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Abstract

We consider a Fermat curve Fn : xn
+ yn

+ zn
= 0 over an algebraically closed field K of

haracteristic p ≥ 0 and study the action of the automorphism group G = (Z/nZ × Z/nZ) ⋊ S3 on
he canonical ring R =

⨁
H0(Fn,Ω⊗m

Fn
) when p > 3, p ∤ n and n − 1 is not a power of p. In

articular, we explicitly determine the classes [H0(Fn,Ω⊗m
Fn

)] in the Grothendieck group K0(G, K ) of
nitely generated K [G]-modules, describe the respective equivariant Hilbert series HR,G (t) as a rational
unction, and use our results to write a program in Sage that computes HR,G (t) for an arbitrary Fermat
urve.
2022 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.

eywords: Hilbert series; Equivariant; Canonical ring; Group action; Curves; Automorphisms; Holomorphic
ifferentials

1. Introduction

1.1. Graded representations

Let K be an algebraically closed field of characteristic p ≥ 0, let G be a finite
group and let K0(G, K ) denote the Grothendieck group of the category of finitely generated
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K [G]-modules; it is well-known, see for example [25, Part III] that K0(G, K ) is generated by
he irreducible representations of G over K and that it becomes a commutative ring with unit
ith respect to ⊗K . If V is a K [G]-module, we denote by [V ] its image in K0(G, K ) and

ecall that if char(k) ∤ |G|, then [V ] determines uniquely the isomorphism class of V , whereas
f char(k) | |G| this is no longer true.

Next, we consider a finitely generated, N-graded K -algebra R =
⨁

∞

d=0 Rd whose graded
omponents Rd are finite dimensional K -vector spaces acted on by G. The respective repre-
entations ρd : G → GL(Rd ) give rise to a formal power series

HR,G(t) =

∞∑
d=0

[Rd ]td , where [Rd ] ∈ K0(G, K ),

hich is called the equivariant Hilbert series of the action of G on R. Note that if G is trivial,
hen [Rd ] is just the dimension of Rd as a K -vector space, and thus HR,G(t) generalizes the
lassic, non-equivariant Hilbert series of R. At the same time, it encodes all the invariants of
he action of G on R, which are infinitely many, in a finite, rational expression, see [9,27].
o explicitly compute HR,G(t) when char(K ) ∤ G, one can follow the approach described in
tanley’s exposition [23].

Each [Rd ] ∈ K0(G, K ) is uniquely determined by its decomposition Rd =
⨁

nd,V V as a
irect sum of irreducible K [G]-modules; this in turn gives rise to the following decomposition
f the graded K -algebra R:

R =

∞⨁
d=0

⨁
V ∈Irrep(G)

nd,V V =

⨁
V ∈Irrep(G)

∞⨁
d=0

nd,V V .

he graded K -algebras RG
V :=

⨁
∞

d=0 nd,V V are called the isotypical components of the action
f G on R and we obtain the identity

HR,G(t) =

∑
V ∈Irrep(G)

∞∑
d=0

nd,V [V ]td .

Thus, the computation of the equivariant Hilbert series HR,G(t) is reduced to determining
he multiplicities nd,V ∈ N and studying the convergence of the respective power series for
ach V ∈ Irrep(G). This is theoretically doable using character theory, at least in the case of
rdinary representations. However, computations become increasingly hard and thus one needs
o take into account specific properties of R and G to get concrete results.

The most well studied case is when R is the polynomial ring in n variables over some
lgebraically closed field K of characteristic 0. The isotypical component corresponding to
he trivial representation is then by definition the ring of invariants RG and every isotypical
omponent RG

V for V ∈ Irrep(G) becomes naturally an RG-module. Thus, the study of the
quivariant Hilbert series in this context falls under classic invariant theory, while a beautiful
esult of Molien provides an explicit formula for HR,G(t); for an overview of the subject and
ome striking applications to combinatorics the reader may refer to Stanley’s exposition [23].

Himstedt and Symonds in [9] studied equivariant Hilbert series in a generalized setting by
ropping the assumption on char(K ) and considering finitely generated graded R-modules M
here R in turn is a finitely generated K -algebra. This generalized setting gives a geometric
avor to graded representation theory, as the results of Himstedt and Symonds are applicable

o line bundles L on projective curves which are equivariant under finite group actions.
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From this viewpoint, the study of equivariant Hilbert series relates to that of equivariant Euler
characteristics, as expected from the non-equivariant case; the latter is an active area of research
and has far-reaching applications, from normal integral bases of sheaf cohomology [6], to
Dedekind zeta functions [28] to ramification theory [13,20], to mention a few.

This approach naturally gives a connection between equivariant Hilbert series and the
lassic problem of determining the Galois module structure of polydifferentials on projective
urves. The problem was originally posed by Hecke and settled by Chevalley–Weil in [5] for
haracteristic 0 curves; their results were generalized by Ellinsgrud and Lonsted in [7] when
har(K ) = p ∤ |G| while for modular representation theory the general case remains open

and there exist only partial results. Finally, the case of integral representations, which naturally
contains both ordinary and modular representation theory, has been studied only in very specific
cases, see for example [12,22].

To make things more concrete, we consider a pair (X, G), where X is a smooth, projective
curve of genus g ≥ 4 over K which is not hyperelliptic, and G is a finite subgroup of its
automorphism group. If ΩX/K denotes the sheaf of holomorphic differentials on X , then a
classical result of Max Noether ensures that the canonical map

φ : Sym
(
H 0(X,ΩX/K )

)
↠
⨁

H 0(X,Ω⊗d
X/K )

is surjective, giving rise to the canonical embedding X ↪→ Pg−1
k ; for a modern treatment of the

subject see [24]. The respective homogeneous coordinate ring R =
⨁

H 0(X,Ω⊗d
X/K ), called the

canonical ring, is a graded K -algebra acted on by G. In this setting, the equivariant Hilbert
series of interest is

HR,G(t) =

∞∑
d=0

[H 0(X,Ω⊗d
X/K )]td

and its computation requires determining the K [G]-module structure of the K -vector spaces
H 0(X,Ω⊗d

X/K ) of global holomorphic polydifferentials.
This paper settles the problem in the case when X = Fn is a Fermat curve given by the

equation xn
+ yn

+ zn
= 0 and G is its automorphism group. If n − 1 is not a power of

the characteristic of the ground field K , then the automorphism group G is isomorphic to
(Z/nZ × Z/nZ) ⋊ S3, see [16,30]. The case char(K ) | n needs to be excluded as well, since
in this case the Fermat curve is not reduced. We also exclude the characteristics 2,3 so the
representation we consider is ordinary. We can‘t resist to point out that the group G appears as
the analogue of GL3(F1n ), that is the general linear group with entries in the degree n extension
F1n of the mythical “field” with one element, see [11]. These groups play a significant role in
knot theory [8], and are isomorphic to the complex reflection groups G(d, 1, n), see [18].

Our results are original, as there only exist explicit formulas for the K [G]-module structure
of global holomorphic m-differentials on Fermat curves when m = 1, see [17, Section 6].
The author of [17] makes essential use of the results of [5,7] and the computations are based
on ramification data and information on the local characters of the corresponding stabilizers.
This is a well-studied technique, which has been further developed by several authors, see for
example [10,13,19,21]. It would be probably possible to obtain the K [G]-module structure
of global holomorphic m-differentials on Fermat curves using the results of Chevalley–Weil,

¨
Ellinsgrud–Lonsted, Kani, Nakajima and Kock, however our approach in this paper is different;
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we explicitly compute the characters of the irreducible representations of G and the characters
f the K -vector spaces H 0(X,Ω⊗d

X/K ), then take their inner product to obtain our results. In
the process, we study sums of roots of unity which resemble Kloosterman sums and apply
combinatorial techniques to count lattice points that satisfy modular congruences. It would
definitely be interesting to inspect whether one could arrive at the same results by applying
the techniques of the above mentioned authors; this is one of the directions we would like to
explore in the future.

1.2. Outline

Our main result is the explicit computation of the Galois module structure of holomorphic
polydifferentials on Fermat curves, the calculation of the respective equivariant Hilbert series
HR,G(t) and a computer program in Sage [26] that computes HR,G(t) for an arbitrary Fermat
urve.

In Section 2 we review some preliminaries on Fermat curves Fn and their automorphism
roups G. Since the latter are given as semidirect products, we use a classic result of Serre in
roposition 1, to construct all the irreducible representations of G. The list and the respective
haracter table are given in Proposition 3. We proceed in Section 3 to obtain the characters of
he action of G on the global sections of holomorphic m-differentials. The standard bases which
re given in the bibliography, see Proposition 6, are not suitable for computations; motivated
y our work in [4] on the canonical embedding of smooth, projective curves, we rewrite
-differentials as a quotient of two K -vector spaces which are easier to manipulate and give

he respective characters in Proposition 11.
The inner products necessary to obtain the decomposition of m-differentials as a direct sum

f the irreducible representations of Proposition 3 reduce to computing various sums of roots
f unity which are interesting in their own sake. We thus devote Section 4 to their explicit
omputation and in Proposition 14 we obtain an equivalent characterization of these sums as
he number lattice points inside a triangle which satisfy certain modular congruences. We then
roceed with counting the cardinality of these lattices in Proposition 16 and obtain the exact
alues necessary for the subsequent sections in Corollary 17.

Section 5 contains the explicit formulas for the Galois module structure of the global sections
f holomorphic differentials. We compute the inner products of the irreducible characters of
ection 2 with the characters of Section 3 using the results of Section 4. The main formulas
re summarized in Theorem 25, and we verify our results in Table 2 by giving the explicit
ecomposition of m-differentials for m ∈ {0, . . . , 9} in the case of Fermat curves F4, F5 and

F6. Finally, in Section 6 we obtain an explicit expression for the equivariant Hilbert series as
rational function: the main results are summarized in Theorem 26 and we once more verify

he computations by applying the results to get the equivariant Hilbert function in the case of
he Fermat curve F6. We remark that even though the formulas of Theorems 25 and 26 are
omplicated, they are appropriate for computations as they have allowed us to write a program
n Sage which takes as input the value of n that determines the Fermat curve Fn and outputs the
quivariant Hilbert function of its canonical ring. The code is uploaded in one of the authors’
ebsite.

. The irreducible representations of the automorphism group

Let K be an algebraically closed field of characteristic p ≥ 0 and let n ∈ N. In this section
e will study the representation theory of the semidirect product G = A ⋊ S over K , where
3
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S3 = ⟨s, t : s3
= t2

= 1, tst = s−1
⟩ = {1, s, s2, t, st, ts}

A = Z/nZ × Z/nZ = {σα,β : 0 ≤ α, β ≤ n − 1},

and the action of S3 on A is given by

s · σα,β = σβ−α,−α, s2
· σα,β = σ−β,α−β, t · σα,β = σ−α,β−α, ts · σα,β = σβ,α,

st · σα,β = σα−β,−β .

In what follows, we assume that n ≥ 4 and that n ̸= 1 + ph for all h ∈ N. Motivation for the
construction of G and the assumptions on p and n comes from the fact that G can be realized
as the automorphism group of a particular class of Fermat curves; more details will be given
in the next section, and the reader may consult [16,30] and [2, Prop. 2.1.2] for the formation
of G.

To describe the irreducible representations of G we will use the technique described by
Serre in [25, section 8.2]. Let Ξ be the group of irreducible characters of A, with elements
denoted by χκ,λ, 0 ≤ κ, λ ≤ n − 1. Then S3 acts on Ξ and we have

hχκ,λ(σα,β) = χκ,λ(h−1σα,βh),

where χκ,λ ∈ Ξ , σα,β ∈ A, h ∈ S3 and χκ,λ(σα,β) = ζ ακ+βλ; we write Hκ,λ for the stabilizer
subgroup of S3 with respect to χκ,λ and define Gκ,λ = A ⋊ Hκ,λ. Let ρ be an irreducible
representation of Hκ,λ and let ρ̃ be the representation of Gκ,λ obtained by composing ρ with
the natural projection Gκ,λ → Gκ,λ/A = Hκ,λ. Every character χκ,λ ∈ Ξ of A can be extended
to a character of Gκ,λ by defining χκ,λ(ah) = χκ,λ(a), for a ∈ A, h ∈ Hκ,λ, and thus we may
form the tensor product χκ,λ ⊗ ρ̃.

Proposition 1 ([25, Prop. 25]). The induced representation θκ,λ,ρ = IndG
Gκ,λ

(
χκ,λ ⊗ ρ̃

)
is an

irreducible representation of G and all irreducible representations of G can be obtained in
this manner, up to isomorphism. Further, it suffices to consider only one representative χκ,λ for
each orbit of S3 in Ξ , and different orbits give different irreducible representations.

We will use the following explicit description of the action of S3 on Ξ :

h ∈ S3 h−1σα,βh χκ,λ

(
h−1σα,βh

)
h · χκ,λ

s σβ−α,−α ζ α(−κ−λ)+βκ χ−κ−λ,κ

s2 σ−β,α−β ζ αλ+β(−κ−λ) χλ,−κ−λ

t σ−α,β−α ζ α(−κ−λ)+βλ χ−κ−λ,λ

ts σβ,α ζ αλ+βκ χλ,κ

st σα−β,−β ζ ακ+β(−κ−λ) χκ,−κ−λ

(1)
1075
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Thus, a character χκ,λ ∈ Ξ is fixed by s or s2 if and only if κ = λ = 0 or κ = λ =
n
3 or

= λ =
2n
3 when 3 | n. It is fixed by t if and only if λ = −2κ , it is fixed by ts if and only

f λ = κ and it is fixed by st if and only if κ = −2λ. The trivial character is fixed by all S3.
his is summarized in the following table.

χκ,λ ∈ Ξ Stabilizer Hκ,λ Orbit Condition

χ0,0 S3 {χ0,0}

χ n
3 , n

3
S3 {χ n

3 , n
3
} 3 | n

χ 2n
3 , 2n

3
S3 {χ 2n

3 , 2n
3
} 3 | n

χκ,κ ⟨ts⟩ {χκ,κ , χκ,−2κ , χ−2κ,κ} κ ̸= 0, κ ̸=
n
3 , κ ̸=

2n
3

χκ,−2κ ⟨t⟩ {χκ,κ , χκ,−2κ , χ−2κ,κ} κ ̸= 0, κ ̸=
n
3 , κ ̸=

2n
3

χ−2κ,κ ⟨st⟩ {χκ,κ , χκ,−2κ , χ−2κ,κ} κ ̸= 0, κ ̸=
n
3 , κ ̸=

2n
3

χκ,λ ⟨1⟩
{χκ,λ, χ−κ−λ,κ , χλ,−κ−λ,

χ−κ−λ,λ, χλ,κ , χκ,−λ−κ}
κ ̸= λ, λ ̸= −2κ, κ ̸= −2λ

Thus, a system of representatives for the orbits of S3 in Ξ is given by
{χ0,0, χ n

3 , n
3
, χ 2n

3 , 2n
3
χκ,κ , χκ,λ} under the restrictions given in the last column of the above table.

y Proposition 1, all irreducible representations of G are obtained by tensoring the above
epresentatives with the irreducible representations of the three stabilizers {⟨1⟩, ⟨ts⟩, S3}. Recall

that S3 has three irreducible representations denoted by ρtriv, ρsgn and ρstan.
• For ν ∈ {0, 1, 2}, the stabilizer H νn

3 , νn
3

of χ νn
3 , νn

3
equals the group S3. Thus we have the

epresentations θ νn
3 , νn

3 ,ρtriv , θ νn
3 , νn

3 ,ρsgn , θ νn
3 , νn

3 ,ρstan . We write g = σα,βh, σα,β ∈ A, h ∈ S3 for
he arbitrary element g ∈ G, and obtain the corresponding characters

χ νn
3 , νn

3 ,ρ

(
σα,βh

)
= ζ

νn
3 (α+β)χρ(h), where ν ∈ {0, 1, 2} and ρ ∈ {ρtriv, ρsgn, ρstan}.

The stabilizer Hκ,κ = ⟨ts⟩ of χκ,κ for κ ̸= 0, κ ̸=
n
3 , κ ̸=

2n
3 has two one dimensional

epresentations, ρtriv and ρsgn, which give rise to the representations θκ,κ,ρtriv and θκ,κ,ρsgn

espectively. To compute the respective characters, recall that by Proposition 1, for ρ ∈

ρtriv, ρsgn}, we have that θκ,κ,ρ = IndG
Gκ,κ

(
θκ,κ ⊗ ρ

)
and thus the induced representation

character formula [25, Section 7.2] gives

χκ,κ,ρ (g) =
1

|Gκ,κ |

∑
r∈G

r−1gr∈Gκ,κ

χκ,κ

(
r−1gr

)
χρ

(
r−1gr

)
, where ρ ∈ {ρtriv, ρsgn}. (2)

emma 2. Let g = σα,βh, r = σγ,δz ∈ G = A ⋊ S3 where σα,β, σγ,δ ∈ A and h, z ∈ S3. Then:

(1) r−1gr ∈ Gκ,κ = A ⋊ ⟨ts⟩ ⇔ z−1hz ∈ ⟨ts⟩.
(2) χ

(
r−1gr

)
= z · χ

(
σ

)
.
κ,κ κ,κ α,β
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a

a

Proof. For (1) we write

r−1gr = z−1σ−1
γ,δσα,βhσγ,δz = z−1σ−1

γ,δσα,βhσγ,δh−1zz−1hz

nd observe that hσγ,δh−1
∈ A ⇒ σ−1

γ,δσα,βhσγ,δh−1
∈ A ⇒ z−1σ−1

γ,δσα,βhσγ,δh−1z ∈ A, i.e.

r−1gr = z−1

∈A  
σ−1

γ,δσα,β hσγ,δh−1  
∈A

z

  
∈A

z−1hz

nd so r−1gr ∈ A ⋊ ⟨ts⟩ ⇔ z−1hz ∈ ⟨ts⟩.
(2) Follows from extending the action of S3 on the irreducible characters of A to Gκ,κ . □

Thus, we may rewrite Eq. (2) as

χκ,κ,ρ

(
σα,βh

)
=

1
2n2

∑
z∈S3

z−1hz∈⟨ts⟩

zχκ,κ

(
σα,β

)
χρ

(
z−1hz

)

=
1

2n2

∑
z∈S3

z−1hz∈⟨ts⟩

zχκ,κ

(
σα,β

)
χρ (ts) ,

If h ∈ {s, s2
}, then z−1hz has order 3 and therefore z−1hz /∈ ⟨ts⟩. If h = 1 then trivially

z−1hz = 1 for all z. Finally, for each h ∈ S3 − ⟨s⟩ = {t, ts, st} there are two elements z ∈ S3

such that z−1hz = ts: z = s2 or st for h = t , z = 1 or ts for h = ts, z = s or t for h = st .
Combining with table (1):

χκ,κ,ρ(σα,βh) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ζ κ(α+β)
+ ζ κ(α−2β)

+ ζ κ(−2α+β) , if h = 1
ζ κ(α+β)χρ(ts) , if h = ts
ζ κ(α−2β)χρ(ts) , if h = t
ζ κ(−2α+β)χρ(ts) , if h = st
0 , if h = s, s2

• Finally the generic χκ,λ has trivial stabilizer which admits only the trivial representation, so
we have a unique representation θκ,λ,ρtriv = IndG

Gκ,λ

(
χκ,λ

)
, with character

χκ,λ,ρtriv (g) =
1
n2

∑
r∈G

r−1gr∈A

χκ,λ(r−1gr ), or equivalently

χκ,λ,ρtriv (σα,βh) =

⎧⎪⎨⎪⎩
χκ,λ(σα,β) + χ−κ−λ,κ (σα,β) + χλ,−κ−λ(σα,β)+
χλ,κ (σα,β) + χ−κ−λ,λ(σα,β) + χκ,−λ−κ (σα,β)

, if h = 1

0 , if h ̸= 1.
To summarize the above, the irreducible representations of G are given in Table 1
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o
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Table 1
The irreducible representations of G.

Case 1: If n ∤ 3:
1.1. θ0,0,ρ , where ρ ∈ {ρtriv, ρsgn, ρstan}.
1.2. θκ,κ,ρ , where κ ̸= 0 and ρ ∈ {ρtriv, ρsgn}.
1.3. θκ,λ,ρtriv , where κ ̸= λ, λ ̸= −2κ, κ ̸= −2λ.

Case 2: If n | 3:
2.1. θ νn

3 , νn
3 ,ρ , where ν ∈ {0, 1, 2} and ρ ∈ {ρtriv, ρsgn, ρstan}.

2.2. θκ,κ,ρ , where κ ̸= 0, κ ̸=
n
3 , κ ̸=

2n
3 and ρ ∈ {ρtriv, ρsgn}.

2.3. θκ,λ,ρtriv , where κ ̸= λ, λ ̸= −2κ, κ ̸= −2λ.

and the character table of G is given by:

Proposition 3. The irreducible characters of the group G are given in the following table

Representation Degree
Character value χ (σα,βh),
where h ∈ S3, σα,β ∈ A

Cases

θ νn
3 , νn

3 ,ρ 1 ζ
νn
3 (α+β)χρ(h) 1.1, 2.1

θ νn
3 , νn

3 ,ρstan 2 ζ
νn
3 (α+β)χstan(h) 1.1, 2.1

θκ,κ,ρ 3

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ζ κ(α+β)
+ ζ κ(α−2β)

+ ζ κ(β−2α) , if h = 1
ζ κ(α+β)χρ(ts) , if h = ts
ζ κ(α−2β)χρ(t) , if h = t
ζ κ(β−2α)χρ(st) , if h = st
0 , if h = s, s2

1.2, 2.2

θκ,λ,ρtriv 6

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎝
ζ κα+λβ

+ ζ−(κ+λ)α+κβ

+ ζ λα−(κ+λ)β
+

ζ λα+κβ
+ ζ−(κ+λ)α+λβ

+ ζ κα−(κ+λ)β

⎞⎟⎟⎟⎠ , if h = 1

0 , if h ̸= 1

1.3, 2.3

3. Character tables for m-differentials

Let Fn : xn
1 + xn

2 + xn
0 = 0 be a Fermat curve defined over the algebraically closed field K

f characteristic p ≥ 0 introduced in the previous section. Recall that we assume that p ∤ n,
≥ 4 and n ̸= 1 + ph for all h ∈ N. The former assumption is to ensure that we deal with

Fermat curves of genus g ≥ 2, since it is well known that F has genus g =
(n−1)(n−2) , see for
n 2
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example [29, Prop. 1]; we need the latter assumption to ensure that the automorphism group of
Fn is given by the group G = AutK (Fn) = (Z/nZ × Z/nZ) ⋊ S3, introduced in the previous
ection. This result is proven in [30], extending a preprint of Leopoldt, which was eventually
ublished in [16].

In what follows, we will work with the affine model Fn : xn
+yn

+1 = 0, obtained by setting
x =

x1
x0

and y =
x2
x0

. The action of G on Fn is then explicitly given by σα,β(x, y) =
(
ζ αx, ζ β y

)
nd

s(x, y) =

(
y
x
,

1
x

)
, t(x, y) =

(
1
x
,

y
x

)
, st(x, y) =

(
x
y
,

1
y

)
, ts(x, y) = (y, x) ,

s2(x, y) =

(
1
y
,

x
y

)
.

(3)

Let ΩFn denote the sheaf of holomorphic differentials on the Fermat curve Fn . More
generally, for m ≥ 1, we write Ω⊗m

Fn
for the sheaf of holomorphic m-differentials. The global

sections H 0(Fn,Ω
⊗m
Fn

) form a vector space over the ground field K ; its dimension is given by
the Riemann–Roch Theorem

dimK H 0(Fn,Ω
⊗m
Fn

) =

⎧⎪⎨⎪⎩
g =

(n − 1)(n − 2)
2

, if m = 1,

(2m − 1)(g − 1) = (2m − 1)
n(n − 3)

2
, if m ≥ 2.

e proceed with an auxiliary lemma that will allow us to obtain explicit bases for the spaces
H 0(Fn,Ω

⊗m
Fn

).

Lemma 4. For each pair (i, j) ∈ Z2 satisfying 0 ≤ i, j, i + j ≤ m(n − 3), the differential

x i y j

ym(n−1) dx⊗m

is holomorphic.

Proof. This requires computing the divisors of x, y and dx . Such a computation can be found
in the classical articles of Boseck [3, pp. 48–50] and Towse [29, pp. 3359–3360], or in the
work of the fourth author [1,14]. Indeed, from [1, p. 113], we have that

div(x) =

n∑
ν=1

αν−

n∑
ν=1

γν, div(y) =

n∑
ν=1

βn−

n∑
ν=1

γν, div(dx) = (n−1)
n∑

ν=1

βν−2
n∑

ν=1

γν

where for ν = 1, . . . , n, αν are the n points on the Fermat curve Fn with x coordinate equal
to zero, βν are the n points of the Fermat curve with y coordinate equal to zero and γν are the
n points at infinity that have z coordinate equal to zero. We then compute

div
(

x i y j

ym(n−1) dx⊗m
)

=

n∑
ν=1

iαν +

n∑
ν=1

jβν −

n∑
ν=1

(
i + j − m(n − 3)

)
γν,

and the result follows. □
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Remark 5. The differentials of Lemma 4 do not form a basis for H 0(Fn,Ω
⊗m
Fn

) for m ≥ 2, as
they are not linearly independent. Indeed, if n ≤ i ≤ m(n − 3), then we can write i = qn + υ

with 0 ≤ υ ≤ n − 1 and

x i y j

ym(n−1) dx⊗m
= xqn xυ y j

ym(n−1) dx⊗m
= (1 − yn)q xυ y j

ym(n−1) dx⊗m

=

q∑
ν=0

(−1)ν
(

q
ν

)
ynν xυ y j

ym(n−1) dx⊗m

=

q∑
ν=0

(−1)ν
(

q
ν

)
xυ y j+nν

ym(n−1) dx⊗m .

e remark that the pairs (i ′, j ′) = (υ, j + nν) satisfy the inequalities

0 ≤ i ′
≤ n − 1 and 0 ≤ j ′, i ′

+ j ′
≤ m(n − 3).

roposition 6. A K -basis for Vm = H 0(Fn,Ω
⊗m
Fn

) is given by

bm =

⎧⎪⎪⎨⎪⎪⎩
{

x i y j

yn−1 dx : 0 ≤ i, j, i + j ≤ n − 3
}

, if m = 1{
x i y j

ym(n−1) dx⊗m
: 0 ≤ i ≤ n − 1, 0 ≤ j, i + j ≤ m(n − 3)

}
, if m ≥ 2.

roof. The result for m = 1 is classic and a proof can be found in [29, Proposition 2].
emma 4 implies that the differentials in bm for m ≥ 2 are holomorphic. The fact that they
re linearly independent is trivial and a simple counting argument verifies that they have the
orrect cardinality. □

The above basis is not suitable for computations when m ≥ 2, since it is not symmetric in
, j .

efinition 7. Let EM = {(i, j) ∈ Z2
: 0 ≤ i, j, i + j ≤ M} be the triangle with vertices

0, 0), (0, M), (M, 0), as in Lemma 4. For m ≥ 1, we will denote by Wm the K -vector space
with basis the symbols{

w
(m)
i, j : (i, j) ∈ Em(n−3)

}
.

and, for m ≥ 2, we will denote by Im its K -subspace generated by the expressions{
π

(m)
i, j := w

(m)
i, j + w

(m)
i+n, j + w

(m)
i, j+n : (i, j) ∈ Em(n−3)−n

}
.

Lemma 8. dimK Im = #Em(n−3)−n .

It suffices to show that the elements π
(m)
i, j are linearly independent. Let λi, j ∈ K be such

that

0 =

∑
(i, j)∈Em(n−3)−n

λi, j

(
w

(m)
i, j + w

(m)
i+n, j + w

(m)
i, j+n

)
=

∑
λi, jw

(m)
i, j +

∑
λi, jw

(m)
i+n, j +

∑
λi, jw

(m)
i, j+n
(i, j)∈Em(n−3)−n (i, j)∈Em(n−3)−n (i, j)∈Em(n−3)−n
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=

∑
(i, j)∈Em(n−3)−n

λi, jw
(m)
i, j +

∑
(i, j)∈Em(n−3)−n

i≥n

λi−n, jw
(m)
i, j +

∑
(i, j)∈Em(n−3)−n

j≥n

λi, j−nw
(m)
i, j

=

∑
(i, j)∈Em(n−3)−n

(
λi, j + λi−n, j + λi, j−n

)
w

(m)
i, j , where λi, j = 0 if i < n or j < n.

ince the elements w
(m)
i, j are linearly independent, we obtain that

λi, j + λi−n, j + λi, j−n = 0, for all (i, j) ∈ Em(n−3)−n. (4)

e will use that λi, j = 0 for i < n or j < n and Eq. (4) to prove by induction on m ≥ 2 that
ll λi, j = 0.

• If m = 2, then Em(n−3)−n = En−6. Thus λi−n, j = λi, j−n = 0 and Eq. (4) gives λi, j = 0.
• Assume that λi, j = 0 for all (i, j) ∈ E(m−1)(n−3)−n . If (i0, j0) ∈ Em(n−3)−n then

0 ≤ i0 + j0 ≤ m(n −3)−n ⇒ 0 ≤ i0 + j0 −n ≤ m(n −3)−2n < (m −1)(n −3)−n.

Thus (i0 − n, j0), (i0, j0 − n) ∈ E(m−1)(n−3)−n and so λi0−n, j0 = λi0, j0−n = 0 by the
inductive hypothesis. Eq. then (4) gives λi0, j0 = 0.

roposition 9. We have that

H 0(Fn,Ω
⊗m
Fn

) ∼=

{
W1 , if m = 1
Wm/Im , if m ≥ 2

roof. When m = 1, the result follows trivially since

dim H 0(Fn,Ω
⊗m
Fn

) = #b1 = #En−3 = dim W1.

or m ≥ 2, consider the K -linear map

φ : Wm −→ H 0(Fn,Ω
⊗m
Fn

), w
(m)
i, j ↦→

x i y j

ym(n−1) dx⊗m,

which is well defined by Lemma 4. It is onto, since every differential in bm is the image of a
symbol w

(m)
i, j ∈ Em(n−3) that satisfies 0 ≤ i ≤ n − 1. We thus have that

H 0(Fn,Ω
⊗m
Fn

) ∼= Wm/kerφ,

and it remains to show that ker φ = Im . For an arbitrary π
(m)
i, j ∈ Im , we have that

φ
(
π

(m)
i, j

)
=

x i y j

ym(n−1) dx⊗m
+

x i+n y j

ym(n−1) dx⊗m
+

x i y j+n

ym(n−1) dx⊗m

=
x i y j

ym(n−1) dx⊗m (1 + xn
+ yn)

= 0,

y the defining equation of Fn , and thus Im ⊆ ker φ. For the inverse inclusion, we first remark
hat the cardinality of the lattice points in the triangle EM is given by

#EM =
(M + 1)(M + 2)

.

2

1081



H. Charalambous, K. Karagiannis, S. Karanikolopoulos et al. Indagationes Mathematicae 33 (2022) 1071–1101
By Lemma 8 we get

dimK (Wm/Im) = #Em(n−3) − #Em(n−3)−n

=
[m(n − 3) + 1][m(n − 3) + 2]

2

−
[m(n − 3) − n + 1][m(n − 3) − n + 2]

2

= (2m − 1)
n(n − 3)

2
= (2m − 1)(g − 1) = dimK H 0(Fn,Ω

⊗m
Fn

). □

The reader may observe that this decomposition of H 0(Fn,Ω
⊗m
Fn

) is closely related to the
classic result of M. Noether, F. Enriques and K. Petri on the canonical ideal of non-hyperelliptic
curves: indeed the graded ring

⨁
Wm is isomorphic to the quotient of Sym

(
H 0(Fn,ΩFn )

)
by

some binomial relations, whereas the elements of Im are the missing generators for the kernel
of the canonical map

Sym
(
H 0(Fn,ΩFn )

)
↠
⨁

H 0(Fn,Ω
⊗m
Fn

).

For more details on the explicit construction in the case of Fermat curves see [15], an
application of a more general technique given in [4].

Next, we describe the appropriate action of G on the vector spaces Wm and Im , that makes
the isomorphism of Proposition 9 G-equivariant.

Proposition 10. Let w
(m)
i, j and π

(m)
i, j be the generators of Wm and Im respectively, as in

Definition 7. We define an action of G on Wm via the first column of the table below, which
induces an action of G on Im as in the second column. Then the isomorphism of Proposition 9
is G-equivariant, where the action on H 0(Fn,Ω

⊗m
Fn

) is given by Eq. (3).

g ∈ G g · w
(m)
i, j g · π

(m)
i, j

σα,β ζ α(i+m)+β( j+m)w
(m)
i, j ζ α(i+m)+β( j+m)π

(m)
i, j

s w
(m)
m(n−3)−(i+ j),i π

(m)
m(n−3)−(i+ j)−n,i

s2 w
(m)
j,m(n−3)−(i+ j) π

(m)
j,m(n−3)−(i+ j)−n

t (−1)mw
(m)
m(n−3)−(i+ j), j (−1)mπ

(m)
m(n−3)−(i+ j)−n, j

ts (−1)mw
(m)
j,i (−1)mπ

(m)
j,i

st (−1)mw
(m)
i,m(n−3)−(i+ j) (−1)mπ

(m)
i,m(n−3)−(i+ j)−n

Proof. For σα,β ∈ Z/nZ × Z/nZ we have that

σα,β

(
x i y j

ym(n−1) dx⊗m
)

=
(ζ αx)i (ζ β y

) j(
ζ β y

)m(n−1) d (ζ αx)
⊗m

=
(ζ αx)i (ζ β y

) j(
ζ β y

)−m ζ αmdx⊗m

= ζ α(i+m)+β( j+m) x i y j

ym(n−1) dx⊗m

and thus φ
(
σα,β · w

(m)
i, j

)
= σα,β · φ

(
w

(m)
i, j

)
. For the element s ∈ S3 of order 3 we first note

that differentiating the Fermat equation xn
+ yn

+ 1 = 0 gives dy = −
xn−1

dx and thus

yn−1
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)
=

1
x2 yn−1 dx . We then have

s
(

x i y j

ym(n−1) dx⊗m
)

=
yi

x i

1
x j

xm(n−1)d
( y

x

)⊗m
= xm(n−1)−(i+ j) yi

(
1

x2 yn−1

)m

dx⊗m

=
xm(n−3)−(i+ j) yi

ym(n−1) dx⊗m

nd thus φ
(

s · w
(m)
i, j

)
= s · φ

(
w

(m)
i, j

)
. For the element t ∈ S3 of order 2 we have

t
(

x i y j

ym(n−1) dx⊗m
)

=
1
x i

y j

x j

xm(n−1)

ym(n−1) d
(

1
x

)⊗m

=
xm(n−1)−(i+ j) y j

ym(n−1) (−1)m 1
x2m

dx⊗m

= (−1)m xm(n−3)−(i+ j) y j

ym(n−1) dx⊗m

and thus φ
(

t · w
(m)
i, j

)
= t · φ

(
w

(m)
i, j

)
. The remaining cases follow similarly. □

We proceed with an explicit description of the character tables of the representations
G → GL (Wm) and G → GL (Im):

Proposition 11. The characters χWm and χIm of the representations ρWm : G → GL (Wm) and
ρIm : G → GL (Im) respectively are given in the following table

g ∈ G Character χWm (g) Character χIm (g) m ≥ 2

σα,β

m(n−3)∑
i=0

m(n−3)−i∑
j=0

ζ α(i+m)+β( j+m)
m(n−3)−n∑

i=0

m(n−3)−n−i∑
j=0

ζ α(i+m)+β( j+m)

σα,βs

{
ζ (α+β) mn

3 , if 3 | n or 3 | m
0, if 3 ∤ n and 3 ∤ m

{
ζ (α+β) n(m−1)

3 , if 3 | n(m − 1)
0, otherwise

σα,βs2

{
ζ (α+β) mn

3 , if 3 | n or 3 | m
0, if 3 ∤ n and 3 ∤ m

{
ζ (α+β) n(m−1)

3 , if 3 | n(m − 1)
0, otherwise

σα,β t (−1)m

⌊
m(n−3)

2

⌋∑
i=0

ζ (α−2β)(i+m) (−1)m

⌊
m(n−3)−n

2

⌋∑
i=0

ζ (α−2β)(i+m)

σα,β ts (−1)m

⌊
m(n−3)

2

⌋∑
i=0

ζ (α+β)(i+m) (−1)m

⌊
m(n−3)−n

2

⌋∑
i=0

ζ (α+β)(i+m)

σα,βst (−1)m

⌊
m(n−3)

2

⌋∑
i=0

ζ (β−2α)(i+m) (−1)m

⌊
m(n−3)−n

2

⌋∑
i=0

ζ (β−2α)(i+m)
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Proof. By Proposition 10, the matrix ρWm (σα,β) is diagonal with trace

χWm (σα,β) =

∑
(i, j)∈Em(n−3)

ζ α(i+m)+β( j+m).

Similarly, the diagonal entries of the matrix ρ(s) are either 0 or 1. The number of non-zero
such diagonal entries equals the number of pairs (i, j) that satisfy the relations:

0 ≤ i + j ≤ m(n − 3), i = m(n − 3) − (i + j), i = j

which gives 3i = m(n − 3). Thus, we have a unique non-zero diagonal entry if only if
3 | m(n − 3), i.e. if 3 | n or 3 | m. The formula for χWm (σα,βs) is then obtained by substituting
= j =

m(n−3)
3 in the expression for χWm (σα,β), and the same holds for χWm (σα,βs2).

Again by Proposition 10 we have that the diagonal entries of the matrix ρWm (t) are either
or −1. The number of non-zero such diagonal entries, is given by the number of pairs (i, j)

hat satisfy the relations:

0 ≤ i + j ≤ m(n − 3), i = m(n − 3) − (i + j).

hus, for each value of i we have that j = m(n − 3) − 2i . Since both i and j must be
on-negative, the number of pairs (i, j) satisfying the above relations is equal to the number
f unique i-values that satisfy

0 ≤ i ≤

⌊
m(n − 3)

2

⌋
.

he formula for χWm (σα,β t) follows from substituting j = m(n − 3) − 2i in the expression
or χWm (σα,β). The remaining cases for the character χWm easily follow from the computations
bove.

The character χIm is obtained by replacing throughout Em(n−3) by Em(n−3)−n . □

The above result and the G-equivariant isomorphism Wm/Im ∼= H 0(Fn,Ω
⊗m
Fn

) allow us to
obtain the characters of the spaces Vm = H 0(Fn,Ω

⊗m
Fn

):

Theorem 12. The character for the space H 0(Fn,ΩFn ) is equal to the character of the
space W1, while the character for H 0(Fn,Ω

⊗m
Fn

), for m ≥ 2 equals χWm − χIm , where
χWm , χIm are given in Proposition 11.

. Computing sums of roots of unity

To determine the K [G]-module structure of the spaces H 0(Fn,Ω
⊗m
Fn

) we will use
the standard approach of computing the inner product of the irreducible characters of G,

given in Proposition 3, with the characters χWm − χIm given in Proposition 11. These
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computations require finding closed formulas for two types of sums that involve nth roots of
nity:

efinition 13. For M ∈ Z≥0, let EM = {(i, j) ∈ N2
: 0 ≤ i, j, i + j ≤ M} ⊆ N2 be the triangle

with vertices (0, 0), (0, M), (M, 0). For any X, Y ∈ Z, we define the quantities

I (M, X, Y ) :=

∑
α,β∈Z/nZ

∑
(i, j)∈EM

ζ α(i+X )+β( j+Y ), J (M, X ) :=

∑
α,β∈Z/nZ

⌊M/2⌋∑
i=0

ζ (α+β)(i+X )

or M ∈ Z<0, the triangle EM is empty and thus we set I (M, X, Y ) = J (M, X ) = 0.

roposition 14. For M ∈ Z≥0, we have that

I (M, X, Y ) = n2
· # {(i, j) ∈ EM : i ≡ −X mod n and j ≡ −Y mod n}

J (M, X ) =

∑
α,β∈Z/nZ

⌊M/2⌋∑
i=0

ζ (α−2β)(i+X )
=

∑
α,β∈Z/nZ

⌊M/2⌋∑
i=0

ζ (β−2α)(i+X )

= n2
· #
{

i ∈ N : 0 ≤ i ≤

⌊
M
2

⌋
and i ≡ −X mod n

}
.

roof. The formula for I (M, X, Y ) follows from the fact that for fixed (i, j) ∈ EM we have

∑
α,β∈Z/nZ

ζ α(i+X )+β( j+Y )
=

{
n2, if i ≡ −X mod n and j ≡ −Y mod n
0, otherwise.

The formula for J (M, X ) follows similarly, since for fixed 0 ≤ i ≤
⌊M

2

⌋
we have that∑

α,β∈Z/nZ

ζ (α+β)(i+X )
=

∑
α,β∈Z/nZ

ζ (α−2β)(i+X )
=

∑
α,β∈Z/nZ

ζ (β−2α)(i+X )

=

{
n2, if i ≡ −X mod n
0, otherwise.

□

To obtain explicit formulas for the above quantities, we will use the following auxiliary
esult.

emma 15. Let X, L ∈ N. Denote by υL , υ−X , the remainder of the division of L, −X, by n.
hen

# {i ∈ N : 0 ≤ i ≤ L and i ≡ −X mod n}
(1)
=

⎧⎪⎪⎨⎪⎪⎩
⌊

L
n

⌋
+ 1 if υ−X ≤ υL⌊

L
n

⌋
if υ−X > υL .

⎫⎪⎪⎬⎪⎪⎭
(2)
=

⌊
L − υ−X

n

⌋
+ 1
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Proof. To prove equality (1), note that the greatest multiple of n always less than L is
⌊ L

n

⌋
n.

The interval 0 ≤ i ≤
⌊ L

n

⌋
n − 1 contains exactly

⌊ L
n

⌋
subintervals of length n, and thus it

contains exactly
⌊ L

n

⌋
solutions to the congruence i ≡ −X mod n. The congruence has one

ore solution in the interval
⌊ L

n

⌋
n ≤ i ≤ L =

⌊ L
n

⌋
n + υL if and only if υ−X ≤ υL .

To prove equality (2) we write L =
⌊ L

n

⌋
n + υL as above and observe that⌊

L − υ−X

n

⌋
+ 1 =

⌊⌊ L
n

⌋
n + υL − υ−X

n

⌋
+ 1 =

⌊
L
n

⌋
+

⌊
υL − υ−X

n

⌋
+ 1

=

⎧⎪⎪⎨⎪⎪⎩
⌊

L
n

⌋
+ 1 if υ−X ≤ υL⌊

L
n

⌋
if υ−X > υL .

□

Recall that our motivation for computing the quantities I (M, X, Y ) and J (M, X ) is to
btain the Galois module structure of the global sections of m-differentials for m ≥ 1.

Since the respective characters are given by the differences χWm − χIm we need formulas
for differences of these quantities for different values of M . Recall that when M ≤ n − 1,
I (M − n, X, Y ) = J (M − n, X ) = 0.

Proposition 16. For X, Y, M ∈ N, let

δ(M, X, Y ) =

⎧⎪⎨⎪⎩
−1 if υ−X > υM and υ−X + υ−Y > υM + n
1 if υ−X ≤ υM and υ−X + υ−Y ≤ υM

0 otherwise.

where υ−X , υ−Y , υM denote the respective remainders when dividing by n. Then

I (M, X, Y ) − I (M − n, X, Y ) = n2
(⌊

M
n

⌋
+ δ(M, X, Y )

)
,

J (M, X ) − J (M − n, X ) = n2

(⌊⌊M
2

⌋
− υ−X

n

⌋
−

⌊⌊M−n
2

⌋
− υ−X

n

⌋)
∈ {0, n2

}.

roof. The formula for J (M, X ) − J (M − n, X ) follows directly by Proposition 14 and the
second equality of Lemma 15 for L =

⌊M
2

⌋
and L =

⌊M−n
2

⌋
respectively.

To obtain the formula for I (M, X, Y ) − I (M − n, X, Y ), we first assume that M > n − 1.
y Proposition 14, I (M, X, Y ) is equal to n2 times the number of solutions to the system{

i ≡ −X mod n
j ≡ −Y mod n

(5)

hat lie inside the trapezoid EM \ EM−n with vertices (0, M − n + 1), (0, M), (M − n +

1, 0), (M, 0). We remark that EM \ EM−n can be written as the disjoint union of the sets Π

and T where Π is the parallelogram with vertices (0, M − n + 1), (0, M), (M − n, 1), (M
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− n, n) and T is the triangle with vertices (M − n + 1, 0), (M − n + 1, n − 1), (M, 0).
That is

Π = {(i, j) : 0 ≤ i ≤ M − n, M − n − i + 1 ≤ j ≤ M − i.}

T = {(i, j) : M − n + 1 ≤ i ≤ M, 0 ≤ j ≤ M − i}.

Thus, we compute the number of solutions to the system (5) inside EM \ EM−n by computing
the number of solutions inside Π and the number of solutions inside T separately:

0

(⌊
M
n

⌋
− 1

)
n

⌊ M
n

⌋
− 1 solutions to i ≡ −X one solution to i ≡ −X

one solution to j ≡ −Y

M − n + 1 M

Π

T
EM−n

M − n + 1

M

• If (i, j) ∈ Π , then 0 ≤ i ≤ M − n and M − n − i + 1 ≤ j ≤ M − i . Thus, for a
fixed value of i satisfying 0 ≤ i ≤ M − n there exist exactly n values of j such that
(i, j) ∈ Π and exactly 1 of them satisfies the congruence j ≡ −Y mod n. Hence, the
number νΠ of solutions to the system (5) inside Π is equal to the number of solutions to
the congruence i ≡ −Xmod n that satisfy 0 ≤ i ≤ M −n. To count the cardinality of the
set {i ∈ N : 0 ≤ i ≤ M − n and i ≡ −Xmod n}, we apply the first equality of Lemma 15
for L = M − n and observe that

⌊M−n
n

⌋
=
⌊M

n

⌋
− 1 to obtain

νΠ =

⎧⎪⎪⎨⎪⎪⎩
⌊

M
n

⌋
if υ−X ≤ υM⌊

M
n

⌋
− 1 if υ−X > υM .

• To count the number of solutions to the system (5) inside the triangle T we observe that
its base consists of n consecutive integers and so the congruence i ≡ −Xmod n has
exactly one solution i . For this solution i , there exists a point (i , j ) in T satisfying
0 0 0 0
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j0 ≡ −Y mod n if and only if i0 + υ−Y ≤ M , since 0 ≤ j0 ≤ n − 1. Division of i0 by n
gives

i0 =

⎧⎪⎪⎨⎪⎪⎩
⌊

M
n

⌋
n + υ−X , if υ−X ≤ υM(⌊

M
n

⌋
− 1

)
n + υ−X , if υ−X > υM

and thus

i0 + υ−Y ≤ M ⇔

⎧⎪⎪⎨⎪⎪⎩
υ−X + υ−Y ≤ M −

⌊
M
n

⌋
n = υM , if υ−X ≤ υM

υ−X + υ−Y ≤ M −

(⌊
M
n

⌋
− 1

)
n = υM + n , if υ−X > υM .

We conclude that the number of solutions νT to the system (5) inside T is given by

νT =

{
1 if i0 + υ−Y ≤ M
0 if i0 + υ−Y < M

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if υ−X ≤ υM and υ−X + υ−Y ≤ υM

0 if υ−X ≤ υM and υ−X + υ−Y > υM

1 if υ−X > υM and υ−X + υ−Y ≤ υM + n

0 if υ−X > υM and υ−X + υ−Y > υM + n.

The formula for I (M, X, Y ) − I (M − n, X, Y ) follows by combining the cases for νΠ and νT .
For M ≤ n − 1, we have I (M − n, X, Y ) = 0 and the trapezoid considered in the previous

case degenerates to the triangle T = EM with vertices (0, 0), (0, M), (M, 0). The system (5)
has a unique solution inside EM if and only if (υ−X , υ−Y ) ∈ EM which is equivalent to the
condition υ−X + υ−Y ≤ M . □

We conclude this section with substituting the value of M that we will need for the
computations on m-polydifferentials:

Corollary 17. If n ≥ 4 and M = m(n − 3) for m ∈ N, we define δ
(m)
X,Y := δ(m(n − 3), X, Y )

and

I (m)
X,Y := I (m(n − 3), X, Y ) − I (m(n − 3) − n, X, Y ), J (m)

X

:= J (m(n − 3), X ) − J (m(n − 3) − n, X ).

Then

I (m)
X,Y = n2

(
m −

⌈
3m
n

⌉
+ δ

(m)
X,Y

)
,

where δ
(m)
X,Y =

⎧⎪⎨⎪⎩
−1 if υ−X > υ−3m and υ−X + υ−Y > υ−3m + n
1 if υ−X ≤ υ−3m and υ−X + υ−Y ≤ υ−3m

0 otherwise .

J (m)
X = n2

⎛⎝⎢⎢⎢⎣
⌊

m(n−3)
2

⌋
− υ−X

n

⎥⎥⎥⎦−

⎢⎢⎢⎣
⌊

m(n−3)−n
2

⌋
− υ−X

n

⎥⎥⎥⎦⎞⎠ ∈ {0, n2
}.
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Proof. The formula for J (m)
X follows directly from the substitution M = m(n −3). The formula

or I (m)
X,Y follows from the observation that

⌊
m(n−3)

n

⌋
= m +

⌊
−3m

n

⌋
= m −

⌈ 3m
n

⌉
. For the

onditions defining I (m)
X,Y , we remark that υm(n−3) = υ−3m . □

. The Galois module structure of holomorphic poly-differentials

For m ≥ 1, let Vm = H 0(Fn,Ω
⊗m
Fn

) denote the K -vector space of global sections of
olomorphic m-differentials on the Fermat curve Fn . By Theorem 12, we have that the character
f the representation ρVm : G → GL(Vm) is given by χVm = χWm − χIm , where χWm and χIm

re given in Proposition 11. Notice that for m = 1 the character χI1 = 0. Thus, the Galois
odule structure of Vm can be computed as follows:

orollary 18. Let χκ,λ,ρ ∈ Irrep(G) denote any of the irreducible representations of G given
n Proposition 3. Then

⟨χVm , χκ,λ,ρ⟩ =
1

6n2

∑
α,β∈Z/nZ

g∈S3

(
χWm (σα,β g) − χIm (σα,β g)

)
χκ,λ,ρ(σα,β g)

Hence, the computation of each ⟨χVm , χκ,λ,ρ⟩ breaks down in computing (at most) six sums
ver Z/nZ×Z/nZ, one for each element g ∈ S3. We remark that by the results of the previous
ection, the sums corresponding to σα,β will be computed using the quantities I (m)

X,Y and the sums
orresponding to σα,β t, σα,β ts, σα,βst will be computed using J (m)

X . For the sums corresponding
o σα,βs, σα,βs2, which appear only in the multiplicities of the irreducible representations of
egree 1 and 2, we have the following:

emma 19. For ν ∈ {0, 1, 2} let

Γ (m)
νn
3

:=

⎧⎪⎪⎨⎪⎪⎩
1 , if 3 | m − ν

−1 , if 3 | m − ν + 2

0 , otherwise

Then for , i ∈ {1, 2} and ρ ∈ {ρtriv, ρsgn} we have that∑
α,β∈Z/nZ

χVm (σα,βsi )χ νn
3 , νn

3 ,ρ(σα,βsi ) = n2Γ (m)
νn
3

∈ {−n2, 0, n2
}

nd for ρ = ρstan we have that∑
α,β∈Z/nZ

χVm (σα,βsi )χ νn
3 , νn

3 ,ρstan (σα,βsi ) = −n2Γ (m)
νn
3

∈ {−n2, 0, n2
}

1089



H. Charalambous, K. Karagiannis, S. Karanikolopoulos et al. Indagationes Mathematicae 33 (2022) 1071–1101

t

s

T
ρ

t

L

w

t

a

Proof. By Propositions 3 and 11, for ν ∈ {0, 1, 2}, i ∈ {1, 2} and ρ ∈ {ρtriv, ρsgn}, we have
hat if 3 | mn then∑

α,β∈Z/nZ

χWm (σα,βsi )χ νn
3 , νn

3 ,ρ(σα,βsi ) =

∑
α,β∈Z/nZ

ζ (α+β) mn
3 ζ (α+β) νn

3 =

∑
α,β∈Z/nZ

ζ (α+β) (m−ν)n
3

=

{
n2 , if n |

(m−ν)n
3

0 , otherwise.
=

{
n2 , if 3 | m − ν

0 , otherwise,

ince n |
(m−ν)n

3 ⇔
(m−ν)n

3 = kn for some k ∈ Z ⇔
(m−ν)

3 = k ∈ Z ⇔ 3 | m − ν.
Similarly, if 3 | (m − 1)n then Proposition 11 gives∑

α,β∈Z/n

χIm (σα,βsi )χ νn
3 , νn

3 ,ρ(σα,βsi ) =

∑
α,β∈Z/n

ζ (α+β) (m−1)n
3 ζ (α+β) νn

3 =

∑
α,β∈Z/n

ζ (α+β) (m−ν−1)n
3

=

{
n2 , if n |

(m−ν−1)n
3

0 , otherwise.
=

{
n2 , if 3 | m − ν + 2
0 , otherwise.

he result follows by Theorem 12: for ρ ∈ {ρtriv, ρsgn} we subtract the two sums while for
= ρstan everything needs to be multiplied by χstan(s) = χstan(s2) = −1. □

Next, we apply the results of the previous section for computing the part of ⟨χVm , χκ,λ,ρ⟩

hat corresponds to σα,β :

emma 20. For ν ∈ {0, 1, 2} and ρ ∈ {ρtriv, ρsgn, ρstan} we have that

∑
α,β∈Z/nZ

χVm (σα,β)χ νn
3 , νn

3 ,ρ(σα,β) = dim(ρ) · n2
(

m −

⌈
3m
n

⌉
+ A(m)

νn
3

)

here A(m)
νn
3

:= δ
(m)
m−

νn
3 ,m−

νn
3

∈ {−1, 0, 1} is as defined in Corollary 17.

Proof. By Propositions 3 and 11, for ν ∈ {0, 1, 2}, i ∈ {1, 2} and ρ ∈ {ρtriv, ρsgn}, we have
hat ∑

α,β∈Z/nZ

χWm (σα,β)χ νn
3 , νn

3 ,ρ(σα,β) =

∑
α,β∈Z/nZ

∑
(i, j)∈Em(n−3)

ζ α(i+m)+β( j+m)ζ (α+β) νn
3

=

∑
α,β∈Z/nZ

∑
(i, j)∈Em(n−3)

ζ α(i+m−
νn
3 )+β( j+m−

νn
3 )

= I
(

m(n − 3), m −
νn
3

, m −
νn
3

)
nd similarly∑

α,β∈Z/n

χIm (σα,β)χ νn
3 , νn

3 ,ρ(σα,β) = I
(

m(n − 3) − n, m −
νn
3

, m −
νn
3

)
.
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The result follows by Theorem 12 and Corollary 17. For ρ = ρstan we multiply the sum by
im ρstan = 2. □

Finally, we apply the results of the previous section for computing the parts of ⟨χVm , χκ,λ,ρ⟩

hat correspond to σα,β t, σα,β ts, σα,βst :

Lemma 21. For ν ∈ {0, 1, 2} let

B(m)
νn
3

:= (−1)m 1
n2 J (m)

m−
νn
3

∈ {−1, 0, 1}

hen for g ∈ {t, ts, st} we have that∑
α,β∈Z/nZ

χVm (σα,β g)χ νn
3 , νn

3 ,ρtriv (σα,β g) = n2 B(m)
νn
3

∈ {−n2, 0, n2
}

∑
α,β∈Z/nZ

χVm (σα,β g)χ νn
3 , νn

3 ,ρsgn (σα,β g) = −n2 B(m)
νn
3

∈ {−n2, 0, n2
}

roof. Recall from Proposition 14, that when computing the above sums, we may replace the
erm ζ α+β that appears in χ νn

3 , νn
3 ,ρ

(
σα,β g

)
in Proposition 3 by any of ζ α−2β or ζ β−2α . Hence,

y Propositions 3 and 11, for ν ∈ {0, 1, 2}, we have that

∑
α,β∈Z/nZ

χWm (σα,β t)χ νn
3 , νn

3 ,ρtriv (σα,β t) = (−1)m
∑

α,β∈Z/nZ

⌊
m(n−3)

2

⌋∑
i=0

ζ (α−2β)(i+m)ζ (α−2β) νn
3

= (−1)m
∑

α,β∈Z/nZ

⌊
m(n−3)

2

⌋∑
i=0

ζ (α−2β)(i+m−
νn
3 )

= (−1)m J
(

m(n − 3), m −
νn
3

)
nd similarly∑

α,β∈Z/nZ

χIm (σα,β t)χ νn
3 , νn

3 ,ρtriv (σα,β t) = (−1)m J
(

m(n − 3) − n, m −
νn
3

)
.

heorem 12 combined with the definition of J (m)
m−

νn
3

given in Corollary 17 give∑
α,β∈Z/nZ

χVm (σα,β t)χ νn
3 , νn

3 ,ρtriv (σα,β t) = (−1)m J (m)
m−

νn
3
.

The same arguments give that∑
α,β∈Z/nZ

χVm (σα,β ts)χ νn
3 , νn

3 ,ρtriv (σα,β ts) =

∑
α,β∈Z/nZ

χVm (σα,βst)χ νn
3 , νn

3 ,ρtriv (σα,βst)

= (−1)m J (m)
m−

νn
3
.

For ρ = ρ we multiply everything by χ (t) = χ (ts) = χ (st) = −1. □
sgn sgn sgn sgn
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We collect the above results in the following:

roposition 22. For ν ∈ {0, 1, 2}, we have that

⟨χVm , χ νn
3 , νn

3 ,ρtriv⟩ =
1
6

(
m −

⌈
3m
n

⌉
+ A(m)

νn
3

+ 3B(m)
νn
3

+ 2Γ (m)
νn
3

)
⟨χVm , χ νn

3 , νn
3 ,ρsgn⟩ =

1
6

(
m −

⌈
3m
n

⌉
+ A(m)

νn
3

− 3B(m)
νn
3

+ 2Γ (m)
νn
3

)
⟨χVm , χ νn

3 , νn
3 ,ρstan⟩ =

1
3

(
m −

⌈
3m
n

⌉
+ A(m)

νn
3

− Γ (m)
νn
3

)
here each of A(m)

νn
3

, B(m)
νn
3

,Γ (m)
νn
3

take values in {−1, 0, 1} as in Lemmata 19, 20, 21.

Proof. For ρ ∈ {ρtriv, ρsgn, ρstan} and ν ∈ {0, 1, 2}, Corollary 18 gives

⟨χVm , χ νn
3 , νn

3 ,ρ⟩ =
1

6n2

∑
α,β∈Z/nZ

g∈S3

(
χVm (σα,β g)

)
χ νn

3 , νn
3 ,ρ(σα,β g).

he summand corresponding to g = 1 was computed in Lemma 20, the summand correspond-
ng to g ∈ {s, s2

} in Lemma 19, and the summand corresponding to g ∈ {t, ts, st} in Lemma 21.
ote that the absence of a B(m)

νn
3

term in the formula for ρstan is due to the fact that χρstan (g) = 0
or g ∈ {t, ts, st}. □

We proceed with the multiplicities of the 3-dimensional irreducible representations:

roposition 23. For κ /∈ {0, n
3 , 2n

3 }, we have that

⟨χVm , χκ,κ,ρtriv⟩ =
1
2

(
m −

⌈
3m
n

⌉
+ A(m)

κ + B(m)
κ

)
,

⟨χVm , χκ,κ,ρsgn⟩ =
1
2

(
m −

⌈
3m
n

⌉
+ A(m)

κ − B(m)
κ

)
where

A(m)
κ =

1
3

(
δ

(m)
m−κ,m−κ + δ

(m)
m−κ,m+2κ + δ

(m)
m+2κ,m−κ

)
, B(m)

κ = (−1)m 1
n2 J (m)

m−κ

nd δ
(m)
X,Y , J (m)

m−κ are as defined in Corollary 17.

roof. As in the proofs of Lemmata 20, 21, Corollary 17 gives that∑
α,β∈Z/nZ

χVm (σα,β)χκ,κ,ρtriv (σα,β) = I (m)
m−κ,m−κ + I (m)

m−κ,m+2κ + I (m)
m+2κ,m−κ

= n2
[

3
(

m −

⌈
3m
n

⌉)
+ δ

(m)
m−κ,m−κ

+ δ
(m)
m−κ,m+2κ + δ

(m)
m+2κ,m−κ

]
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g

P

w

and that for g ∈ {t, ts, st}∑
α,β∈Z/nZ

χVm (σα,β g)χκ,κ,ρtriv (σα,β g) = (−1)m J (m)
m−κ .

Thus, we obtain that

⟨χVm , χκ,κ,ρtriv⟩ =
1

6n2

∑
α,β∈Z/n

g∈S3

χVm (σα,β g)χκ,κ,ρ(σα,β g)

=
1
6

(
3
(

m −

⌈
3m
n

⌉)
+ δ

(m)
m−κ,m−κ + δ

(m)
m−κ,m+2κ

+ δ
(m)
m+2κ,m−κ + 3(−1)m 1

n2 J (m)
m−κ

)

=
1
2

(
m −

⌈
3m
n

⌉
+

1
3

(
δ

(m)
m−κ,m−κ + δ

(m)
m−κ,m+2κ + δ

(m)
m+2κ,m−κ

)
+ (−1)m 1

n2 J (m)
m−κ

)
Substituting

A(m)
κ =

1
3

(
δ

(m)
m−κ,m−κ + δ

(m)
m−κ,m+2κ + δ

(m)
m+2κ,m−κ

)
, B(m)

κ = (−1)m 1
n2 J (m)

m−κ

ives the desired formula for ρtriv. The result for ρsgn follows in the same manner. □

Finally, we obtain the multiplicities of the 6-dimensional representations:

roposition 24. For κ /∈ {0, n
3 , 2n

3 }, we have that

⟨χVm , χκ,λ,ρtriv⟩ = m −

⌈
3m
n

⌉
+ A(m)

κ,λ

here

A(m)
κ,λ =

1
6

(
δ

(m)
m−κ,m−λ + δ

(m)
m−λ,m−κ + δ

(m)
m−κ,m+κ+λ + δ

(m)
m+κ+λ,m−κ

+ δ
(m)
m−λ,m+κ+λ + δ

(m)
m+κ+λ,m−λ

)
and δ

(m)
X,Y ∈ {0, 1} is as defined in Corollary 17.

Proof. The result follows as in the proofs of Lemma 20 and Proposition 23:∑
α,β∈Z/nZ

χVm (σα,β)χκ,λ,ρtriv (σα,β) = I (m)
m−κ,m−λ + I (m)

m−λ,m−κ + I (m)
m−κ,m+κ+λ

+ I (m)
m+κ+λ,m−κ + I (m)

m−λ,m+κ+λ + I (m)
m+κ+λ,m−λ

= n2
[

6
(

m −

⌈
3m

⌉)
+ δ

(m)
m−κ,m−λ
n
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N

+ δ
(m)
m−λ,m−κ + δ

(m)
m−κ,m+κ+λ

+ δ
(m)
m+κ+λ,m−κ + δ

(m)
m−λ,m+κ+λ + δ

(m)
m+κ+λ,m−λ

]
□

Theorem 25.

⟨χVm , χκ,λ,ρ⟩ =
dim θκ,λ,ρ

6

(
m −

⌈
3m
n

⌉
+ A(m)

κ,λ,ρ

)
+

1
2

B(m)
κ,λ,ρ +

1
3
Γ (m)

κ,λ,ρ

where A(m)
κ,λ,ρ, B(m)

κ,λ,ρ are defined using the quantities δ
(m)
X,Y and J (m)

X of Corollary 17 as
follows:

κ, λ, ρ A(m)
κ,λ,ρ B(m)

κ,λ,ρ

νn
3 , νn

3 , ρtriv δ
(m)
m−

νn
3 ,m−

νn
3

(−1)m

n2 J (m)
m−

νn
3

νn
3 , νn

3 , ρsgn δ
(m)
m−

νn
3 ,m−

νn
3

(−1)m+1

n2 J (m)
m−

νn
3

νn
3 , νn

3 , ρstan δ
(m)
m−

νn
3 ,m−

νn
3

0

κ, κ, ρtriv
1
3

(
δ

(m)
m−κ,m−κ + δ

(m)
m−κ,m+2κ + δ

(m)
m+2κ,m−κ

)
(−1)m

n2 J (m)
m−κ

κ, κ, ρsgn
1
3

(
δ

(m)
m−κ,m−κ + δ

(m)
m−κ,m+2κ + δ

(m)
m+2κ,m−κ

)
(−1)m+1

n2 J (m)
m−κ

κ, λ, ρtriv
1
6

(
δ

(m)
m−κ,m−λ + δ

(m)
m−λ,m+κ+λ + δ

(m)
m−κ,m+κ+λ

+δ
(m)
m+κ+λ,m−κ + δ

(m)
m−λ,m−κ + δ

(m)
m+κ+λ,m−λ

)
0

and

Γ (m)
νn
3 , νn

3 ,ρtriv
= Γ (m)

νn
3 , νn

3 ,ρsgn
= −Γ (m)

νn
3 , νn

3 ,ρstan
=

⎧⎪⎨⎪⎩
1 , if 3 | m − ν

−1 , if 3 | m − ν + 2
0 , otherwise

Γ (m)
κ,κ,ρtriv

= Γ (m)
κ,κ,ρsgn

= Γ (m)
κ,λ,ρtriv

= 0

ote that in the above Theorem, we have extended the definition of Γ (m)
νn
3

given in Lemma 19
by setting

Γ (m)
νn
3 , νn

3 ,ρtriv
= Γ (m)

νn
3 , νn

3 ,ρsgn
= −Γ (m)

νn
3 , νn

3 ,ρstan
= Γ (m)

νn
3

,
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the definition of B(m)
κ given in Lemma 21 and Proposition 23 by setting

B(m)
κ,κ,ρtriv

= −B(m)
κ,κ,ρsgn

= B(m)
κ ,

(
including the case κ =

νn
3

)
nd that of A(m)

κ and A(m)
κ,λ given in Lemma 21, Propositions 23 and 24 by setting

A(m)
κ,κ,ρtriv

= A(m)
κ,κ,ρsgn

= A(m)
κ

(
including the case κ =

νn
3

)
,

A(m)
κ,λ,ρtriv

= A(m)
κ,λ,ρsgn

= A(m)
κ,λ .

o convince the reader that the above information can give explicit results, we have included
able 2, which treats Fermat curves corresponding to n = 4, 5, 6. The first 9 columns
ontain the multiplicities of one-dimensional and two-dimensional representations. For the

dimensional representations θκ,κ,ρ , ρ ∈ {ρtriv, ρsgn} if the symbol [κ, t] appears then this
means that the representation θκ,κ,ρ appears with multiplicity t . Similarly if [(κ, λ), t] appears
then θκ,λ,ρtriv appears with multiplicity t . For example the 6th row indicates that for the curve
F4 : x4

+ y4
+ z4

= 0 we have the decomposition

H 0(F4,Ω
⊗6
F4

) = θ0,0,triv ⊕ θ1,1,ρtriv ⊕ θ2,2,ρtriv ⊕ θ3,3,ρtriv ⊕ θ2,2,ρsgn ⊕ θ3,3,ρsgn ⊕ θ0,1,ρtriv .

We remark that the last column of Table 2 serves as an extra verification that the multiplicities
add to the expected K -dimension of H 0(Fn,Ω

⊗m
Fn

).

6. Generating functions

Let R =
⨁

∞

m=0 H 0(Fn,Ω
⊗m
Fn

) denote the canonical ring of the Fermat curve Fn : xn
+ yn

+

zn
= 0 and let G = (Z/nZ × Z/nZ) ⋊ S3 be the automorphism group of Fn . The equivariant

Hilbert function of the action of G on R is defined as

HR,G(t) =

∞∑
m=0

[H 0(Fn,Ω
⊗m
Fn

)]tm

where [H 0(Fn,Ω
⊗m
Fn

)] denotes the class in the Grothendieck group K0(G, K ). For each
irreducible representation θκ,λ,ρ of G we denote by Hκ,λ,ρ(t) the equivariant Hilbert series of
the respective isotypical component of the action of G on R, so that

HR,G(t) =

∑
κ,λ,ρ

Hκ,λ,ρ(t).

We then have the following:
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Theorem 26. Let θκ,λ,ρ ∈ Irrep(G) be as in Proposition 3, let A(m)
κ,λ,ρ and B(m)

κ,λ,ρ be as in
Theorem 25 and let

n0,κ,λ,ρ :=

{
1 , if θκ,λ,ρ = θ0,0,ρtriv

0 , otherwise.

The equivariant Hilbert function Hκ,λ,ρ(t) is given by the following rational function

Hκ,λ,ρ(t) =

(
n0,κ,λ,ρ −

dim θκ,λ,ρ

6
A(n)

κ,λ,ρ −
1
2

B(2n)
κ,λ,ρ

)
+

dim θκ,λ,ρ

6

[
t

(1 − t)2 −
1

1 − tn

(
3tn

1 − t
+ F(t) − G Aκ,λ,ρ

(t)
)]

+
1

1 − t2n
G Bκ,λ,ρ

(t) +
1
3

GΓκ,λ,ρ
(t)

where

F(t) =

n−1∑
m=0

⌈
3m
n

⌉
tm

G Aκ,λ,ρ
(t) =

n−1∑
m=0

A(m+n)
κ,λ,ρ tm

G Bκ,λ,ρ
(t) =

2n−1∑
m=0

B(m+2n)
κ,λ,ρ tm

GΓκ,λ,ρtriv
(t) = GΓκ,λ,ρsgn

(t) = −GΓκ,λ,ρstan
(t)

=

⎧⎨⎩
tν

− tν+1

1 − t3 , if κ = λ =
νn
3 and ν ∈ {0, 1, 2}

0 , otherwise.

roof. For m ≥ 0, let Vm = H 0(Fn,Ω
⊗m
Fn

). Observe that V0 = K and so ⟨χV0 , χκ,λ,ρ⟩ = n0,κ,λ,ρ ,
hereas for m ≥ 1, ⟨χVm , χκ,λ,ρ⟩ is given by Theorem 25. Thus

Hκ,λ,ρ(t) =

∞∑
m=0

⟨χVm , χκ,λ,ρ⟩tm

= n0,κ,λ,ρ +

∞∑
m=1

[
dim θκ,λ,ρ

6

(
m −

⌈
3m
n

⌉
+ A(m)

κ,λ,ρ

)
+

1
2

B(m)
κ,λ,ρ +

1
3
Γ (m)

κ,λ,ρ

]
tm .

ote that the quantities A(m)
κ,λ,ρ and B(m)

κ,λ,ρ are defined only for m ≥ 1 and have no meaning for
= 0. However, we observe that by Theorem 25 and Corollary 17, the quantity A(m)

κ,λ,ρ depends
nly on the value of m modulo n and thus we extend the definition by setting A(0)

κ,λ,ρ := A(n)
κ,λ,ρ .

urther, recall that for n large enough and for any κ ∈ Z/nZ, by Corollary 17

J (m)
m−κ = n2

⎛⎝⎢⎢⎢⎣
⌊

m(n−3)
2

⌋
− υ−m+κ

n

⎥⎥⎥⎦−

⎢⎢⎢⎣
⌊

m(n−3)−n
2

⌋
− υ−m+κ

n

⎥⎥⎥⎦⎞⎠
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Thus, if m ≡ m ′ mod 2n then J (m)
m−κ = J (m′)

m′−κ
and, by Theorem 25, B(m)

κ,λ,ρ = B(m′)
κ,λ,ρ . This allows

s to extend the definition by setting B(0)
κ,λ,ρ := B(2n)

κ,λ,ρ ; finally, we observe that by Theorem 25
(0)
κ,λ,ρ = 0 and thus we set

H ′

κ,λ,ρ(t) =

∞∑
m=0

[
dim θκ,λ,ρ

6

(
m −

⌈
3m
n

⌉
+ A(m)

κ,λ,ρ

)
+

1
2

B(m)
κ,λ,ρ +

1
3
Γ (m)

κ,λ,ρ

]
tm

=

(
dim θκ,λ,ρ

6
A(n)

κ,λ,ρ +
1
2

B(2n)
κ,λ,ρ

)
+

∞∑
m=1

[
dim θκ,λ,ρ

6

(
m −

⌈
3m
n

⌉
+ A(m)

κ,λ,ρ

)
+

1
2

B(m)
κ,λ,ρ +

1
3
Γ (m)

κ,λ,ρ

]
tm .

To compute H ′

κ,λ,ρ(t), we rewrite

H ′

κ,λ,ρ(t) =
dim θκ,λ,ρ

6

∞∑
m=0

(
m −

⌈
3m
n

⌉
+ A(m)

κ,λ,ρ

)
tm

+
1
2

∞∑
m=0

B(m)
κ,λ,ρ tm

+
1
3

∞∑
m=0

Γ (m)
κ,λ,ρ tm,

hen observe that
∞∑

m=0

mtm
=

t
(1 − t)2 ,

nd similarly
∞∑

m=0

⌈
3m
n

⌉
tm

=

n−1∑
υ=0

∞∑
µ=0

⌈
3µn + 3υ

n

⌉
tµn+υ

=

n−1∑
υ=0

tυ

∞∑
µ=0

3µtµn
+

n−1∑
υ=0

⌈
3υ

n

⌉
tυ

∞∑
µ=0

tµn

=
3tn

(1 − tn)2

n−1∑
v=0

tv
+

1
1 − tn

n−1∑
υ=0

⌈
3υ

n

⌉
tυ

=
1

1 − tn

(
3tn

1 − t
+

n−1∑
υ=0

⌈
3υ

n

⌉
tυ

)
.

ext, we recall that by Theorem 25, Γκ,λ,ρ is non-zero only if κ = λ =
νn
3 , in which case

∞∑
m=0

Γ (m)
νn
3 , νn

3 ,ρ
tm

=

∞∑
µ=0

t3µ+ν
−

∞∑
µ=0

t3µ+ν+1
=

tν
− tν+1

1 − t3

he arguments used above that A(m)
κ,λ,ρ depends only on the value of m modulo n and B(m)

κ,λ,ρ

epends only on the value of m modulo 2n give that:
∞∑

m=0

A(m)
κ,λ,ρ tm

=

∞∑
µ=0

n−1∑
m=0

A(m)
κ,λ,ρ tµn+m

=
1

1 − tn

n−1∑
m=0

A(m)
κ,λ,ρ tm

=
1

1 − tn

n−1∑
m=0

A(m+n)
κ,λ,ρ tm

∞∑
m=0

B(m)
κ,λ,ρ tm

=

∞∑
µ=0

2n−1∑
m=0

B(m)
κ,λ,ρ tµ·2n+m

=
1

1 − t2n

2n−1∑
m=0

B(m)
κ,λ,ρ tm

=
1

1 − t2n

2n−1∑
B(m+2n)

κ,λ,ρ tm . □

m=0
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Although the expression for Hκ,λ,ρ(t) given in Theorem 26 is complicated, it serves well for
omputations as it has allowed us to write a program that computes the equivariant Hilbert
unction of any Fermat curve; see the example below:

xample 27. We consider the Fermat curve F6 : x6
+ y6

+ z6
= 0, which has genus g = 10

nd automorphism group G = (Z/6Z × Z/6Z) ⋊ S3. By Proposition 3, G has the following
9 irreducible representations:

θ0,0,ρtriv , θ2,2,ρtriv , θ4,4,ρtriv
Dimension 1 θ0,0,ρsgn , θ2,2,ρsgn , θ4,4,ρsgn

Dimension 2 θ0,0,ρstan , θ2,2,ρstan , θ4,4,ρstan

θ1,1,ρtriv , θ3,3,ρtriv , θ5,5,ρtriv
Dimension 3 θ1,1,ρsgn , θ3,3,ρsgn , θ5,5,ρsgn

Dimension 6 θ0,1,ρtriv , θ0,2,ρtriv , θ1,2,ρtriv , θ3,4,ρtriv

We use our computer code1 to explictly compute the equivariant Hilbert functions Hκ,λ,ρ(t) of
he respective isotypical components, which are given in the following table:

(κ, λ) ρtriv ρsgn ρstan

(0, 0)
t14

− t13
+ t8

− t7
+ t6

− t + 1
t13 − t12 − t + 1

t11
− t10

+ t9
− t7

+ t5
− t4

+ t3

t13 − t12 − t + 1
t4

t7 − t6 − t + 1

(2, 2)
t12

− t11
+ t10

− t9
+ t6

− t5
+ t4

t13 − t12 − t + 1
t9

− t8
+ t7

− t2
+ t

t13 − t12 − t + 1
t5

− t3
+ t2

t7 − t6 − t + 1

(4, 4)
t10

− t9
+ t8

− t5
+ t4

− t3
+ t2

t13 − t12 − t + 1
t13

− t12
+ t7

− t6
+ t5

t13 − t12 − t + 1
t6

− t5
+ t3

t7 − t6 − t + 1

(1, 1)
t12

− t11
+ t10

+ t6
+ t4

t13 − t12 − t + 1
t11

+ t9
− t8

+ t7
+ t3

− t2
+ t

t13 − t12 − t + 1
−

(3, 3)
t12

+ t8
− t7

+ t6
+ t2

t13 − t12 − t + 1
t11

− t10
+ t9

+ t7
+ t5

− t4
+ t3

t13 − t12 − t + 1
−

(5, 5)
t10

+ t8
+ t4

− t3
+ t2

t13 − t12 − t + 1
t13

− t12
+ t11

+ t7
− t6

+ t5
+ t3

t13 − t12 − t + 1
−

(0, 1)
t3

t5 − 2t4 + t3 + t2 − 2t + 1
− −

(0, 2)
t2

t3 − t2 − t + 1
− −

(1, 2)
t4

− t2
+ t

t5 − 2t4 + t3 + t2 − 2t + 1
− −

(3, 4)
t5

− t4
+ t2

t5 − 2t4 + t3 + t2 − 2t + 1
− −

1 File: FinalCodeFermatReps.ipynb, url: https://tinyurl.com/3hvart2d.
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Table 2
The K [G]-module structure of H0(X,Ω⊗m

X ) for n ∈ {4, 5, 6} and m ∈ {1, 2 . . . , 9}.

dim H0(X,Ω⊗m
X )

3
6

1] 10
1] 14
1] 18
1] 22
2] 26
2] 30
2] 34
2] 38
3] 42
3] 46
3] 50

6
1] 15
1], [(0, 2), 1] 25
2], [(0, 2), 1] 35
2], [(0, 2), 2] 45
2], [(0, 2), 2] 55
2], [(0, 2), 3] 65
3], [(0, 2), 3] 75
4], [(0, 2), 3] 85
4], [(0, 2), 4] 95
4], [(0, 2), 4] 105
4], [(0, 2), 5] 115
5], [(0, 2), 5] 125
1] 10
1], [(1, 2), 1], [(3, 4), 1] 27
1], [(0, 2), 1], [(1, 2), 1], [(3, 4), 2] 45
2], [(0, 2), 2], [(1, 2), 1], [(3, 4), 2] 63
3], [(0, 2), 2], [(1, 2), 2], [(3, 4), 2] 81
3], [(0, 2), 3], [(1, 2), 3], [(3, 4), 2] 99
3], [(0, 2), 3], [(1, 2), 4], [(3, 4), 3] 117
3], [(0, 2), 4], [(1, 2), 4], [(3, 4), 4] 135
4], [(0, 2), 4], [(1, 2), 4], [(3, 4), 5] 153

1099
n m ρtriv ρsgn ρstan κ, κ, ρtriv κ, κ, ρsgn κ, λ

4 1 0 – – 0 – – 0 – – [1, 1]
4 2 0 – – 0 – – 0 – – [2, 1], [3, 1]
4 3 0 – – 1 – – 0 – – [3, 1] [(0, 1),
4 4 0 – – 0 – – 1 – – [1, 1], [2, 1] [(0, 1),
4 5 0 – – 0 – – 0 – – [1, 1] [1, 1], [2, 1], [3, 1] [(0, 1),
4 6 1 – – 0 – – 0 – – [1, 1], [2, 1], [3, 1] [2, 1], [3, 1] [(0, 1),
4 7 0 – – 0 – – 1 – – [3, 1] [1, 1], [2, 1], [3, 1] [(0, 1),
4 8 1 – – 0 – – 1 – – [1, 1], [2, 1], [3, 1] [1, 1], [2, 1] [(0, 1),
4 9 0 – – 1 – – 0 – – [1, 1], [2, 1], [3, 1] [1, 2], [2, 1], [3, 1] [(0, 1),
4 10 0 – – 0 – – 1 – – [1, 1], [2, 2], [3, 2] [1, 1], [2, 1], [3, 1] [(0, 1),
4 11 0 – – 1 – – 1 – – [1, 1], [2, 1], [3, 1] [1, 1], [2, 1], [3, 2] [(0, 1),
4 12 1 – – 1 – – 1 – – [1, 2], [2, 2], [3, 1] [1, 1], [2, 1], [3, 1] [(0, 1),
4 13 0 – – 0 – – 1 – – [1, 2], [2, 1], [3, 1] [1, 2], [2, 2], [3, 2] [(0, 1),
5 1 0 – – 0 – – 0 – – [1, 1], [2, 1]
5 2 0 – – 0 – – 0 – – [2, 1], [3, 1], [4, 1] [(0, 2),
5 3 0 – – 1 – – 0 – – [3, 1] [1, 1], [3, 1], [4, 1] [(0, 1),
5 4 0 – – 0 – – 1 – – [1, 1], [2, 1], [3, 1], [4, 1] [4, 1] [(0, 1),
5 5 0 – – 1 – – 1 – – [1, 1], [2, 1] [1, 1], [2, 1], [3, 1], [4, 1] [(0, 1),
5 6 1 – – 0 – – 0 – – [1, 2], [2, 2], [3, 1], [4, 1] [1, 1], [2, 1], [3, 1], [4, 1] [(0, 1),
5 7 0 – – 0 – – 1 – – [1, 1], [2, 1], [3, 1], [4, 1] [1, 1], [2, 2], [3, 2], [4, 2] [(0, 1),
5 8 1 – – 0 – – 1 – – [1, 2], [2, 1], [3, 2], [4, 2] [1, 1], [2, 1], [3, 2], [4, 1] [(0, 1),
5 9 1 – – 1 – – 1 – – [1, 1], [2, 1], [3, 1], [4, 2] [1, 2], [2, 2], [3, 2], [4, 2] [(0, 1),
5 10 1 – – 0 – – 2 – – [1, 2], [2, 2], [3, 2], [4, 2] [1, 2], [2, 2], [3, 1], [4, 1] [(0, 1),
5 11 0 – – 1 – – 1 – – [1, 2], [2, 2], [3, 2], [4, 2] [1, 3], [2, 3], [3, 2], [4, 2] [(0, 1),
5 12 1 – – 1 – – 1 – – [1, 2], [2, 3], [3, 3], [4, 3] [1, 2], [2, 2], [3, 2], [4, 2] [(0, 1),
5 13 0 – – 1 – – 2 – – [1, 2], [2, 2], [3, 3], [4, 2] [1, 3], [2, 2], [3, 3], [4, 3] [(0, 1),
6 1 0 0 0 0 1 0 0 0 0 [1, 1] [(1, 2),
6 2 0 0 0 0 0 1 1 0 0 [3, 1], [5, 1] [(0, 2),
6 3 0 1 0 0 0 0 0 0 1 [3, 1] [1, 1], [3, 1], [5, 1] [(0, 1),
6 4 0 0 1 1 0 0 1 0 1 [1, 1], [3, 1], [5, 1] [1, 1], [5, 1] [(0, 1),
6 5 0 1 1 0 0 1 0 1 0 [1, 1], [3, 1], [5, 1] [1, 1], [3, 1], [5, 2] [(0, 1),
6 6 1 1 1 1 0 1 0 0 1 [1, 2], [3, 2], [5, 1] [1, 1], [3, 1], [5, 1] [(0, 1),
6 7 0 0 1 1 1 1 0 1 1 [1, 2], [3, 1], [5, 1] [1, 2], [3, 2], [5, 2] [(0, 1),
6 8 1 0 1 1 0 2 1 1 1 [1, 2], [3, 2], [5, 2] [1, 1], [3, 2], [5, 2] [(0, 1),
6 9 1 1 1 0 1 1 0 1 2 [1, 2], [3, 2], [5, 2] [1, 2], [3, 3], [5, 2] [(0, 1),



H. Charalambous, K. Karagiannis, S. Karanikolopoulos et al. Indagationes Mathematicae 33 (2022) 1071–1101

w

(
e

A

r
c

A

j

R

As further evidence that our computations are correct, the sum of the above functions weighted
with the dimensions of the corresponding representations is computed in Sage and yields the
rational function

t3
+ 8t2

+ 8t + 1
t2 − 2t + 1

hose Taylor expansion is

1 + 10t +

∞∑
m=2

9(2m − 1)tm .

We note that the coefficient of t is g = 10, whereas for m ≥ 2 the coefficient of tm is
2m − 1)(g − 1) and thus we retrieve the classic, non-equivariant Hilbert series HR(t), as
xpected.
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[20] Shōichi Nakajima, Action of an automorphism of order p on cohomology groups of an algebraic curve, J.
Pure Appl. Algebra 42 (1) (1986) 85–94.
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