considerable second-order nonlinearity besides the

standard third-order one.

I. INTRODUCTION

Various researchers have been attracted by graphene, the truly two-dimensional (2D) carbon allotrope, be-

cause of its exotic properties and universal applicability. Specifically, its finite conductivity, despite the negligible

thickness, generates interesting phenomena, such as the ability to support strongly confined surface plasmon po-

lariton (SPP) waves at the far-infrared regime [1]. Moreover, a significant third-order nonlinear electromagnetic

response is observed at this spectrum, leading to frequency up-conversion and absorption saturation features [2, 3].

As anticipated, the nonlinear phenomena augment as the electromagnetic wave intensity is drastically increased,

while graphene fundamental parameters, like the chemical potential and scattering rate, have, also, a noteworthy

influence on this behavior.

Generally, graphene attributes are considered constant; an accurate fact for the majority of the analyses. Howe-

ver, the combination of the strong confinement of surface waves with the required intensity for nonlinear response

is able to slightly alter the carrier density on graphene. As an immediate consequence, fluctuations of the che-

mical potential are observed, hence yielding a dynamic response of additional nonlinear features. To this end, it

is the purpose of this paper to systematically investigate this complex phenomenon by means of a flexible finite-

difference time-domain (FDTD) scheme in order to highlight its significance in the design of graphene plasmonic

apparatuses. Initially, the 2D conductivity of the medium is described along with the connection of the chemical

potential to carrier density. Then, a dynamic update model for the FDTD algorithm is proposed, where at each

time-step the surface charge owing to electric displacement boundary conditions is incorporated into the graphene

carrier density. Numerical results indicate a noticeable second-order nonlinearity of the SPP wave propagation,

supplementary to the fundamental third-order one, due to the carrier density rapid fluctuations.

II. THEORETICAL ASPECTS

Throughout our analysis, graphene is deemed an infinitesimally thin material characterized in terms of its sur-

face conductivity. The latter is influenced by the fundamental graphene attributes, namely the chemical potentialµc

and the scattering rate Γ. Furthermore, a low temperature is assumed, namely kBT ≪ |µc| with kB the Boltzmann

constant, while the frequency range is up to the far-infrared regime, where the intraband transitions dominate. Fi-

nally, graphene’s conductivity is split into a linear, σ(1), and a nonlinear term, σ(3), accurately evaluated, assuming

monochromatic radiation, by the compact expression of [3]

σ
(1)
intra(ω) =

σ
(1)
0

jω + 2Γ
, σ

(1)
0 =

e2|µc|

πℏ2
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(3)
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σ
(3)
0
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Fig. 1: (a) Carrier density on graphene versus chemical potential and (b) modified Yee cell including graphene’s

contribution as a surface current.

where is e the electron charge, ℏ the reduced Planck constant and uF = 9.5×106 m/s the graphene Fermi velocity.

It is evident, now, that the surface conductivity is significantly influenced by the chemical potential through the

frequency-independent terms σ
(1)
0 and σ

(3)
0 . Additionally, it should be stressed that the chemical potential is

efficiently adjusted via a constant electrostatic bias field that alters the carrier density ns on graphene. The latter

is computed through the boundary conditions on the 2D medium and particularly in terms of the discontinuity of

electric displacement D+
n −D−

n = ens, whereas it is connected to the chemical potential by means of [1]

ns =
2

π(ℏu
F
)2

∞∫

0

E [fd(E)− fd(E + 2µc)] dE, (3)

with fd(E) the Fermi-Dirac distribution. Conventionally, the constant electrostatic bias field is several orders of

magnitude larger than the propagating wave’s one, thus, the carrier density can be safely considered as steady.

Nevertheless, the emergence of standard third-order nonlinear characteristics requires stronger induced harmonic

fields and local carrier density fluctuations are likely to arise. As a result, the chemical potential and graphene’s

surface conductivity are, also, influenced dynamically, especially at lower bias field values as illustrated in Fig. 1a.

The abovementioned case is considered in this paper and a properly modified FDTD algorithm is employed [4].

Particularly, both first and third-order responses of graphene are plugged into the FDTD algorithm as the sum of a

linear, ~Jl
gr, and a non-linear, ~Jnl

gr , equivalent surface current, i.e.

~Jgr = ~Jl
gr +

~Jnl
gr =

σ
(1)
0

jω + 2Γ
~E+

σ
(3)
0

(jω + Γ)(jω + Γ
2 )(jω + Γ

3 )
|~E|2~E, (4)

However, an additional modification is introduced to locally vary the chemical potential and the frequency-

independent terms σ
(1)
0 , σ

(3)
0 at each time-step via the updated local carrier density, namely

ns|
n
i+ 1

2
,j,k− 1

2

=
ε1Ey |

n
i+ 1

2
,j+1,k− 1

2

− ε2Ey|
n
i+ 1

2
,j,k− 1

2

e
, (5)

where ε1 and ε2 are the superstrate and substrate dielectric permittivity, respectively. Note that the location of the

surface current components are identical to the electric field ones, as depicted in Fig. 1b, while the local carrier

density is calculated at the cell’s center, thus a straightforward averaging between adjacent cells is required.

III. NUMERICAL RESULTS AND CONCLUSION

In our simulations, graphene is located at the xz-plane with a chemical potential µc = 0.1 eV and a scattering

rateΓ = 0.33meV, while the excitation, having an amplitude of 2.5V/µm, is perpendicular to the material’s surface
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Fig. 2: (a) Surface wave intensity, normalized to the fundamental frequency. Inlet graph: Surface wave intensity

due to carrier density nonlinearity. (b) Second-harmonic surface wave intensity versus electric field amplitude.

Inlet graph: time-domain electric field distribution.

and it is nearly monochromatic with a central frequency at 0.5THz. Note that the cell size is selected significantly

lower than the wavelength, specifically λ/160, in order to guarantee the propagation of higher harmonics.

One preliminary observation of the results in Fig. 2a indicates the standard third-order response. Nonetheless, a

second-order nonlinearity, also, appears; being more evident when subtracting the intensity due to the conventional

algorithm, i.e. the one without a dynamic variation of the carrier density in (5). Although the strength of even

harmonics is almost 1% that of the odd ones, it should be taken into consideration in the case of plasmonic device

design. It is worth to mention that the intrinsic SPP propagation losses are counteracted via an appropriate time

gain compensation procedure. Moreover, Fig. 2b unveils that the second-harmonic augments for larger excitation

amplitudes and lower chemical potential values. The latter is to be expected, since the carrier density, attributed to

the electrostatic bias, reduces as well, and the fluctuation is more likely to appear.
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