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PerÐlhyh

O upologismìc twn digrammik¸n morf¸n eÐnai èna majhmatikì prìblhma me
pollèc efarmogèc. Sugkekrimèna, emfanÐzetai sthn an�lush diktÔwn gia na
prosdioristeÐ h shmantikìthta twn kìmbwn kai h eukolÐa met�bashc metaxÔ
twn kìmbwn enìc graf matoc. EpÐshc emfanÐzetai ston upologismì para-
mètrwn se k�poiec arijmhtikèc mejìdouc gia thn epÐlush problhm�twn ela-
qÐstwn tetrag¸nwn kai sthn kanonikopoÐhsh Tikhonov gia thn epÐlush kak¸c
topojethmènwn problhm�twn (ill-posed problems). Epiplèon, h dr�sh thc su-
n�rthshc enìc pÐnaka f(A) se èna di�nusma b ∈ Rp, dhlad  to ginìmeno f(A)b,
emfanÐzetai suqn� se efarmogèc pou proèrqontai apì merikèc diaforikèc exi-
s¸seic, se upologismoÔc thc kbantik c qrwmodunamik c sth qhmeÐa kai sth
fusik , sth deigmatolhyÐa apì thn kanonik  katanom  k.a. An o pÐnakac A
èqei polÔ meg�lh di�stash, o apeujeÐac upologismìc den eÐnai efiktìc. 'Etsi,
eÐnai aparaÐthto na par�goume ektim seic gia autèc tic morfèc.

Sthn paroÔsa didaktorik  diatrib  prokÔptoun ektim seic gia tic digram-
mikèc morfèc tou tÔpou xTf(A)y, ìpou A ∈ Rp×p eÐnai ènac dosmènoc pÐnakac,
x,y ∈ Rp kai f eÐnai mÐa omal  sun�rthsh orismènh sto f�sma tou pÐnaka A.
H proteinìmenh mèjodoc basÐzetai se mÐa mèjodo parekbol c (extrapolation).
Sugkekrimèna, dhmiourgoÔme ektim seic gia th digrammik  morf  xTA−1y kai
dianusmatikèc ektim seic gia thn posìthta f(A)b.

Epiprosjètwc, prosarmìzoume merikèc arijmhtikèc mejìdouc pou basÐzo-
ntai sth mèjodo thc parekbol c kai sthn arijmhtik  olokl rwsh tou Gauss
gia thn ektÐmhsh thc diagwnÐou sunart sewn pin�kwn, qwrÐc na proseggÐsoume
olìklhro ton pÐnaka f(A). AsqoloÔmaste epÐshc me thn ektÐmhsh kai elaqi-
stopoÐhsh thc genikeumènhc sun�rthshc diastaurwmènhc epikÔrwshc (gener-
alized cross-validation (GCV)) sundu�zontac th mèjodo thc parekbol c kai
mÐa statistik  prosèggish.

Tèloc, efarmìzoume tic paraqjeÐsec ektim seic gia tic proanaferjeÐsec
posìthtec se probl mata pou phg�zoun apì thn an�lush diktÔwn, th lÔsh
diakrit¸n kak¸c topojethmènwn problhm�twn kai ton upologismì thc para-
mètrou palindrìmhshc enìc statistikoÔ montèlou.
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Abstract

The computation of bilinear forms is a mathematical problem with many
applications. Specifically, they arise in network analysis in order to determine
the importance of the nodes and the ease of travelling between the nodes of a
graph. They also arise naturally for the computation of parameters in some
numerical methods for solving least squares and in Tikhonov regularization
for solving ill-posed problems, etc.

Moreover, the action of a matrix function f(A) on a vector b ∈ Rp, i.e. the
product f(A)b, often appears in applications which are originated from par-
tial differential equations, in lattice quantum chromodynamics computations
in chemistry and physics, in sampling from a Gaussian process distribution,
and so forth. If the matrix A is sufficiently large, the direct computation is
not possible. Therefore, it is necessary to derive efficient estimates for these
forms.

In the present PhD thesis, we derive estimates for the bilinear forms of
the type xTf(A)y, where A ∈ Rp×p is a given matrix with specific structure,
x,y ∈ Rp and f is a smooth function defined on the spectrum of the matrix
A. The developed method based on an extrapolation procedure. Specifically,
we generate estimates for the bilinear form xTA−1y and vector estimates for
the quantity f(A)b.

Furthermore, we adjust some numerical methods based on extrapolation
and Gaussian quadrature rules for estimating the diagonal of matrix func-
tions, without approximating the whole matrix f(A). We are also concerned
with the estimation and minimization of the generalized cross-validation
(GCV) function by using a combination of an extrapolation procedure and
a statistical approach.

Finally, we apply the generated estimates for the aforementioned quan-
tities in problems which deal with network analysis, the solution of discrete
ill-posed problems and the computation of the regression parameter of a
statistical model.
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Prìlogoc

Sthn shmerin  epoq  eÐnai aparaÐthth h diaqeÐrish dedomènwn meg�lhc di�sta-
shc, gegonìc pou apaiteÐ thn an�ptuxh kat�llhlwn mejodologi¸n gia autìn
ton skopì. O upologismìc digrammik¸n morf¸n kai sunaf¸n posot twn o-
dhgeÐ se qr sima sumper�smata kai suqn� apoteleÐ krit rio gia idiìthtec pou
sqetÐzontai me thn ek�stote efarmog . Sqedìn se ìlec tic episthmonikèc
efarmogèc ìpwc eÐnai h an�lush diktÔwn, h plhroforik , h statistik , h oi-
konomÐa k.a., h epexergasÐa twn dedomènwn kai h exagwg  sumperasm�twn
apaiteÐ th diaqeÐrish pin�kwn meg�lhc di�stashc. Stic efarmogèc autèc, su-
n jwc den eÐnai efiktìc o apeujeÐac upologismìc twn epijumht¸n digrammik¸n
morf¸n kai ètsi apaiteÐtai h ektÐmhs  touc. Parak�tw parajètoume analutik�
touc lìgouc pou mac ¸jhsan na asqolhjoÔme me thn eÔresh mejodologi¸n gia
thn ektÐmhsh digrammik¸n morf¸n kai posot twn pou sqetÐzontai me autèc.

KÐnhtro tou probl matoc kai ereunhtikoÐ stìqoi

Oi ereunhtikoÐ stìqoi thc paroÔsac didaktorik c diatrib c eÐnai oi akìloujoi.

• EktÐmhsh thc digrammik c morf c xTA−1y.

'Estw ènac antistrèyimoc pÐnakac A ∈ Rp×p kai x,y ∈ Rp dojènta
dianÔsmata. H digrammik  morf  xTA−1y emfanÐzetai se di�forec efar-
mogèc, ìpwc an�lush diktÔwn, epexergasÐa s matoc, purhnik  fusik ,
kbantik  mhqanik , upologistik  reustìthta, k.a. An ta dianÔsmata
x,y epileqjoÔn na eÐnai st lec tou tautotikoÔ pÐnaka, mporoÔn na pro-
kÔyoun ektim seic gia ta stoiqeÐa tou antistrìfou tou dosmènou pÐnaka
A. Sthn an�lush diktÔwn, eÐnai aparaÐthto na ektimhjoÔn ta stoiqeÐa
tou pÐnaka resolvent, (Ip − aA)−1, gia kat�llhla epilegmènh par�metro
a, afoÔ posotikopoioÔn th shmantikìthta twn kìmbwn kaj¸c epÐshc kai
thn epikoinwnÐa metaxÔ twn kìmbwn.

O upologismìc twn diag¸niwn stoiqeÐwn tou antistrìfou enìc pÐnaka
emfanÐzetai epÐshc sth jewrÐa grafhm�twn, sth mhqanik  m�jhsh, k.a.
H posotikopoÐhsh thc abebaiìthtac sthn an�lush kindÔnou apaiteÐ ta
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diag¸nia stoiqeÐa twn antistrìfwn pin�kwn sundiakÔmanshc (covariance
matrices) gia thn axiolìghsh tou bajmoÔ empistosÔnhc sthn poiìthta
twn dedomènwn.

• EktÐmhsh thc diagwnÐou thc sun�rthshc enìc pÐnaka f(A).

'Estw èna summetrikìc pÐnakac A ∈ Rp×p kai f mÐa omal  sun�rthsh
orismènh sto f�sma tou pÐnaka A. O upologismìc thc diagwnÐou tou
pÐnaka f(A) emfanÐzetai se pollèc efarmogèc pou phg�zoun apì ta pe-
dÐa twn majhmatik¸n, statistik c, mhqanik c, an�lushc diktÔwn, mhqa-
nik c m�jhshc kai fusik c. Sugkekrimèna, o upologismìc thc diagwnÐou
tou antistrìfou enìc pÐnaka emfanÐzetai sth jewrÐa grafhm�twn, sthn
an�lush qartofulakÐou, sthn posotikopoÐhsh thc abebaiìthtac sthn
an�lush kindÔnou, k.a.

Epiplèon, sthn an�lush diktÔwn kai sth jewrÐa grafhm�twn h diag¸nioc
tou ekjetikoÔ tou pÐnaka geitnÐashc A, posotikopoieÐ thn kentrikìthta
f−upograf matoc (subgraph centrality) k�je kìmbou, to opoÐo eÐnai èna
mètro gia th shmantikìthta enìc kìmbou. Epiprosjètwc, h diag¸nioc thc
sun�rthshc “Green” pou lÔnei thn exÐswsh Dyson eÐnai aparaÐthth sth
jewrÐa dunamikoÔ mèsou pedÐou kai h diag¸nioc tou pÐnaka f(A), gia mÐa
sugkekrimènh sun�rthsh f , prokÔptei sth kbantik  montelopoÐhsh sth
sunarthsiak  jewrÐa puknìthtac.

• EktÐmhsh thc dr�shc thc sun�rthshc enìc pÐnaka f(A) se èna di�nusma
b ∈ Rp.

'Estw ènac diagwnÐsimoc (diagonalizable) pÐnakac A ∈ Rp×p, èna di�nu-
sma b ∈ Rp kai f mÐa omal  sun�rthsh orismènh sto f�sma tou pÐnaka
A. O upologismìc thc dr�shc thc sun�rthshc enìc pÐnaka f(A) sto
di�nusma b, dhlad  to ginìmeno f(A)b, phg�zei apì thn Ôparxh efarmo-
g¸n stic opoÐec den eÐnai aparaÐthto na ektimhjeÐ olìklhroc o pÐnakac
f(A)   den eÐnai efiktìc o akrib c upologismìc tou f(A), eidik� ìtan o
A eÐnai meg�lhc di�stashc.

Up�rqoun sugkekrimènec efarmogèc stic opoÐec apaiteÐtai h dr�sh tou
f(A) se èna di�nusma b. Sugkekrimèna, h posìthta f(A)b emfanÐzetai
suqn� se efarmogèc pou proèrqontai apì merikèc diaforikèc exis¸seic.
EpÐshc, emfanÐzetai stouc upologismoÔc thc kbantik c qrwmodunamik c
sth qhmeÐa kai th fusik . Se autèc tic efarmogèc, h sun�rthsh pro-
s mou, sign(A), qrhsimopoieÐtai kai o dosmènoc pÐnakac A eÐnai polÔ
meg�loc, araiìc kai en gènei migadikìc ermitianìc.

Epiplèon, eÐnai qr simo na upologisteÐ to ginìmeno A1/2b ìpou o A
ènac summetrikìc kai jetik� orismènoc pÐnakac. Probl mata pou pro-
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kÔptoun apì thn plhjusmiak  dunamik  sth metafor� netronÐwn, thn
arijmhtik  epÐlush twn stoqastik¸n diaforik¸n exis¸sewn, perièqoun
thn posìthta A1/2b h opoÐa prèpei na ektimhjeÐ. Se perÐptwsh pou o
dosmènoc pÐnakac A eÐnai epÐshc araiìc, h posìthta A1/2b emfanÐzetai
sth deigmatolhyÐa apì thn kanonik  katanom .

Sthn an�lush diktÔwn, h posìthta exp(A)b kajorÐzei th sunolik  du-
natìthta epikoinwnÐac wc èna mètro gia to pìso kal� oi kìmboi se èna
gr�fhma mporoÔn na antall�xoun plhroforÐec. H sunolik  epikoinwnÐa
(total communicability) enìc kìmbou i mporeÐ na oristeÐ wc h i−ost 
eÐsodoc tou dianÔsmatoc exp(A)1, ìpou 1 eÐnai èna di�nusma me ìla ta
stoiqeÐa Ðsa me èna, dhlad  TC(i) := (exp(A)1)i.

• EktÐmhsh thc genikeumènhc sun�rthshc diastaurwmènhc epikÔrwshc
(generalized cross-validation (GCV) function).

H genikeumènh sun�rthsh diastaurwmènhc epikÔrwshc (sun�rthsh GCV)
eÐnai èna dhmofilèc ergaleÐo gia ton prosdiorismì thc rujmistik c pa-
ramètrou (tuning parameter) sto grammikì montèlo palindrìmhshc  
isodÔnama thc paramètrou kanonikopoÐhshc (regularization parameter)
sthn kanonikopoÐhsh Tikhonov. H sun�rthsh GCV qrhsimopoieÐtai eu-
rèwc se probl mata pou phg�zoun apì th statistik , ìpwc sthn e-
ktÐmhsh twn suntelest¸n sto grammikì montèlo palindrìmhshc (linear
regression model) kai sth mèjodo elaqÐstwn tetrag¸nwn. EpÐshc, em-
fanÐzetai sthn epÐlush diakrit¸n kak¸c topojethmènwn problhm�twn
(discrete ill-posed problems).

Kentrik  idèa

H kentrik  idèa thc paroÔsac didaktorik c diatrib c eÐnai o kat�llhloc ori-
smìc twn rop¸n (moments) enìc dosmènou pÐnaka an�loga me tic idiìthtèc tou
kai thn posìthta pou jèloume na ektim soume. Ston PÐnaka 1 pou akoloujeÐ
sunoyÐzoume touc orismoÔc twn rop¸n pou ja perigr�youme sta Kef�laia
2-5, analìgwc thn posìthta pou mac endiafèrei kai tic upojèseic sqetik� me
ton pÐnaka tou probl matoc.

'Eqontac orÐsei me kat�llhlo trìpo tic ropèc tou pÐnaka anaptÔssoume
mÐa mèjodo parekbol c (extrapolation). H mèjodoc aut  basÐzetai ston upo-
logismì mÐac akoloujÐac tim¸n, oi opoÐec eÐnai eÔkolo na upologistoÔn, kai
sthn epèktash aut¸n twn tim¸n ston upologismì mÐac �gnwsthc sunafoÔc
posìthtac. To kleidÐ gia na efarmosteÐ h mèjodoc thc parekbol c eÐnai na
grafoÔn oi epilegmènec ropèc wc ajroÐsmata, to opoÐo pragmatopoieÐtai mèsw
kat�llhlhc paragontopoÐhshc tou dosmènou pÐnaka.
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Posìthta
Idiìthtec

Rop  (moment)
pÐnaka A

xTA−1x
antistrèyimoc

c2n(x) = (x, (ATA)nx), c2n+1(x) = (x, A(ATA)nx), n ≥ 0
c2n(x) = (x, (AAT )nx), c2n+1(x) = (x, AT (AAT )nx), n ≤ 0

summetrikìc cn = (x, Anx) ∈ C, n ∈ R

f(A)b diagwnÐsimoc
vr = Arb ∈ Rp, r ∈ Z

vf = f(A)b ∈ Cp

sun�rthsh AAT + µIp, µ > 0
sn = sn(AAT ,x) = (x, (AAT )nx) ∈ R, n ∈ Z

GCV (summetrikìc)

PÐnakac 1: Orismìc twn rop¸n (moments).

Episkìphsh thc diatrib c

Sto pr¸to kef�laio ja gÐnei anafor� sta majhmatik� ergaleÐa pou ja mac
qreiastoÔn sthn poreÐa aut c thc didaktorik c diatrib c. Arqik�, ja ana-
ferjoÔme se idiìthtec twn summetrik¸n, jetik� orismènwn kai hmiorismènwn
pin�kwn kai se di�forec morfèc paragontopoi sewn pin�kwn me kuriìterec th
fasmatik  paragontopoÐhsh (spectral factorization) kai thn paragontopoÐh-
sh idiazous¸n tim¸n (singular value decomposition (SVD)). Ja anafèrou-
me epÐshc k�poia basik� shmeÐa apì th jewrÐa gia touc kanìnec arijmhtik c
olokl rwshc tou Gauss, dhlad  Gauss, Gauss-Radau, Gauss-Lobatto. E-
piplèon, ja anafèroume perilhptik� touc algorÐjmouc Arnoldi, Lanczos kai
block Lanczos. Parajètoume tic anisìthtec Kantorovich grammènec se iso-
dÔnamh morf  pou perièqoun ropèc (moments) enìc summetrikoÔ pÐnaka. Sthn
teleutaÐa enìthta autoÔ tou kefalaÐou, ja anafèroume k�poiouc pÐnakec eidi-
k¸n morf¸n oi opoÐoi ja mac qreiastoÔn sta arijmhtik� paradeÐgmata pou ja
parousi�soume sta epìmena kef�laia.

Sto deÔtero kef�laio, par�goume ektim seic gia th digrammik  morf  xTA−1y,
ìpou A ∈ Rp×p ènac antistrèyimoc pÐnakac kai x,y ∈ Rp dojènta dianÔsmata.
AnaptÔssontac mÐa mèjodo parekbol c (extrapolation), kai sugkekrimèna pa-
rekb�llontac tic ropèc (moments) tou pÐnaka A sto shmeÐo −1, par�gontai e-
ktim seic gia thn tetragwnik  morf  xTA−1x. Eidikìtera, dhmiourgoÔme ekti-
m seic enìc ìrou (one-term) kai dÔo ìrwn (two-term) gia aut n thn tetragw-
nik  morf . 'Epeita orÐzontac kat�llhla thn polik  tautìthta (polarization
identity) prokÔptoun ektim seic gia thn epijumht  digrammik  morf . Oi ekti-
m seic autèc pou èqoun prokÔyei gia th digrammik  morf  xTA−1y mporoÔn na
prosarmostoÔn me skopì thn ektÐmhsh stoiqeÐwn tou antistrìfou tou pÐnaka
A. Sugkekrimèna, epilègontac ta dianÔsmata x,y na eÐnai st lec tou tauto-
tikoÔ pÐnaka, dhlad  x = ei, y = ej isqÔei xTA−1y = eTi A

−1ej = (A−1)ij.
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Epiplèon ektim seic tìso gia thn epijumht  digrammik  morf  ìso kai gia ta
stoiqeÐa tou A−1 par�gontai sthn perÐptwsh pou o dosmènoc pÐnakac A eÐnai
summetrikìc.

Sto trÐto kef�laio, ektimoÔme olìklhrh th diag¸nio thc sun�rthshc enìc
summetrikoÔ pÐnaka. Dojèntoc enìc summetrikoÔ pÐnaka A ∈ Rp×p kai mÐac
omal c sun�rthshc f orismènhc sto f�sma tou A, analÔoume treic arijmhti-
kèc mejìdouc gia thn ektÐmhsh thc diagwnÐou tou pÐnaka f(A). Sugkekrimèna,
oi mèjodoi pou qrhsimopoioÔme eÐnai h parekbol  kai oi kanìnec arijmhtik c
olokl rwshc tou Gauss (single kai block). Ousiastik�, qrhsimopoi¸ntac au-
tèc tic mejìdouc prokÔptoun ektim seic gia thn tetragwnik  morf  xTf(A)x,
x ∈ Rp, kai epilègontac to di�nusma x na eÐnai h i-ost  st lh tou tautotikoÔ
pÐnaka, par�gontai ektim seic gia ta diag¸nia stoiqeÐa tou pÐnaka f(A). Oi
proanaferjeÐsec mèjodoi sugkrÐnontai wc proc thn akrÐbeia twn ektim sewn,
thn apaitoÔmenh poluplokìthta kai thn taqÔthta prosèggishc olìklhrhc thc
diagwnÐou thc epijumht c sun�rthshc tou dosmènou pÐnaka.

Sto tètarto kef�laio, anaptÔssoume dianusmatikèc ektim seic gia th dr�sh
thc sun�rthshc enìc pÐnaka f(A) se èna di�nusma b ∈ Rp. Sugkekrimèna,
jewroÔme ènan diagwnÐsimo (diagonalizable) pÐnaka A ∈ Rp×p, mÐa omal  su-
n�rthsh f orismènh sto f�sma tou pÐnaka A kai èna dosmèno di�nusma b. H
dr�sh thc sun�rthshc enìc pÐnaka f(A) sto di�nusma b orÐzetai wc to gi-
nìmeno f(A)b. H ektÐmhsh aut c thc posìthtac gÐnetai me thn an�ptuxh oiko-
genei¸n dianusmatik¸n ektim sewn pou basÐzontai se mÐa mèjodo parekbol c,
qwrÐc ton analutikì upologismì tou pÐnaka f(A). Eidikìtera, orÐzontac ka-
t�llhla dianusmatikèc ropèc (vector moments) gia ton pÐnaka A, par�goume
dianusmatikèc ektim seic enìc, dÔo kai tri¸n ìrwn gia to ginìmeno f(A)b. Oi
dianusmatikèc autèc ektim seic pou prokÔptoun gia to ginìmeno f(A)b efar-
mìzontai sthn ektÐmhsh thc genik c morf c XTf(A)Y , ìpou X, Y ∈ Rp×m

eÐnai “block dianÔsmata” me m� p.

Sto pèmpto kef�laio, asqoloÔmaste me thn ektÐmhsh thc genikeumènhc su-
n�rthshc diastaurwmènhc-epikÔrwshc (generalized cross - validation (GCV)
function) sundu�zontac mÐa mèjodo parekbol c kai mÐa statistik  prosèggi-
sh. Sugkekrimèna, h sun�rthsh GCV mporeÐ isodÔnama na grafeÐ me qr sh
digrammik¸n morf¸n tou tÔpou xTB−qx, q = 1, 2, B kat�llhla orismènoc
pÐnakac, oi opoÐec mporoÔn na ektimhjoÔn me th mèjodo thc parekbol c. To
Ðqnoc tou pÐnaka pou emfanÐzetai ston paronomast  thc sun�rthshc GCV e-
ktim�tai me dÔo trìpouc. O ènac trìpoc pragmatopoieÐtai mèsw thc ektÐmhshc
thc diagwnÐou tou emfanisjèntoc antistrìfou pÐnaka kai o �lloc trìpoc ulo-
poieÐtai qrhsimopoi¸ntac to statistikì Je¸rhma tou Hutchinson. SÔmfwna
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me autì to je¸rhma gia èna kat�llhla epilegmèno deÐgma N dianusm�twn, to
Ðqnoc tou antistrìfou tou epijumhtoÔ pÐnaka jewreÐtai wc h mèsh tim  twn
antÐstoiqwn N tetragwnik¸n morf¸n. Axiopoi¸ntac aut  th statistik  idi-
ìthta mporeÐ na kataskeuasteÐ èna di�sthma empistosÔnhc gia to epijumhtì
Ðqnoc. Me thn elaqistopoÐhsh thc ektim¸menhc sun�rthshc GCV se èna plèg-
ma tim¸n, epitugq�netai mÐa GCV ektÐmhsh thc paramètrou kanonikopoÐhshc.

Sto èkto kai teleutaÐo kef�laio, ja perigr�youme analutik� efarmogèc pou
sthrÐzontai stic ektim seic pou èqoun paraqjeÐ sta prohgoÔmena kef�laia.
H pr¸th efarmog  me thn opoÐa ja asqolhjoÔme phg�zei apì thn an�lush di-
ktÔwn. Sugkekrimèna, ja anagnwrÐsoume touc shmantikìterouc kìmbouc enìc
diktÔou kai ja exakrib¸soume thn eukolÐa met�bashc an�mesa stouc kìmbouc.
EpÐshc, ja ektim soume thn kentrikìthta upograf matoc (resolvent subgraph
centrality) k�je kìmbou kai thn epikoinwnÐa upograf matoc (resolvent sub-
graph communicability) metaxÔ dÔo kìmbwn tou graf matoc. Oi posìthtec
autèc mporoÔn na ektimhjoÔn qrhsimopoi¸ntac ta apotelèsmata pou èqoun
prokÔyei sta Kef�laia 2 kai 3.
Epiplèon, oi ektim seic gia th sun�rthsh GCV pou perigr�fontai sto Ke-
f�laio 5 mporoÔn na qrhsimopoihjoÔn sthn epÐlush diakrit¸n kak¸c topoje-
thmènwn problhm�twn kaj¸c kai sthn ektÐmhsh twn suntelest¸n tou grammi-
koÔ montèlou palindrìmhshc pou melet�tai sth Statistik . H epÐlush aut¸n
twn dÔo problhm�twn exart�tai apì mÐa par�metro h opoÐa kaleÐtai par�me-
troc kanonikopoÐhshc   rujmistik  par�metroc, antÐstoiqa. H par�metroc au-
t  mporeÐ na proseggisteÐ me thn elaqistopoÐhsh twn ektim sewn pou èqoun
prokÔyei gia th sun�rthsh GCV.

EuqaristÐec

Se autì to shmeÐo, ja  jela na ekfr�sw tic jermèc mou euqaristÐec se ìlouc
touc anjr¸pouc pou sunèbalan sthn olokl rwsh thc paroÔsac didaktorik c
diatrib c.

Arqik�, jèlw na euqarist sw olìyuqa thn epiblèpousa Kajhg tria ka.
Marilèna MhtroÔlh gia thn kajod ghsh, th bo jeia kai thn empistosÔnh pou
mou èdeixe ìlo to di�sthma ekpìnhshc thc paroÔsac didaktorik c diatrib c.
Oi gn¸seic pou mou prosèfere se probl mata thc Arijmhtik c Grammik c
'Algebrac eÐnai polÔtimec. H amèristh st rix  thc tìso se episthmonik� ìso
kai se proswpik� jèmata sunèbale katalutik� sthn olokl rwsh thc diatrib c
mou.

Euqarist¸ jerm� ta mèlh thc trimeloÔc sumbouleutik c epitrop c, ton
Kajhght  k. BasÐleio Dougal  kai ton EpÐkouro Kajhght  k. Miqa l
Drakìpoulo gia tic gn¸seic pou mou prosèferan kaj' ìlh th di�rkeia twn
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spoud¸n mou tìso sto proptuqiakì kai metaptuqiakì prìgramma spoud¸n,
ìso kai sthn ekpìnhsh thc paroÔsac didaktorik c diatrib c. H bo jei� touc
kai h empistosÔnh pou mou èdeixan  tan polÔtimh.

EpÐshc, ja  jela na euqarist sw ta upìloipa mèlh thc eptameloÔc epi-
trop c, pou apodèqthkan na axiolog soun thn ergasÐa mou, ton Kajhght 
k. Swt rio Not�rh, ton Kajhght  k. Dhm trio Jhlukì, ton Kajhght  k.
Panagi¸th Yarr�ko kai ton Anaplhrwt  Kajhght  k. Iw�nnh Kolètso. Eu-
qarist¸ idiaÐtera ton Kajhght  k. Swt rio Not�rh gia tic gn¸seic pou mou
pareÐqe se jèmata pou �ptontai thc Arijmhtik c An�lushc kai tic polÔtimec
sumboulèc pou mou èdine kaj' ìlh th di�rkeia twn didaktorik¸n mou spoud¸n.

'Ena meg�lo euqarist¸ ofeÐlw se ìlouc touc kajhghtèc tou Tm matoc
Majhmatik¸n gia tic gn¸seic pou mou prosèferan tìso se proptuqiakì ìso
kai metaptuqiakì epÐpedo. Epiplèon, ja  jela na euqarist sw jerm� ton
Kajhght  tou EjnikoÔ Metsìbiou PoluteqneÐou k. Qr sto KoukoubÐno gia
thn polÔtimh bo jeia pou mou prosèfere se jèmata pou phg�zoun apì ton
kl�do thc Statistik c.

Euqarist¸ epÐshc to 'Idruma Kratik¸n Upotrofi¸n (IKU) gia thn oiko-
nomik  upost rixh pou mou prosèfere kai me bo jhse na oloklhr¸sw tic
didaktorikèc mou spoudèc.

Tèloc, ja  jela na euqarist sw mèsa apì thn kardi� mou thn oikogènei�
mou gia thn amèristh sumpar�stash kai upost rixh pou mou èdeixe kai se aut 
thn perÐodo thc zw c mou. Afier¸nw th didaktorik  mou diatrib  sth mam�
mou, pou èfuge tìso nwrÐc apì th zw .

Paraskeu  RoÔpa
Aj na 2020
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Kef�laio 1

Majhmatikì upìbajro

Se autì to kef�laio, ja anafèroume basik� jewrhtik� stoiqeÐa pou ja qreia-
stoÔn sthn poreÐa thc paroÔsac didaktorik c diatrib c. Arqik�, ja kata-
gr�youme idiìthtec twn summetrik¸n kai jetik� orismènwn pin�kwn. EpÐshc,
ja anafèroume sunoptik� k�poiec paragontopoi seic pin�kwn kai ja peri-
gr�youme analutik� th fasmatik  paragontopoÐhsh (spectral factorization)
enìc summetrikoÔ pÐnaka kai thn paragontopoÐhsh idiazous¸n tim¸n (singu-
lar value decomposition (SVD)) enìc pÐnaka, oi opoÐec ja mac qreiastoÔn
sthn an�ptuxh twn metèpeita mejodologi¸n. Gia aut  thn parousÐash twn
apotelesm�twn èqoume sthriqjeÐ sto biblÐo tou Miroslav Fiedler, [30].

Epiplèon, sthn Enìthta 1.3 ja parousi�soume touc kanìnec arijmhtik c
olokl rwshc tou Gauss kai ton trìpo pou autoÐ sundèontai me ta orjog¸nia
polu¸numa. Perissìterec leptomèreiec mporoÔn na brejoÔn sto biblÐo twn
Golub kai Meurant, [38]. Stic Enìthtec 1.4, 1.5 ja katagr�youme touc al-
gorÐjmouc Arnoldi, Lanczos [22] kai block Lanczos [40, 38]. IdiaÐterh èmfash
ja dojeÐ sthn perigraf  twn anisot twn Kantorovich, [24, 50], kaj¸c kai
sth sÔndes  touc me tic ropèc (moments) enìc dosmènou pÐnaka, [17], pou
apoteloÔn kleidÐ sthn paragwg  mejodologi¸n ektÐmhshc twn zhtoÔmenwn
digrammik¸n morf¸n. Tèloc, ja perigr�youme analutik� k�poiouc pÐnakec ei-
dik¸n morf¸n oi opoÐoi ja qreiastoÔn sta arijmhtik� paradeÐgmata pou ja
analÔsoume sta metèpeita kef�laia.
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

1.1 SummetrikoÐ, jetik� orismènoi kai h-
miorismènoi pÐnakec

1.1.1 EukleÐdeioi kai monadiaÐoi q¸roi

O eukleÐdeioc q¸roc di�stashc n eÐnai ènac grammikìc q¸roc me n pragmatik�
stoiqeÐa dianÔsmata-st lec efodiasmènoc me to eswterikì ginìmeno (x,y) twn
dÔo dianusm�twn x = (xi) kai y = (yi) pou dÐnetai apì ton tÔpo

(x,y) =
n∑
i=1

xiyi.

O monadiaÐoc q¸roc di�stashc n eÐnai ènac grammikìc q¸roc me n migadik�
stoiqeÐa dianÔsmata-st lec efodiasmènoc me to eswterikì ginìmeno (x,y) twn
dÔo dianusm�twn x = (xi) kai y = (yi) pou dÐnetai apì ton tÔpo

(x,y) =
n∑
i=1

xiyi,

ìpou me yi sumbolÐzoume to suzug  tou migadikoÔ arijmoÔ yi.

Se ìsa akoloujoÔn, ja sumbolÐzoume me Xn ènan monadiaÐo   ènan eukleÐdeio
q¸ro.

Orismìc 1.1. (Eswterikì ginìmeno)
MÐa apeikìnish (., .) : Xn ×Xn → Xn me tic akìloujec idiìthtec

1. (x,x) ≥ 0 gia k�je x ∈ Xn kai an (x,x) = 0⇒ x = 0

2. (x,y) = (y,x) gia k�je x,y ∈ Xn

3. (λx + µy, z) = λ(x, z) + µ(y, z) gia x,y, z ∈ Xn kai λ, µ migadikoÔc
arijmoÔc

lègetai eswterikì ginìmeno.

Parat rhsh 1.1.

1. Apì tic idiìthtec 2 kai 3 tou eswterikoÔ ginomènou sumperaÐnoume ìti
isqÔei (x, λy) = λ(x,y).

2. ApodeiknÔetai eÔkola ìti ta eswterik� ginìmena pou èqoun oristeÐ ston
eukleÐdeio kai ston monadiaÐo q¸ro ikanopoioÔn tic treic parap�nw idiìth-
tec tou eswterikoÔ ginomènou, opìte eÐnai kal� orismèna.
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1.1. SUMMETRIKOI, JETIKA ORISMENOI KAI HMIORISMENOI
PINAKES

3. H idiìthta 1 tou OrismoÔ 1.1 epitrèpei thn eisagwg  thc ènnoiac tou

m kouc tou dianÔsmatoc x san ton mh-arnhtikì arijmì
√

(x,x). To
mètro to sumbolÐzoume me ‖x‖ kai sun jwc to kaloÔme nìrma tou dia-
nÔsmatoc x.

• DÔo dianÔsmata x kai y lème ìti eÐnai orjog¸nia an (x,y) = 0.

• 'Ena sÔnolo dianusm�twn x1,x2, . . . ,xn lème ìti eÐnai orjokanonikì an
isqÔei ìti

(xi,xj) = δij =

{
1, an i = j,

0, an i 6= j,
i, j = 1, 2, . . . , n.

• Ta orjokanonik� dianÔsmata eÐnai grammik� anex�rthta.

Apìdeixh.
'Estw x1,x2, . . . ,xn orjokanonik� dianÔsmata kai λ1, λ2, . . . , λn migadi-
koÐ arijmoÐ. Tìte,

λ1x1 + λ2x2 + · · ·+ λnxn = 0

kai (λ1x1 + λ2x2 + · · ·+ λnxn,xj) = 0, gia j = 1, 2, . . . , n
⇒ λj = 0, gia j = 1, 2, . . . , n, afoÔ (xi,xj) = δij.

• An èna orjokanonikì sÔnolo èqei n stoiqeÐa kai n eÐnai h di�stash, tìte
lègetai orjokanonik  b�sh.
'Ena par�deigma orjokanonik c b�shc eÐnai to sÔnolo

e1 = [1, 0, · · · , 0]T , e2 = [0, 1, 0, · · · , 0]T , . . . , en = [0, · · · , 0, 1]T .

• 'Estw A ènac migadikìc (  pragmatikìc) pÐnakac di�stashc n. O suzug c

an�strofoc tou pÐnaka A sumbolÐzetai me A∗ kai isoÔtai me A∗ = A
T
.

Je¸rhma 1.1.
'Estw A, B ∈ Cn×n (  Rn×n). Tìte isqÔoun ta akìlouja.

1. (AB)∗ = B∗A∗

2. (A∗)∗ = A

3. An o A eÐnai antistrèyimoc, tìte kai o A∗ eÐnai antistrèyimoc kai isqÔei
h sqèsh

(A−1)∗ = (A∗)−1.
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

Apìdeixh.

1. 'Eqoume ìti

(AB)∗ = (AB)T = BTAT = BT AT = B∗A∗.

2. IsqÔei ìti

(A∗)∗ = (AT )T = (AT )T = A.

3. Apì to 1 èqoume ìti

(A−1)∗A∗ = (AA−1)∗ = I∗ = I,

to opoÐo sunep�getai ìti o A∗ eÐnai antistrèyimoc kai isqÔei (A∗)−1 =
(A−1)∗.

Je¸rhma 1.2.
IsqÔei h isìthta

(Ax,y) = (x, A∗y),

gia k�je dÔo dianÔsmata x, y kai gia k�je tetragwnikì pÐnaka A. An x = (xi),
y = (yi) kai A = (Aij), tìte kai ta dÔo mèlh thc parap�nw isìthtac eÐnai Ðsa

me
∑
i,j

Aij yi xj.

Apìdeixh.
'Estw o pÐnakac A = (Aij) di�stashc n. Jètoume Ax = z = (zi) kai ètsi

isqÔei ìti zi =
n∑
j=1

Aij xj. Gia y = (yi) èqoume ìti

(Ax,y) =
n∑
i=1

ziyi =
n∑
i=1

(
n∑
j=1

Aijxj

)
yi

=
n∑
j=1

(
n∑
i=1

Aijyi

)
xj

=
n∑
j=1

xjuj = (x,u),

ìpou u = (uj), uj =
n∑
i=1

yiAij.

'Etsi, u = A∗y kai (Ax,y) = (x, A∗y).

EpÐshc isqÔei ìti (x, A∗y) = (Ax,y) =
n∑

i,j=1

Aij yi xj.
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1.1. SUMMETRIKOI, JETIKA ORISMENOI KAI HMIORISMENOI
PINAKES

• 'Enac pÐnakac A ∈ Rn×n lègetai summetrikìc an AT = A, dhlad  an
A = (Aij) tìte Aij = Aji gia k�je i kai j.

• 'Enac pÐnakac A ∈ Cn×n lègetai ermitianìc an A∗ = A, dhlad  an A =
(Aij) tìte Aij = Aji gia k�je i kai j.

• Opoiond pote tetragwnikì pÐnaka A mporoÔme na ton susqetÐsoume me
ton ermitianì pÐnaka 1

2
(A + A∗). Autìc o pÐnakac kaleÐtai summetrikì

mèroc tou A kai suqn� sumbolÐzetai me ReA.

1.1.2 Orjog¸nioi, monadiaÐoi pÐnakec

• 'Enac pÐnakac A onom�zetai orjog¸nioc an isqÔei ìti AAT = I.

• 'Enac pÐnakac A onom�zetai monadiaÐoc an isqÔei ìti AA∗ = I.

Parat rhsh 1.2.
'Enac pragmatikìc ermitianìc pÐnakac eÐnai summetrikìc kai ènac pragmatikìc
monadiaÐoc pÐnakac eÐnai orjog¸nioc.

Je¸rhma 1.3.
Oi st lec enìc monadiaÐou pÐnaka apoteloÔn orjokanonik  b�sh. AntÐstrofa,
an oi st lec enìc pÐnaka apoteloÔn mÐa orjokanonik  b�sh, tìte o pÐnakac eÐnai
monadiaÐoc.

Epiplèon, isqÔei to akìloujo je¸rhma.

Je¸rhma 1.4.

1. 'Estw oi monadiaÐoi pÐnakec A,B ∈ Cn×n. To ginìmeno AB aut¸n twn
pin�kwn eÐnai epÐshc monadiaÐoc pÐnakac.

2. 'Enac monadiaÐoc pÐnakac eÐnai antistrèyimoc kai o antÐstrofìc tou eÐnai
monadiaÐoc.

3. An ènac pÐnakac U eÐnai monadiaÐoc, tìte kai o pÐnakac U∗ eÐnai monadiaÐoc.

4. O tautotikìc pÐnakac eÐnai monadiaÐoc.

Je¸rhma 1.5. (Jemeli¸dec Je¸rhma gia MonadiaÐouc PÐnakec -Fundamental
Theorem on Unitary Matrices)
'Estw U ∈ Cn×n. Tìte oi akìloujec idiìthtec eÐnai isodÔnamec.

1. O pÐnakac U eÐnai monadiaÐoc.
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

2. Gia k�je di�nusma-st lh x tou pÐnaka U isqÔei ìti

‖Ux‖ = ‖x‖.

3. Gia k�je dÔo dianÔsmata x kai y isqÔei h isìthta

(Ux, Uy) = (x,y).

4. An ta dianÔsmata u1,u2, . . . ,un apoteloÔn orjokanonik  b�sh, tìte kai
ta dianÔsmata Uu1, Uu2, . . . , Uun apoteloÔn orjokanonik  b�sh.

5. Up�rqei mÐa orjokanonik  b�sh f 1,f 2, . . . ,fn tètoia ¸ste Uf 1, Uf 2, . . . , Ufn
na eÐnai epÐshc orjokanonik  b�sh.

Parat rhsh 1.3.
AntÐstoiqo je¸rhma isqÔei kai gia touc orjog¸niouc pÐnakec se pragmatikì
q¸ro.

ParadeÐgmata monadiaÐwn kai orjogwnÐwn pin�kwn eÐnai ta akìlouja.

1. O tautotikìc pÐnakac I eÐnai orjog¸nioc kai monadiaÐoc.

2. Opoiosd pote metajetikìc pÐnakac P (ènac pÐnakac tou opoÐou èna stoi-
qeÐo se k�je gramm  kai se k�je st lh eÐnai 1 kai ìla ta upìloipa
stoiqeÐa eÐnai 0) eÐnai orjog¸nioc kai monadiaÐoc.

3. Opoiosd pote diag¸nioc pÐnakac me diag¸nia stoiqeÐa ±1 eÐnai orjo-
g¸nioc.

4. Opoiosd pote diag¸nioc pÐnakac tou opoÐou ta diag¸nia stoiqeÐa eÐnai
migadikoÐ arijmoÐ me mètro 1 eÐnai monadiaÐoc.

Je¸rhma 1.6.
H orÐzousa enìc orjog¸niou pÐnaka isoÔtai me 1   −1. To mètro thc orÐzousac
enìc monadiaÐou pÐnaka eÐnai Ðso me 1.

Apìdeixh.
'Estw V ènac orjog¸nioc pÐnakac. Tìte V V T = I.
'Etsi, prokÔptei ìti

det(V V T ) = detI ⇒ detV detV T = 1

⇒ (detV )2 = 1, afoÔ detV = detV T

⇒ detV = ±1.

'Estw U ènac monadiaÐoc pÐnakac, tìte UU∗ = I kai detUdetU∗ = 1. 'Omwc
detU∗ = detUT = detU = detU , kai ètsi prokÔptei ìti |detU | = 1.

6



1.1. SUMMETRIKOI, JETIKA ORISMENOI KAI HMIORISMENOI
PINAKES

To epìmeno je¸rhma deÐqnei pwc sumperifèretai ènac ermitianìc (  summe-
trikìc) pÐnakac A sto metasqhmatismì omoiìthtac PAP−1 me P ènan monadiaÐo
(  ènan orjog¸nio) pÐnaka.

Je¸rhma 1.7.
An o pÐnakac A eÐnai ermitianìc kai o P monadiaÐoc, tìte o pÐnakac PAP−1 eÐnai
kai autìc ermitianìc. An o pÐnakac A eÐnai summetrikìc kai o P orjog¸nioc,
tìte kai o pÐnakac PAP−1 eÐnai summetrikìc.

Apìdeixh.
'Estw A ènac ermitianìc pÐnakac kai P ènac monadiaÐoc. Tìte,

(PAP−1)∗ = (PAP ∗)∗ = PA∗P ∗ = PAP ∗ = PAP−1,

kai ètsi o pÐnakac PAP−1 eÐnai ermitianìc.
'Estw A ènac summetrikìc pÐnakac kai P ènac orjog¸nioc. Tìte,

(PAP−1)T = (PAP T )T = PATP T = PAP T = PAP−1,

dhlad  o pÐnakac PAP−1 eÐnai summetrikìc.

Je¸rhma 1.8.
Oi idiotimèc enìc ermitianoÔ pÐnaka (kaj¸c epÐshc kai enìc summetrikoÔ pÐnaka)
eÐnai pragmatikèc.

Apìdeixh.
'Estw o ermitianìc pÐnakac A kai λ mÐa idiotim  tou A me antÐstoiqo idiodi�nu-
sma x. Tìte, Ax = λx. 'Etsi,

(Ax,x) = (λx,x) = λ(x,x).

EpÐshc, isqÔei ìti
(Ax,x) = (x, Ax) = (Ax,x),

dhlad  to eswterikì ginìmeno (Ax,x) ∈ R. 'Ara, λ(x,x) ∈ R ⇒ λ ∈ R,
afoÔ (x,x) ∈ R.

1.1.3 Jetik� orismènoi pÐnakec

• 'Enac ermitianìc   summetrikìc pÐnakac A ∈ Cn×n (  Rn×n ) onom�zetai
jetik� orismènoc (positive definite) an

(Ax,x) > 0,

gia k�je di�nusma x 6= 0.
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• 'Enac ermitianìc   summetrikìc pÐnakac A ∈ Cn×n (  Rn×n ) onom�zetai
jetik� hmiorismènoc (positive semidefinite) an

(Ax,x) ≥ 0,

gia k�je di�nusma x.

Sta Jewr mata 1.9 kai 1.10 pou akoloujoÔn, sunoyÐzoume tic pio shma-
ntikèc idiìthtec twn jetik� orismènwn kai hmiorismènwn pin�kwn.

Je¸rhma 1.9. (Jemeli¸dec Je¸rhma gia Jetik� Orismènouc PÐnakec -
Fundamental Theorem on Positive Definite Matrices)
'Estw A = (Aij) ∈ Cn×n ènac ermitianìc pÐnakac (  A ∈ Rn×n ènac summe-
trikìc pÐnakac). Tìte ta akìlouja eÐnai isodÔnama.

1. O A eÐnai jetik� orismènoc.

2. 'Olec oi idiotimèc ìlwn twn kÔriwn upopin�kwn tou A eÐnai jetikèc.

3. 'Olec oi kÔriec upoorÐzousec tou A eÐnai jetikèc.

4. detA(Nk, Nk) > 0, gia k = 1, 2, . . . , n, ìpou Nk = {1, 2, . . . , k}, dhlad 

A11 > 0, det

[
A11 A12

A21 A22

]
> 0,

det

 A11 A12 A13

A21 A22 A23

A31 A32 A33

 > 0, . . . , detA > 0.

5. Up�rqei ènac antistrèyimoc k�tw trigwnikìc pÐnakac T tètoioc ¸ste
A = TT ∗.

6. Up�rqei ènac antistrèyimoc pÐnakac C tètoioc ¸ste A = CC∗.

7. Gia k = 1, . . . , n ta ajroÐsmata ìlwn twn kÔriwn upoorizous¸n tou A
t�xhc k eÐnai jetik�.

8. 'Olec oi idiotimèc tou A eÐnai jetikèc.

9. Up�rqei ènac monadiaÐoc pÐnakac U (orjog¸nioc pÐnakac U , an o A eÐnai
pragmatikìc) kai ènac diag¸nioc pÐnakac D me jetik� diag¸nia stoiqeÐa,
tètoioi ¸ste A = UDU∗.
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1.1. SUMMETRIKOI, JETIKA ORISMENOI KAI HMIORISMENOI
PINAKES

Parat rhsh 1.4.
H idiìthta 4 kaleÐtai krit rio tou Sylvester gia to jetik� orismèno enìc pÐnaka.

Je¸rhma 1.10. (Jemeli¸dec Je¸rhma gia Jetik� Hmiorismènouc PÐnakec
-Fundamental Theorem on Positive Semidefinite Matrices)
'Estw A ∈ Cn×n ènac ermitianìc pÐnakac (  A ∈ Rn×n ènac summetrikìc
pÐnakac). Tìte ta akìlouja eÐnai isodÔnama.

1. O A eÐnai jetik� hmiorismènoc.

2. O pÐnakac A+ εI eÐnai jetik� orismènoc gia k�je ε > 0.

3. 'Olec oi idiotimèc ìlwn twn kÔriwn upopin�kwn tou A eÐnai mh-arnhtikèc.

4. 'Olec oi kÔriec upoorÐzousec tou A eÐnai mh-arnhtikèc.

5. Gia k = 1, . . . , n ta ajroÐsmata ìlwn twn kÔriwn upoorizous¸n tou A
t�xhc k eÐnai mh-arnhtik�.

6. 'Olec oi idiotimèc tou A eÐnai mh-arnhtikèc.

7. Up�rqei ènac monadiaÐoc pÐnakac U (orjog¸nioc pÐnakac U , an o A eÐnai
pragmatikìc) kai ènac diag¸nioc pÐnakac D me mh-arnhtik� diag¸nia
stoiqeÐa, tètoioi ¸ste A = UDU∗.

8. Up�rqei ènac tetragwnikìc pÐnakac C, tètoioc ¸ste A = CC∗.

Je¸rhma 1.11.
'Enac jetik� hmiorismènoc pÐnakac eÐnai jetik� orismènoc an kai mìno an eÐnai
antistrèyimoc.

Apìdeixh.
Apì thn idiìthta 3 tou Jewr matoc 1.9, h orÐzousa enìc jetik� orismènou
pÐnaka eÐnai jetik  kai ètsi eÐnai antistrèyimoc.
AntÐstrofa, an ènac jetik� hmiorismènoc pÐnakac eÐnai antistrèyimoc, tìte
detA 6= 0. 'Olec oi idiotimèc tou A eÐnai mh-arnhtikèc, apì thn idiìthta 6 tou
Jewr matoc 1.10, �ra ja prèpei na eÐnai jetikèc. 'Etsi apì thn idiìthta 8 tou
Jewr matoc 1.9, o A eÐnai jetik� orismènoc.

Se autì to shmeÐo, ja parousi�soume k�poiec epiplèon idiìthtec twn jetik�
orismènwn kai jetik� hmiorismènwn pin�kwn.

Je¸rhma 1.12.
An o A eÐnai ènac jetik� orismènoc pÐnakac, tìte up�rqei o antÐstrofoc tou A
kai eÐnai kai autìc jetik� orismènoc.
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

Apìdeixh.
'Estw èna di�nusma x 6= 0. AfoÔ o jetik� orismènoc pÐnakac A eÐnai anti-
strèyimoc apì thn idiìthta 4 tou Jewr matoc 1.9, mporoÔme na orÐsoume to
di�nusma y = A−1x 6= 0. 'Etsi, èqoume

(A−1x,x) = (y, Ay) = (Ay,y) > 0.

'Ara, o A−1 eÐnai jetik� orismènoc.

Je¸rhma 1.13.
An A ènac jetik� hmiorismènoc pÐnakac kai α ènac mh-arnhtikìc arijmìc, tìte
kai o pÐnakac αA eÐnai jetik� hmiorismènoc. An A ènac jetik� orismènoc pÐna-
kac kai α ènac jetikìc arijmìc, tìte kai o pÐnakac αA eÐnai jetik� orismènoc.

Je¸rhma 1.14.
An A kai B eÐnai jetik� hmiorismènoi pÐnakec Ðdiac di�stashc, tìte kai o pÐna-
kac A+B eÐnai jetik� hmiorismènoc. An epiplèon, o A eÐnai jetik� orismènoc
pÐnakac, tìte kai o pÐnakac A+B eÐnai jetik� orismènoc.

Je¸rhma 1.15.
An A ènac jetik� orismènoc pÐnakac kai G ènac antistrèyimoc pÐnakac, tìte kai
o pÐnakac GAG∗ eÐnai jetik� orismènoc. An A ènac jetik� hmiorismènoc pÐna-
kac kai G ènac (pijan¸c orjog¸nioc) pÐnakac tètoioc ¸ste o GA na up�rqei,
tìte kai o pÐnakac GAG∗ eÐnai jetik� hmiorismènoc.

Apìdeixh.
'Estw èna di�nusma x 6= 0. Tìte,

(GAG∗x,x) = (AG∗x, G∗x) = (Ay,y) > 0

afoÔ y = G∗x 6= 0.
H deÔterh perÐptwsh, prokÔptei eÔkola qrhsimopoi¸ntac ìti (Ay,y) ≥ 0.

1.2 Paragontopoi seic pin�kwn

Se aut  thn enìthta perigr�foume k�poiec basikèc paragontopoi seic pi-
n�kwn. IdiaÐterh èmfash ja d¸soume sth fasmatik  paragontopoÐhsh (spec-
tral factorization) enìc summetrikoÔ pÐnaka kai sthn paragontopoÐhsh idia-
zous¸n tim¸n (singular value decomposition) opoioud pote pÐnaka.

Je¸rhma 1.16. (ParagontopoÐhsh Schur)
K�je pÐnakac A ∈ Cn×n mporeÐ na ekfrasteÐ wc ex c

A = UTU∗,

ìpou U eÐnai ènac monadiaÐoc pÐnakac kai T eÐnai ènac (genik� migadikìc) �nw
trigwnikìc pÐnakac.
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Je¸rhma 1.17.
'Estw pÐnakac A ∈ Rn×n me pragmatikèc idiotimèc. Tìte up�rqei ènac prag-
matikìc, orjog¸nioc pÐnakac V kai ènac pragmatikìc, �nw trigwnikìc pÐnakac
T ¸ste

A = V TV T .

Je¸rhma 1.18. (Jemeli¸dec Je¸rhma gia SummetrikoÔc PÐnakec - Fa-
smatik  ParagontopoÐhsh (Spectral Decomposition))
K�je summetrikìc pÐnakac A ∈ Rn×n mporeÐ na ekfrasteÐ wc ex c

A = V ΛV T , (1.1)

ìpou V = [v1,v2, · · · ,vn] eÐnai ènac orjog¸nioc pÐnakac kai Λ ∈ Rn×n ènac
diag¸nioc pÐnakac. Ta diag¸nia stoiqeÐa λi tou Λ eÐnai oi idiotimèc tou pÐnaka
A kai oi st lec vi tou pÐnaka V eÐnai ta idiodianÔsmata tou A (h k-ost  st lh
tou V antistoiqeÐ sthn k-ost  diag¸nia eÐsodo tou Λ).

Apìdeixh.
AfoÔ o pÐnakac A eÐnai summetrikìc, apì to Je¸rhma 1.8 prokÔptei ìti ìlec
oi idiotimèc tou A eÐnai pragmatikèc. Qrhsimopoi¸ntac to Je¸rhma 1.17, mpo-
roÔme na gr�youme ton pÐnaka A sth morf  A = V TV T , ìpou V eÐnai ènac
orjog¸nioc pÐnakac kai T eÐnai ènac pragmatikìc �nw trigwnikìc pÐnakac. A-
foÔ o A eÐnai summetrikìc kai o pÐnakac T eÐnai orjog¸nia ìmoioc me ton A ja
eÐnai kai summetrikìc sÔmfwna me to Je¸rhma 1.7. 'Etsi, o T eÐnai diag¸nioc
(pragmatikìc) kai ac gr�foume Λ = diag[λ1, λ2, · · · , λn] antÐ gia T . H sqèsh

A = V ΛV T ,

gr�fetai isodÔnama
AV = V Λ,

 

A[v1,v2, · · · ,vn] = [v1,v2, · · · ,vn]


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn


⇒ [Av1, Av2, · · · , Avn] = [λ1v1, λ2v2, · · · , λnvn],

 

Av1 = λ1v1,
Av2 = λ2v2,

...
Avn = λnvn.
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'Etsi, h k-ost  st lh vk tou V (h opoÐa eÐnai diaforetik  apì to mhdenikì
di�nusma) eÐnai èna idiodi�nusma tou A pou antistoiqeÐ sthn k-ost  diag¸nia
eÐsodo tou Λ.

Parat rhsh 1.5.
AntÐstrofa, to ginìmeno V ΛV T eÐnai ènac summetrikìc pÐnakac an Λ eÐnai
ènac pragmatikìc diag¸nioc pÐnakac kai V eÐnai ènac orjog¸nioc pÐnakac.

Je¸rhma 1.19. (Jemeli¸dec Je¸rhma gia ErmitianoÔc PÐnakec - Fasma-
tik  ParagontopoÐhsh gia MigadikoÔc PÐnakec)
K�je ermitianìc pÐnakac A mporeÐ na ekfrasteÐ wc ex c

A = UΛU∗,

ìpou U eÐnai ènac monadiaÐoc pÐnakac kai Λ ènac pragmatikìc diag¸nioc pÐna-
kac. Ta diag¸nia stoiqeÐa tou Λ eÐnai oi idiotimèc tou pÐnaka A (oi opoÐec
eÐnai pragmatikèc apì to Je¸rhma 1.8) kai oi st lec tou pÐnaka U eÐnai ta
idiodianÔsmata tou A (h k-ost  st lh tou U antistoiqeÐ sto k-ostì diag¸nio
stoiqeÐo tou Λ).

Apìdeixh.
H apìdeixh eÐnai an�logh me aut  tou Jewr matoc 1.18.

Parat rhsh 1.6.
AntÐstrofa, an Λ eÐnai ènac pragmatikìc diag¸nioc pÐnakac kai U eÐnai ènac
monadiaÐoc pÐnakac, tìte o pÐnakac UΛU∗ eÐnai ermitianìc.

Je¸rhma 1.20.
'Estw A ènac ermitianìc (  summetrikìc) pÐnakac di�stashc n me idiotimèc
λ1 ≥ λ2 ≥ · · · ≥ λn. Tìte λ1 eÐnai h mègisth kai λn h el�qisth tim  thc
tetragwnik c morf c (Ax,x) gia kanonikopoihmèna dianÔsmata x. Epiplèon,
h mègisth tim  lamb�netai gia opoiod pote kanonikopoihmèno idiodi�nusma pou
antistoiqeÐ sthn idiotim  λ1, kai h el�qisth lamb�netai gia opoiod pote kano-
nikopoihmèno idiodi�nusma pou antistoiqeÐ sthn idiotim  λn.

Apìdeixh.
Apì to Je¸rhma 1.19 (apì to Je¸rhma 1.18, an o A eÐnai pragmatikìc summe-
trikìc pÐnakac), up�rqei ènac monadiaÐoc pÐnakac U (ènac orjog¸nioc pÐnakac,
an o A eÐnai pragmatikìc) kai ènac pragmatikìc diag¸nioc pÐnakac Λ ¸ste
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A = UΛU∗. Ta diag¸nia stoiqeÐa d1, . . . , dn tou Λ eÐnai oi idiotimèc tou A,
dhlad  oi diatetagmènoi arijmoÐ λ1, . . . , λn. 'Eqoume

(Ax,x) = (UΛU∗x,x) = (ΛU∗x, U∗x) = (Λy,y),

ìpou y = U∗x kai epiplèon (y,y) = (U∗x, U∗x) = (UU∗x,x) = (x,x).
'Etsi, to (Λy,y) èqei tic Ðdiec timèc gia (y,y) = 1 me to (Ax,x) gia (x,x) = 1.
Exet�zoume t¸ra tic timèc pou paÐrnei h èkfrash

(Λy,y) =
n∑
i=1

di|yi|2,

gia dianÔsmata y = [y1, · · · , yn]T tètoia ¸ste

(y,y) =
n∑
i=1

|yi|2 = 1.

'Estw maxkdk = λ1 kai minkdk = λn, opìte

(Λy,y) =
n∑
i=1

di|yi|2 ≤
n∑
i=1

λ1|yi|2 = λ1

n∑
i=1

|yi|2 = λ1, (1.2)

(Λy,y) =
n∑
i=1

di|yi|2 ≥
n∑
i=1

λn|yi|2 = λn

n∑
i=1

|yi|2 = λn. (1.3)

ParathroÔme ìti h anisìthta (1.2) gÐnetai isìthta an kai mìno an yi = 0 gia
k�je i tètoio ¸ste di < λ1, dhlad  an kai mìno an Λy = λ1y. Epistrèfontac
ston arqikì pÐnaka A, to di�nusma x ikanopoieÐ thn isìthta

ΛU∗x = λ1U
∗x,

 
UΛU∗x = λ1x

kai ètsi
Ax = λ1x, (x,x) = 1.

AntÐstrofa, an x̂ eÐnai èna kanonikopoihmèno idiodi�nusma pou antistoiqeÐ sthn
idiotim  λ1, tìte (Ax̂, x̂) = λ1.
Tèloc, èqoume ìti (Ax,x) ≤ λ1 gia (x,x) = 1, kai h isìthta isqÔei an kai
mìno an to x eÐnai èna kanonikopoihmèno idiodi�nusma pou antistoiqeÐ sthn
idiotim  λ1. H deÔterh prìtash tou jewr matoc èpetai apì th sqèsh (1.3) me
ton Ðdio trìpo.
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Je¸rhma 1.21.
K�je diagwnÐsimoc (diagonalizable) pÐnakac A ∈ Rn×n paragontopoieÐtai wc
akoloÔjwc

A = QΛQ−1, (1.4)

ìpouQ =
[

q1 q2 . . . qn
]
∈ Cn×n eÐnai antistrèyimoc, Λ = diag[λ1, . . . , λn] ∈

Cn×n kai Q−1 =


q̂T1
q̂T2
...

q̂Tn

 ∈ Cn×n, qi, q̂i ∈ Cn×1, i = 1, 2, . . . , n. Ta diag¸nia

stoiqeÐa λi tou pÐnaka Λ eÐnai oi idiotimèc tou A oi opoÐec eÐnai pragmatikèc  
emfanÐzontai wc zeÔgh suzug¸n migadik¸n. Ta dianÔsmata-st lec tou Q eÐnai
ta dexi� idiodianÔsmata tou A kai ta dianÔsmata-grammèc tou Q−1 eÐnai ta ari-
ster� idiodianÔsmata tou pÐnaka A. Kaj¸c Q−1Q = In, isqÔei ìti q̂Ti qj = δij,
gia i, j = 1, 2, . . . , n, ìpou δij eÐnai to dèlta tou Kronecker.

Je¸rhma 1.22. ParagontopoÐhsh idiazous¸n tim¸n (Singular value decom-
position - SVD)
'Estw A ∈ Cm×n pÐnakac t�xhc r. Tìte up�rqei ènac monadiaÐoc (orjog¸nioc,
an o A eÐnai pragmatikìc) pÐnakac U di�stashc m, ènac monadiaÐoc (orjo-
g¸nioc) pÐnakac V di�stashc n kai ènac diag¸nioc pÐnakac S di�stashc r me
jetik� diag¸nia stoiqeÐa ¸ste

A = U

[
S 0
0 0

]
V ∗, (1.5)

ìpou ta mhdenik� block sumplhr¸noun ton pÐnaka S ¸ste na prokÔyei ènac
m × n pÐnakac. O pÐnakac S eÐnai monadik� prosdiorismènoc (ektìc apì th
seir� twn diag¸niwn stoiqeÐwn tou).

Apìdeixh.
QwrÐc periorismì thc genikìthtac, upojètoume ìti m ≤ n, alli¸c asqoloÔma-
ste me ton pÐnaka A∗ antÐ gia ton A. O pÐnakac A∗A tautÐzetai me ton Ã∗Ã,
ìpou

Ã =

[
A
0

]
eÐnai ènac tetragwnikìc pÐnakac di�stashc n me n−m mhdenikèc grammèc. Apì
thn idiìthta 8 tou Jewr matoc 1.10, o A∗A eÐnai jetik� hmiorismènoc. Apì
thn idiìthta 7 tou Ðdiou jewr matoc, up�rqei ènac monadiaÐoc pÐnakac V kai
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1.2. PARAGONTOPOIHSEIS PINAKWN

ènac diag¸nioc pÐnakac D di�stashc n me mh-arnhtik� diag¸nia stoiqeÐa di
¸ste A∗A = V DV ∗. 'Etsi,

(AV )∗(AV ) = D. (1.6)

MporoÔme na upojèsoume ìti ta pr¸ta p diag¸nia stoiqeÐa tou D (di�stashc
n) eÐnai jetik� kai ta upìloipa eÐnai mhdèn, dhlad 

D =

[
D̃ 0
0 0

]
,

ìpou D̃ = diag[d1, . . . , dp] eÐnai ènac antistrèyimoc pÐnakac. 'Estw w1, . . . ,wp

ta dianÔsmata d1/2i (AV )i, ìpou (AV )i eÐnai h i-ost  st lh tou pÐnaka AV ,
i = 1, . . . , p. Aut� ta m dianÔsmata wi eÐnai amoibaÐa orjog¸nia apì th
sqèsh (1.6) kai kajèna apì aut� èqei mètro 1. T¸ra, gnwrÐzoume (apì Gram-
Schmidt orjokanonikopoÐhsh) ìti up�rqoun dianÔsmata wp+1, . . . ,wm tètoia
¸ste o U = [w1 w2 · · ·wm] na eÐnai ènac monadiaÐoc pÐnakac (di�stashc m).
Ja deÐxoume ìti isqÔei h sqèsh

AV = UD̂, (1.7)

ìpou D̂ =

[
S 0
0 0

]
eÐnai ènac m × n pÐnakac, S = diag[

√
d1, · · · ,

√
dp].

H sqèsh (1.7) isqÔei gia tic pr¸tec p st lec tou AV apì ton orismì twn
w1, . . . ,wp. All� oi �llec st lec tou AV eÐnai mhdenikèc, apì th sqèsh (1.6),
to mètro tou dianÔsmatoc (AV )i eÐnai Ðso me to i-ostì diag¸nio stoiqeÐo tou
D gia i > p kai ètsi eÐnai mhdèn.

Apì th sqèsh (1.7) èpetai ìti A = UD̂V ∗. Xèroume ìmwc ìti rankA =

rankD̂ = p, dhlad  p = r kai h sqèsh (1.7) apodeÐqjhke.
H monadikìthta tou S èpetai apì to gegonìc ìti ta diag¸nia stoiqeÐa tou S
eÐnai oi mh-arnhtikèc tetragwnikèc rÐzec twn idiotim¸n tou A∗A.

Parat rhsh 1.7.
Ta diag¸nia stoiqeÐa tou S onom�zontai idi�zousec timèc (singular values) tou
pÐnaka A (an o A eÐnai ènac tetragwnikìc pÐnakac, akìma kai ta upìloipa
mhdenik� diag¸nia stoiqeÐa tou pÐnaka an�mesa stouc U kai V ∗ sto dexÐ mèloc
thc (1.5), jewroÔntai idi�zousec timèc).

Sthn perÐptwsh pou o pÐnakac A eÐnai pragmatikìc, tetragwnikìc kai
pl rouc t�xhc (full rank), h paragontopoÐhsh idiazous¸n tim¸n mporeÐ na
ekfrasteÐ ìpwc faÐnetai sthn akìloujh prìtash.
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

Prìtash 1.1.
H paragontopoÐhsh idiazous¸n tim¸n (SVD) tou pÐnaka A ∈ Rn×n pl rouc
t�xhc (full rank) eÐnai

A = UΣV T , (1.8)

ìpou U = [u1, · · · ,un], V = [v1, · · · ,vn] eÐnai orjog¸nioi pÐnakec kai o dia-
g¸nioc pÐnakac Σ = diag[σ1, · · · , σn] perièqei tic idi�zousec timèc tou pÐnaka
A diatetagmènec se fjÐnousa seir� σ1 ≥ σ2 ≥ · · · ≥ σn > 0.

Diakrit  sunj kh Picard

JewroÔme to grammikì sÔsthma thc morf c Ax = b. H diakrit  sunj kh Pi-
card (discrete Picard condition) ekfr�zetai me b�sh tic idi�zousec timèc σi kai
ta arister� idi�zonta dianÔsmata tou pÐnaka A. H sunj kh aut  katagr�fetai
sto akìloujo l mma, [43], [44, sel. 81].

L mma 1.1.
To di�nusma b ikanopoieÐ th diakrit  sunj kh Picard an ta ginìmena kat�
apìluth tim  |uTi b| fjÐnoun grhgorìtera sto mhdèn apì ìti oi idi�zousec timèc
σi tou pÐnaka A, ìpou ui eÐnai ta arister� idi�zonta dianÔsmata tou pÐnaka A.

Sto parak�tw par�deigma, sqedi�zoume tic idi�zousec timèc σi tou pÐnaka
dokim c A kai ta ginìmena kat� apìluth tim  |uTi b|, gia tic timèc tou deÐkth i.

Par�deigma 1.1. H diakrit  sunj kh Picard

JewroÔme to prìblhma dokim c Baart me pÐnaka A megèjouc 30 × 30,
pou prokÔptei apì th diakritopoÐhsh thc oloklhrwtik c exÐswshc Fredholm
pr¸tou eÐdouc. Autì to prìblhma mporeÐ na brejeÐ sto pakèto “Regulariza-
tion Tools” tou Hansen [45], pou afor� diakrit� kak¸c topojethmèna pro-
bl mata thc morf c Ax = b, ìpou o A èqei polÔ kak  kat�stash. O pÐnakac
A autoÔ tou probl matoc èqei deÐkth kat�stashc κ(A) = 2.8401e17 kai to
di�nusma b ∈ R30 ikanopoieÐ th diakrit  sunj kh Picard. Pr�gmati, ìpwc
mporoÔme na parathr soume sto parak�tw gr�fhma ta ginìmena kat� apìlu-
th tim  |uTi b| fjÐnoun grhgorìtera sto mhdèn apì ìti oi idi�zousec timèc σi
tou pÐnaka A.
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1.3. KANONES ARIJMHTIKHS OLOKLHRWSHS TOU GAUSS
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Sq ma 1.1: H diakrit  sunj kh Picard gia to prìblhma dokim c Baart.

1.3 Kanìnec arijmhtik c olokl rwshc tou
Gauss

Dojèntoc enìc mètrou α sto di�sthma [a, b] kai mÐac sun�rthshc f (tètoia
¸ste to Riemann-Stieltjes olokl rwm� thc kai ìlec oi ropèc f(tj) kai f(zk)
na up�rqoun), o genikìc tÔpoc gia ton kanìna arijmhtik c olokl rwshc tou
Gauss eÐnai

I[f ] =

∫ b

a

f(λ)dα(λ) =
N∑
j=1

ωjf(tj) +
M∑
κ=1

vκf(zκ) +R[f ], (1.9)

ìpou ta b�rh {ωj}Nj=1, {vκ}Mκ=1 kai oi kìmboi {tj}Nj=1 eÐnai �gnwstoi en¸ oi
kìmboi {zκ}Mκ=1 eÐnai prokajorismènoi. To R[f ] eÐnai to upìloipo, to opoÐo
sun jwc den eÐnai gnwstì akrib¸c, [38].

• An M = 0, tìte eÐnai o gnwstìc kanìnac tou Gauss qwrÐc prokajori-
smènouc kìmbouc.

• An M = 1 kai z1 = a   z1 = b, eÐnai o kanìnac Gauss-Radau me ènan
prokajorismèno kìmbo.

• An M = 2 kai z1 = a kai z2 = b, tìte eÐnai o kanìnac Gauss-Lobatto me
dÔo prokajorismènouc kìmbouc.
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

O ìroc R[f ] eÐnai to upìloipo to opoÐo genik� den mporeÐ na upologisteÐ
apeujeÐac. An to mètro α eÐnai mÐa jetik  aÔxousa sun�rthsh kai an h f eÐnai
arket� omal , eÐnai gnwstì ìti to upìloipo dÐnetai apì ton tÔpo, [61],

R[f ] =
f (2N+M)(η)

(2N +M)!

∫ b

a

M∏
κ=1

(λ− zκ)[
N∏
j=1

(λ− tj)]2dα(λ), a < η < b. (1.10)

Apì ton parap�nw tÔpo parathroÔme ìti to upìloipo R[f ] gia ton kanìna
arijmhtik c olokl rwshc Gauss (M = 0) eÐnai omìshmo me to f (2N)(η).

O kanìnac arijmhtik c olokl rwshc tou Gauss sundèetai me ta orjog¸nia
polu¸numa. Apì th jewrÐa twn orjogwnÐwn poluwnÔmwn, gnwrÐzoume ìti
mÐa akoloujÐa poluwnÔmwn {pi(λ)}∞i=0 mporeÐ na prosdioristeÐ ètsi ¸ste ta
polu¸numa na eÐnai orjokanonik� wc proc mètro α(λ), dhlad  isqÔei ìti

∫ b

a

pi(λ)pj(λ)dα(λ) =

{
1, an i = j

0, an i 6= j
,

ìpou to polu¸numo pκ eÐnai akrib¸c bajmoÔ κ kai upojètontac ìti
∫
dα = 1.

H akoloujÐa twn orjokanonik¸n poluwnÔmwn ikanopoieÐ thn anadromik  sqèsh
tri¸n ìrwn

γjpj(λ) = (λ− αj)pj−1(λ)− γj−1pj−2(λ), j = 1, 2, . . . , (1.11)

me p−1(λ) ≡ 0 kai p0(λ) ≡ 1 (upojètoume ìti gnwrÐzoume touc suntelestèc
αj kai γj).

H sqèsh (1.11) mporeÐ na grafeÐ sth morf 

λpj−1(λ) = γj−1pj−2(λ) + αjpj−1(λ) + γjpj(λ).

T¸ra, mporoÔme na gr�youme thn anadromik  sqèsh se morf  pin�kwn

λP (λ) = JNP (λ) + γNpN(λ)eN ,

ìpou

P (λ) =
[
p0(λ) p1(λ) . . . pN−1(λ)

]T
,

eN =
[

0 . . . 0 1
]T
,
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1.3. KANONES ARIJMHTIKHS OLOKLHRWSHS TOU GAUSS

JN =


α1 γ1
γ1 α2 γ2

γ2 α3
. . .

. . . . . . γN−1
γN−1 αN

 . (1.12)

O pÐnakac JN lègetai pÐnakac Jacobi kai oi idiotimèc tou onom�zontai timèc
Ritz. Oi idiotimèc tou JN eÐnai epÐshc oi rÐzec tou poluwnÔmou pN .
AxÐzei na shmeiwjeÐ ìti ìlec oi idiotimèc tou pÐnaka JN eÐnai pragmatikèc (ka-
j¸c o JN eÐnai summetrikìc) kai aplèc (giatÐ γi 6= 0, i = 1, . . . , N − 1).

Je¸rhma 1.23.
Oi idiotimèc tou JN eÐnai oi kìmboi tj tou kanìna arijmhtik c olokl rwshc
tou Gauss (M=0). Ta b�rh ωj eÐnai ta tetr�gwna twn pr¸twn stoiqeÐwn twn
kanonikopoihmènwn idiodianusm�twn tou JN .

Ston kanìna arijmhtik c olokl rwshc tou Gauss, èqoume ìti to upìloipo
RG[f ] dÐnetai apì th sqèsh (1.10) b�zontac M = 0, dhlad 

RG[f ] =
f (2N)(η)

(2N)!

∫ b

a

[
N∏
j=1

(λ− tj)

]2
dα(λ). (1.13)

H prosèggish tou oloklhr¸matoc I[f ] pou paÐrnoume apì ton kanìna tou
Gauss eÐnai èna k�tw fr�gma tou I[f ], an to upìloipo RG[f ] eÐnai jetikì kai
apì ton tÔpo (1.13) faÐnetai ìti arkeÐ f (2n)(ξ) > 0,∀ n, ∀ ξ, a < ξ < b. Autì
gÐnetai antilhptì sto akìloujo je¸rhma.

Je¸rhma 1.24.
'Estw sun�rthsh f tètoia ¸ste f (2n)(ξ) > 0, ∀ n, ∀ ξ ∈ (a, b) kai

LG[f ] =
N∑
j=1

ωjf(tj).

O kanìnac tou Gauss eÐnai akrib c gia polu¸numa bajmoÔ mikrìterou   Ðsou
tou 2N − 1 kai èqoume ìti

LG[f ] ≤ I[f ].

Gia touc kanìnec arijmhtik c olokl rwshc twn Gauss-Radau kai Gauss-
Lobatto prosarmìzoume ton pÐnaka Jacobi JN pou dÐnetai apì th sqèsh (1.12)
ètsi ¸ste h mÐa idiotim  tou na eÐnai to a (  to b)   na èqei idiotimèc ta a kai
b, antÐstoiqa, [38].
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KEFALAIO 1. MAJHMATIKO UPOBAJRO

Ston kanìna arijmhtik c olokl rwshc twn Gauss-Radau, èqoume ìti to
upìloipo RGR[f ] dÐnetai apì th sqèsh (1.10) b�zontac M = 1, dhlad 

RGR[f ] =
f (2N+1)(η)

(2N + 1)!

∫ b

a

(λ− z1)

[
N∏
j=1

(λ− tj)

]2
dα(λ), (1.14)

ìpou z1 = a   b.

An gnwrÐzoume to prìshmo twn parag¸gwn thc f , mporoÔme na fr�xoume
to olokl rwma I[f ]. Autì faÐnetai sto akìloujo je¸rhma.

Je¸rhma 1.25.
'Estw sun�rthsh f tètoia ¸ste f (2n+1)(ξ) < 0, ∀ n, ∀ ξ ∈ (a, b),

UGR[f ] =
N∑
j=1

ωaj f(taj ) + va1f(a),

me ωaj , v
a
1 , t

a
j , ta b�rh kai oi kìmboi upologismènoi me z1 = a,

LGR[f ] =
N∑
j=1

ωbjf(tbj) + vb1f(b),

me ωbj , v
b
1, t

b
j, ta b�rh kai oi kìmboi upologismènoi me z1 = b.

O kanìnac twn Gauss-Radau oloklhr¸nei akrib¸c polu¸numa bajmoÔ mikrìte-
rou   Ðsou tou 2N kai isqÔei h anisìthta

LGR[f ] ≤ I[f ] ≤ UGR[f ].

Parat rhsh 1.8.
An to prìshmo twn parag ģwn thc f eÐnai jetikì, dhlad  f (2n+1)(ξ) > 0, ∀ n,
∀ ξ ∈ (a, b) tìte ta fr�gmata eÐnai an�poda, dhlad 

UGR[f ] ≤ I[f ] ≤ LGR[f ],

ìpou ta LGR[f ] kai UGR[f ] eÐnai orismèna sto parap�nw je¸rhma.

Ston kanìna twn Gauss-Lobatto, to upìloipo RGL[f ] dÐnetai apì th sqèsh
(1.10) b�zontac M = 2, dhlad 

RGL[f ] =
f (2N+2)(η)

(2N + 2)!

∫ b

a

(λ− a)(λ− b)

[
N∏
j=1

(λ− tj)

]2
dα(λ). (1.15)

To olokl rwma I[f ] fr�ssetai �nw apì thn prosèggish tou I[f ] pou upo-
logÐzetai me ton kanìna arijmhtik c olokl rwshc twn Gauss-Lobatto, an
f (2n)(ξ) > 0, ∀ n, ∀ ξ ∈ (a, b). Sugkekrimèna, èqoume to akìloujo je¸rhma.
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1.4. H MEJODOS ARNOLDI KAI O SUMMETRIKOS ALGORIJMOS
LANCZOS

Je¸rhma 1.26.
'Estw sun�rthsh f tètoia ¸ste f (2n)(ξ) > 0,∀ n,∀ ξ ∈ (a, b) kai

UGL[f ] =
N∑
j=1

ωjf(tj) + v1f(a) + v2f(b),

me tj, ωj, v1, v2, na eÐnai oi kìmboi kai ta b�rh upologismèna me a kai b touc
prokajorismènouc kìmbouc.
O kanìnac arijmhtik c olokl rwshc twn Gauss-Lobatto eÐnai akrib c gia
polu¸numa bajmoÔ mikrìterou   Ðsou tou 2N + 1 kai isqÔei h anisìthta

I[f ] ≤ UGL[f ].

1.4 H mèjodoc Arnoldi kai o summetrikìc
algìrijmoc Lanczos

Dojèntoc enìc pÐnaka A ∈ Rn×n, enìc mh-mhdenikoÔ dianÔsmatoc v di�stashc
n kai enìc akeraÐou m ≤ n, dhmiourgoÔntai èna sÔnolo apì (m+ 1) orjoka-
nonik� dianÔsmata {v1,v2, . . . ,vm+1} kai ènac (m + 1) ×m �nw Hessenberg
pÐnakac H̃m ¸ste na isqÔei h sqèsh

AVm = Vm+1H̃m, (1.16)

ìpou Vm = [v1, . . . ,vm] kai Vm+1 = [v1, . . . ,vm,vm+1], [22] .

Algìrijmoc: Mèjodoc Arnoldi

EÐsodoi:
1. A, n× n pÐnakac
2. v 6= 0, n× 1 di�nusma
3. m < n, jetikìc akèraioc
'Exodoi:
1. èna sÔnolo apì m+ 1 orjokanonik� dianÔsmata {v1,v2, . . . ,vm+1}
2. ènac (m+ 1)×m �nw Hessenberg pÐnakac H̃m = (Hij)
B ma 0: KanonikopoÐhsh tou dianÔsmatoc v

Jèse v1 =
v

‖ v ‖2
B ma 1: for k = 1, 2, . . . ,m

21



KEFALAIO 1. MAJHMATIKO UPOBAJRO

v̂ = Avk
for j = 1, 2, . . . , k

Hj,k = vTj v̂
v̂ = v̂ −Hj,kvj

end
Hk+1,k =‖ v̂ ‖2, if Hk+1,k = 0 stop

vk+1 =
v̂

Hk+1,k

end

H sunolik  poluplokìthta tou algorÐjmou Arnoldi eÐnai O(n2m+ nm2).

Sthn perÐptwsh pou o pÐnakac A eÐnai summetrikìc, o algìrijmoc Arnoldi
lègetai summetrikìc algìrijmoc Lanczos, [22]. Se aut  thn perÐptwsh, o �nw
Hessenberg pÐnakac H̃m gÐnetai summetrikìc, tridiag¸nioc pÐnakac T̃m o opoÐoc
gr�fetai sthn akìloujh morf 

T̃m =


α1 β1 . . . 0

β1 α2
. . .

...
...

. . . . . . βm
0 . . . βm αm+1

 .
H sqèsh (1.16) pou isqÔei sth mèjodo Arnoldi an�getai sth morf 

AVm = Vm+1T̃m. (1.17)

'Etsi, prokÔptei o akìloujoc algìrijmoc.

Algìrijmoc: Summetrikìc Algìrijmoc Lanczos

EÐsodoi:
1. A ∈ Rn×n summetrikìc pÐnakac
2. v 6= 0, n× 1 di�nusma
3. m < n, jetikìc akèraioc
'Exodoi:
1. èna sÔnolo apì m+ 1 orjokanonik� dianÔsmata {v1,v2, . . . ,vm+1}
2. tic eisìdouc αj kai βj tou summetrikoÔ kai tridiag¸niou pÐnaka T̃m

B ma 0: Jèse v0 = 0, β0 = 0,v1 =
v

‖ v ‖2
B ma 1: for j = 1, 2, . . . ,m+ 1
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v̂j+1 = Avj − βj−1vj−1
αj = vTj v̂j+1

v̂j+1 = v̂j+1 − ajvj
βj =‖ v̂j+1 ‖2, if βj = 0 stop

vj+1 =
v̂j+1

βj
end

H sunolik  poluplokìthta tou summetrikoÔ algorÐjmou Lanczos eÐnaiO(mn2).

1.5 O algìrijmoc block Lanczos

O algìrijmoc block Lanczos eÐnai epèktash tou klasikoÔ algorÐjmou Lanc-
zos ston opoÐo antÐ gia èna arqikì di�nusma di�stashc n qrhsimopoioÔme ènan
orjokanonikì (orthonormal) pÐnaka n× q, ìpou q eÐnai ènac fusikìc arijmìc
gia ton opoÐo isqÔei 0 < q ≤ n

2
. O algìrijmoc autìc eis qjh apì touc Gene

H. Golub kai Richard Underwood to 1977 sthn ergasÐa [40].

Xekin¸ntac apì ènan arqikì n× q orjokanonikì pÐnaka Q1, o skopìc eÐnai
na kataskeu�soume mÐa akoloujÐa orjokanonik¸n n×q pin�kwnQ2, Q3, . . . , Qs

¸ste o dianusmatikìc q¸roc pou par�getai apì tic st lec aut¸n twn pin�kwn
na perièqei tic st lec twn pin�kwn Q1, AQ1, A

2Q1, . . . , A
sQ1. H di�stash q

tou block pÐnaka den mporeÐ na xepern� to
n

2
kai o arijmìc twn epanal yewn

s eÐnai to polÔ
n

q
. Pio sugkekrimèna, isqÔoun oi anisìthtec

0 < q ≤ n

2
kai 1 < s ≤ n

q
.

Apì th deÔterh anisìthta, parathroÔme ìti ìso megalÔterh eÐnai h di�stash
tou block tìso mikrìtero eÐnai to pl joc twn epanal yewn pou ja qreiastoÔn
gia ton algìrijmo block Lanczos.

Dojèntoc enìc summetrikoÔ pÐnaka A ∈ Rn×n, mporoÔme na par�goume
ènan block tridiag¸nio, summetrikì pÐnaka Ts di�stashc qs < n, ìpou q eÐnai
h di�stash tou block kai s eÐnai o arijmìc twn epanal yewn, dhlad  o arijmìc
twn diag¸niwn block pin�kwn pou ja èqei o pÐnakac Ts. Se aut  thn perÐptwsh,
o algìrijmoc block Lanczos prokÔptei apì th sqèsh

AQ = QTs, (1.18)
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ìpou Q = [Q1 Q2 · · ·Qs] me QT
i Qj = δijIq (ìpou Iq eÐnai o tautotikìc pÐnakac

di�stashc q) kai

Ts =


Ω1 ΓT1

Γ1 Ω2
. . .

. . . . . . ΓTs−1
Γs−1 Ωs

 . (1.19)

Ta diag¸nia block Ωk eÐnai summetrikoÐ q× q pÐnakec, oi pÐnakec Γk eÐnai q× q
�nw trigwnikoÐ kai oi Qk eÐnai n× q pÐnakec, [53].

Antikajist¸ntac ton Q kai ton Ts sth sqèsh (1.18) prokÔptei

A[Q1 Q2 · · ·Qs] = [Q1 Q2 · · ·Qs]


Ω1 ΓT1

Γ1 Ω2
. . .

. . . . . . ΓTs−1
Γs−1 Ωs

 . (1.20)

SugkrÐnontac to aristerì kai to dexÐ mèloc thc sqèshc (1.20), èqoume

AQk = Qk−1Γ
T
k−1 +QkΩk +Qk+1Γk, k = 1, . . . , s− 1, (1.21)

ìpou o Γ0 orÐzetai wc o q × q mhdenikìc pÐnakac.
Pollaplasi�zontac th sqèsh (1.21) me QT

k kai lamb�nontac upìyin thn orjo-
gwniìthta twn Qi, èqoume

Ωk = QT
kAQk, k = 1, . . . , s.

Jètontac
Rk = AQk −QkΩk −Qk−1Γ

T
k−1,

parathroÔme apì th sqèsh (1.21) ìti Qk+1Γk eÐnai h QR paragontopoÐhsh
tou Rk. 'Etsi, odhgoÔmaste ston akìloujo algìrijmo block Lanczos gia
pragmatikì, summetrikì pÐnaka, [53].

Algìrijmoc: Algìrijmoc block Lanczos

EÐsodoi:
1. A ∈ Rn×n summetrikìc
2. Q1 n× q orjokanonikìc pÐnakac (QT

1Q1 = Iq)

3. s ≤ n

q
jetikìc akèraioc

'Exodoi:
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1. Q = [Q1 · · · Qs] ¸ste QT
i Qj = δijIq

2. o block tridiag¸nioc pÐnakac Ts ìpwc orÐzetai sthn (1.19)

Jèse Q0 na eÐnai n× q mhdenikìc pÐnakac.
for k = 1, 2, . . . , s− 1

Ωk = QT
kAQk

Rk = AQk −QkΩk −Qk−1Γ
T
k−1

Qk+1Γk+1 = Rk

end
Ωs = QT

s AQs

H sunolik  poluplokìthta tou algorÐjmou block Lanczos eÐnai O(4sq2n +

2sqn2 − (s− 1)
q3

3
).

1.6 Anisìthtec Kantorovich kai ropèc (mo-

ments)

'Estw A ∈ Rn×n ènac antistrèyimoc, summetrikìc pÐnakac kai x èna mh-
mhdenikì di�nusma ston Rn. JewroÔme thn akoloujÐa

ck = (x, Akx), k = 0,±1,±2, . . .

AutoÔ tou eÐdouc h akoloujÐa ja onom�zetai bajmwt  akoloujÐa rop¸n (scalar
moment sequence) [17].

Jètoume ton k × k pÐnaka

G
(i)
k =

 ci · · · ci+k−1
...

...
ci+k−1 · · · ci+2k−2


kai thn orÐzous� tou H(i)

k = detG
(i)
k .

An jèsoume xi = Aix, tìte ck = (xi,xj) gia k�je i, j tètoia ¸ste i+j = k.
Pr�gmati, èqoume

ck = (x, Akx) = xTAkx = xTAiAjx, i+ j = k

= (Aix)TAjx = xTi xj = (xi,xj).

T¸ra, jètontac Xk = [x0, · · · ,xk−1], o pÐnakac G(0)
k gr�fetai G(0)

k =
XT
k Xk kai eÐnai ènac pÐnakac Gram (Gram matrix), o opoÐoc eÐnai summetrikìc
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kai jetik� hmiorismènoc. GnwrÐzoume ìti se èna dianusmatikì q¸ro di�stashc
n up�rqoun to polÔ n grammik� anex�rthta dianÔsmata. 'Etsi, up�rqei r ≤ n
(r eÐnai h di�stash tou dianusmatikoÔ q¸rou pou par�getai apì ta dianÔsmata
xi) tètoio ¸ste

H
(0)
k =

{
> 0, k = 1, . . . , r,

= 0, k > r.

Epiplèon, o G(2i)
k eÐnai kai autìc pÐnakac Gram kai m�lista isqÔei H(2i)

k ≥ 0,
akìma kai an i < 0 afoÔ A−1 eÐnai summetrikìc, [17].

An o pÐnakac A eÐnai summetrikìc kai jetik� orismènoc, h tetragwnik  rÐza
A1/2 tou A up�rqei. 'Etsi, ìloi oi pÐnakec Gk(i) eÐnai summetrikoÐ kai jetik�

hmiorismènoi kai autì sunep�getai ìti H(i)
k ≥ 0, akìma kai an i < 0 afoÔ A−1

eÐnai summetrikìc kai jetik� orismènoc. 'Etsi èqoume to akìloujo je¸rhma,
[17].

Je¸rhma 1.27.

1. An o A eÐnai summetrikìc, tìte gia k�je i = 0,±1,±2, . . . isqÔei

c2ic2i+2 − c22i+1 ≥ 0. (1.22)

2. An o A eÐnai summetrikìc kai jetik� orismènoc, tìte gia k�je i =
0,±1,±2, . . . , isqÔei

cici+2 − c2i+1 ≥ 0 (1.23)

kai h akoloujÐa (ci+1/ci) eÐnai aÔxousa.

Apìdeixh.
Oi dÔo autèc anisìthtec apodeiknÔontai amèswc lamb�nontac upìyin ìti oi

upoorÐzousec twn pin�kwn G(2i)
k kai G(i)

k antÐstoiqa eÐnai megalÔterec   Ðsec
tou mhdenìc.
Apì thn anisìthta (1.23) prokÔptei ìti

c2i+1 ≤ cici+2 ⇒
ci+1

ci
≤ ci+2

ci+1

,

dhlad  h akoloujÐa (ci+1/ci) eÐnai aÔxousa.

Anisìthtec Kantorovich gia x ∈ Rn tuqaÐo

'Estw A ∈ Rn×n ènac summetrikìc kai jetik� orismènoc pÐnakac me mègisth
idiotim  λmax kai el�qisth idiotim  λmin. Tìte,

‖x‖42 ≥
4λminλmax

(λmin + λmax)2
(xTAx)(xTA−1x), (1.24)
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gia k�je x ∈ Rn. Aut  einai h klasik  anisìthta Kantorovich, [50].

Qrhsimopoi¸ntac tic ropèc ck = (x, Akx) tou pÐnaka A èqoume ìti

xTAx = (x, Ax) = c1,

xTA−1x = (x, A−1x) = c−1,

‖x‖22 = (x,x) = c0,

kai ètsi h klasik  anisìthta Kantorovich (1.24) gr�fetai sth morf 

c20 ≥
4λminλmax

(λmin + λmax)2
c1c−1

⇒ c20
c1c−1

≥ 4λminλmax
(λmin + λmax)2

. (1.25)

H anisìthta Kantorovich mporeÐ na genikeuteÐ, ìpwc faÐnetai sto parak�tw
je¸rhma, [17].

Je¸rhma 1.28.
An oA eÐnai summetrikìc kai jetik� orismènoc, tìte gia k�je i = 0,±1,±2, . . . ,
isqÔei

1 ≥
c2i+1

cici+2

≥ 4λminλmax
(λmin + λmax)2

, (1.26)

ìpou λmin kai λmax eÐnai h el�qisth kai h mègisth idiotim  tou pÐnaka A
antÐstoiqa.

Apìdeixh.
Lamb�nontac upìyin ìti o pÐnakac A eÐnai summetrikìc, jetik� orismènoc kai
ìti ck = (xi,xj) me i+ j = k (ìpwc katagr�fhke parap�nw) èqoume ìti

c2i+1 = (x, Ai+1x)2

= (Ai/2x, A(i+2)/2x)2, i+ 1 =
i

2
+
i+ 2

2
≤ ‖Ai/2x‖22‖A(i+2)/2x‖22, apì Cauchy-Schwarz

= (Ai/2x, Ai/2x)(A(i+2)/2x, A(i+2)/2x)

= (x, Aix)(x, Ai+2x)

= ci ci+2

⇒ 1 ≥
c2i+1

cici+2

. (1.27)
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To deÔtero mèroc thc anisìthtac (1.26) apodeiknÔetai efarmìzontac thn kla-
sik  anisìthta Kantorovich (1.25) me y =

√
Ai+1x. 'Etsi,

c0 = (y,y) = yTy = xT
√
Ai+1
√
Ai+1x = xTAi+1x = ci+1,

c1 = (y, Ay) = yTAy = xT
√
Ai+1A

√
Ai+1x = xTAi+2x = ci+2,

c−1 = (y, A−1y) = yTA−1y = xT
√
Ai+1A−1

√
Ai+1x = xTAix = ci.

'Ara,
c2i+1

cici+2

≥ 4λminλmax
(λmin + λmax)2

. (1.28)

Parat rhsh 1.9.

1. H anisìthta (1.27) eÐnai h anisìthta Cauchy-Schwarz grammènh me ro-
pèc (moments) ck.

2. GnwrÐzontac ìti o deÐkthc kat�stashc tou pÐnaka A isoÔtai me

κ(A) = ‖A‖ · ‖A−1‖ =
λmax
λmin

,

èqoume

4λminλmax
(λmin + λmax)2

=

4λminλmax
λ2min

(
λmin
λmin

+
λmax
λmin

)2
=

4κ(A)

(1 + κ(A))2
.

3. H anisìthta (1.28) me i = −1 eÐnai h klasik  anisìthta Kantorovich.

Anisìthtec Kantorovich gia monadiaÐo x

Se aut  thn upoenìthta ja doÔme th morf  pou paÐrnei h anisìthta Kan-
torovich gia summetrikoÔc kai jetik� orismènouc pÐnakec A ∈ Rn×n ìtan to
di�nusma x eÐnai monadiaÐo (‖x‖ = 1), [24].
Prin doÔme sugkekrimèna ti sumbaÐnei gia pÐnakec ja anafèroume èna je¸rhma
apì thn ergasÐa [24] pou isqÔei genik� gia telestèc se q¸rouc Hilbert, to
opoÐo ja qrhsimopoi soume gia na p�roume isodÔnamec ekfr�seic kai belti-
¸seic thc klasik c anisìthtac Kantorovich (1.25) gia x ∈ Rn, me ‖x‖ = 1.

Se autì to shmeÐo ja d¸soume k�poiouc sumbolismoÔc pou ja qreiastoÔn
gia thn diatÔpwsh autoÔ tou jewr matoc.
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• K(A;x) := (Ax, x)(A−1x, x), gia k�je x ∈ H me ‖x‖ = 1.

• Gia touc pragmatikoÔc (  touc migadikoÔc) arijmoÔc α, β kai gia to
grammikì kai fragmèno telest  A ja prosdiorÐsoume ton metasqhmati-
smì

Cα,β(A) := (A∗ − αI)(βI − A),

ìpou A∗ eÐnai o suzug c telest c tou A.

Je¸rhma 1.29.
'Estw A ènac autosuzug c telest c sto q¸ro Hilbert H kai M > m > 0
tètoia ¸ste mI ≤ A ≤ MI wc proc th merik  di�taxh telest¸n sto B(H).
Tìte

0 ≤ K(A;x)− 1

≤



1

4

(M −m)2

mM
− [Re(Cm,M(A)x, x)Re(C 1

m
, 1
M

(A−1)x, x)]1/2

1

4

(M −m)2

mM
− |((A− m+M

2
I)x, x)| · |((A−1 − m+M

2mM
I)x, x)|

1

4

(M −m)2

mM
(Ax, x)(A−1x, x)

(
√
M −

√
m)2√

mM
[(Ax, x)(A−1x, x)]1/2

1

4

(M −m)2√
mM(m+M)

[(‖Ax‖+ (Ax, x))(‖A−1x‖+ (A−1x, x))]1/2

gia k�je x ∈ H me ‖x‖ = 1, [24].

T¸ra ja doÔme ti sumbaÐnei gia summetrikoÔc kai jetik� orismènouc pÐna-
kec A ∈ Rn×n.

'Estw A ∈ Rn×n ènac summetrikìc kai jetik� orismènoc pÐnakac me mègisth
idiotim  λmax, el�qisth idiotim  λmin kai èna di�nusma x ∈ Rn me ‖x‖ = 1.
Tìte, h klasik  anisìthta Kantorovich (1.25) gr�fetai sth morf 

1

c1c−1
≥ 4λminλmax

(λmin + λmax)2
⇒ c1c−1 ≤

(λmin + λmax)
2

4λminλmax
,

kaj¸c c0 = (x,x) = ‖x‖2 = 1.

ExeidikeÔontac tic anisìthtec Kantorovich pou isqÔoun gia grammikoÔc
kai fragmènouc telestèc se q¸ro Hilbert ìpwc faÐnontai sto Je¸rhma 1.29,
èqoume ta akìlouja
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• o telest c A eÐnai ènac summetrikìc kai jetik� orismènoc pÐnakac,

• m = λmin h el�qisth idiotim  tou pÐnaka A,

• M = λmax h mègisth idiotim  tou pÐnaka A.

T¸ra, oi anisìthtec tou Jewr matoc 1.29 mporoÔn na grafoÔn se mÐa pio
eidik  morf  lamb�nontac upìyin tic treic parap�nw exeidikeÔseic.

Pio sugkekrimèna, h deÔterh kat� seir� anisìthta tou Jewr matoc 1.29,
h opoÐa eÐnai beltÐwsh thc klasik c anisìthtac Kantorovich (kai gia autì ja
anaferjoÔme se aut ), mporeÐ na grafeÐ se morf  h opoÐa perièqei tic ropèc
c−1, c1, thn el�qisth λmin kai th mègisth λmax idiotim  tou pÐnaka A. H morf 
aut  eÐnai

c1c−1 ≤
(λmax + λmin)2

4λminλmax
−
∣∣∣∣c1 − λmin + λmax

2

∣∣∣∣ · ∣∣∣∣c−1 − λmin + λmax
2λminλmax

∣∣∣∣ . (1.29)
Apìdeixh.
H deÔterh kat� seir� anisìthta tou Jewr matoc 1.29 eÐnai h ex c

K(A;x)− 1 ≤ 1

4

(M −m)2

mM
− |((A− m+M

2
I)x,x)| · |((A−1 − m+M

2mM
I)x,x)|

⇒ K(A;x) ≤ (M +m)2

4mM
− |((A− m+M

2
I)x,x)| · |((A−1 − m+M

2mM
I)x,x)|

⇒ K(A;x) ≤ (M +m)2

4mM
− |(Ax− m+M

2
x,x)| · |(A−1x− m+M

2mM
x,x)|

⇒ K(A;x) ≤ (M +m)2

4mM
− |(Ax,x)− m+M

2
(x,x)| · |(A−1x,x)− m+M

2mM
(x,x)|

⇒ K(A;x) ≤ (M +m)2

4mM
−
∣∣∣∣c1 − m+M

2

∣∣∣∣ · ∣∣∣∣c−1 − m+M

2mM

∣∣∣∣ , afoÔ (x,x) = ‖x‖2 = 1

⇒ c1c−1 ≤ (M +m)2

4mM
−
∣∣∣∣c1 − m+M

2

∣∣∣∣ · ∣∣∣∣c−1 − m+M

2mM

∣∣∣∣ .
Lamb�nontac upìyin ìti m = λmin h el�qisth idiotim  tou pÐnaka A kai M =
λmax h mègisth idiotim  tou pÐnaka A h parap�nw anisìthta gr�fetai wc ex c

c1c−1 ≤
(λmax + λmin)2

4λminλmax
−
∣∣∣∣c1 − λmin + λmax

2

∣∣∣∣ · ∣∣∣∣c−1 − λmin + λmax
2λminλmax

∣∣∣∣ .
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H anisìthta (1.29) mporeÐ na grafeÐ se genikìterh morf , h opoÐa perièqei
tic ropèc ci, ci+2 kai aut  eÐnai h akìloujh

ci+2ci ≤
(λmax + λmin)2

4λminλmax
−
∣∣∣∣ci+2 −

λmin + λmax
2

∣∣∣∣ · ∣∣∣∣ci − λmin + λmax
2λminλmax

∣∣∣∣ . (1.30)
Apìdeixh.
H anisìthta (1.30) prokÔptei apì thn anisìthta (1.29) qrhsimopoi¸ntac to
metasqhmatismì y =

√
Ai+1x akrib¸c me ton Ðdio trìpo ìpwc sthn apìdeixh

tou Jewr matoc 1.28.

Parat rhsh 1.10.
H anisìthta Kantorovich (1.28) gia monadiaÐo di�nusma x gÐnetai wc ex c

1

cici+2

≥ 4λminλmax
(λmin + λmax)2

⇒ cici+2 ≤
(λmin + λmax)

2

4λminλmax
.

'Etsi, parathroÔme ìti h anisìthta (1.30) eÐnai beltÐwsh thc anisìthtac (1.28)
pou isqÔei gia opoiod pote di�nusma x ∈ Rn.

1.7 PÐnakec eidik¸n morf¸n

Se aut  thn enìthta, ja perigr�youme k�poiouc pÐnakec oi opoÐoi ja mac qreia-
stoÔn sta arijmhtik� paradeÐgmata twn epìmenwn kefalaÐwn. Sugkekrimèna,
oi dÔo pr¸toi pÐnakec pou ja perigr�youme, o pÐnakac Poisson kai o pÐnakac
Heat flow, prokÔptoun apì th diakritopoÐhsh exis¸sewn. Oi dÔo teleutaÐoi
pÐnakec pou perigr�foume phg�zoun apì probl mata thc Statistik c.

PÐnakac Poisson

O pÐnakac Poisson di�stashc p eÐnai summetrikìc, jetik� orismènoc, block tri-
diag¸nioc kai araiìc (sparse). O pÐnakac autìc proèrqetai apì thn prosèggish
peperasmènwn diafor¸n pènte shmeÐwn thc exÐswshc Poisson se èna monadiaÐo
tetr�gwno enìc m×m plègmatoc, m =

√
p, [38]. O pÐnakac Poisson eÐnai thc

morf c

A =


Tm −Im
−Im Tm −Im

. . . . . . . . .
−Im Tm −Im

−Im Tm

 ,
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ìpou Im eÐnai o tautotikìc pÐnakac di�stashc m kai k�je block Tm di�stashc
m dÐnetai apì

Tm =


4 −1
−1 4 −1

. . . . . . . . .
−1 4 −1

−1 4

 .
O pÐnakac autìc mporeÐ na brejeÐ sth MATLAB gallery, [68]. Oi idiotimèc tou
pÐnaka Poisson eÐnai gnwstèc kai dÐnontai apì ton tÔpo pou katagr�foume sto
akìloujo l mma.

L mma 1.2.
Oi idiotimèc tou pÐnaka Poisson di�stashc p = m2 eÐnai

λk,j = 4 + 2cos

(
kπ

m+ 1

)
+ 2cos

(
jπ

m+ 1

)
, k, j = 1, . . . ,m.

Apìdeixh.
O pÐnakac Poisson mporeÐ na ekfrasteÐ wc to akìloujo �jroisma Kronecker

A = T̂m ⊗ Im + Im ⊗ T̂m,

ìpou o pÐnakac T̂m di�stashc m isoÔtai me

T̂m =


2 −1
−1 2 −1

. . . . . . . . .
−1 2 −1

−1 2

 .

Oi idiotimèc tou tridiag¸niou pÐnaka T̂m dÐnontai apì ton tÔpo, [60, sel. 59],

λk = 2 + 2cos

(
kπ

m+ 1

)
, k = 1, 2, . . . ,m.

'Estw uk ta idiodianÔsmata tou T̂m pou antistoiqoÔn stic idiotimèc λk. Tìte
T̂muk = λkuk, k = 1, 2, . . . ,m.
Profan¸c gia ton tautotikì pÐnaka Im isqÔei Imej = ej, j = 1, 2, . . . ,m.
Epomènwc, lamb�nontac upìyin tic idiìthtec tou ginomènou Kronecker èqoume

(T̂m ⊗ Im)(uk ⊗ ej) = (T̂muk)⊗ (Imej) = (λkuk)⊗ (ej) = λk(uk ⊗ ej).
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OmoÐwc, (Im ⊗ T̂m)(uk ⊗ ej) = λj(uk ⊗ ej).
AjroÐzontac tic dÔo parap�nw sqèseic èqoume

(T̂m ⊗ Im + Im ⊗ T̂m)(uk ⊗ ej) = (λk + λj)(uk ⊗ ej).

'Ara, oi idiotimèc tou pÐnaka Poisson A = T̂m ⊗ Im + Im ⊗ T̂m eÐnai

λk,j = 4 + 2cos

(
kπ

m+ 1

)
+ 2cos

(
jπ

m+ 1

)
, k, j = 1, . . . ,m.

Parat rhsh 1.11.
O deÐkthc kat�stashc tou pÐnaka Poisson A isoÔtai me

κ(A) =

∣∣∣∣λmaxλmin

∣∣∣∣ =
λ1,1
λm,m

=

1 + cos

(
π

m+ 1

)
1 + cos

(
mπ

m+ 1

) ,
kai ìpwc parathroÔme h tim  tou exart�tai apì th di�stash tou pÐnaka.

PÐnakac Heat flow

O pÐnakac Heat flow di�stashc p eÐnai summetrikìc, block tridiag¸nioc kai
araiìc. O pÐnakac autìc prokÔptei apì th diakritopoÐhsh tou grammikoÔ pro-
bl matoc ro c jermìthtac (heat flow) qrhsimopoi¸ntac mÐa apl  peplegmènh
(implicit) mèjodo peperasmènwn diafor¸n. O pÐnakac suntelest¸n A pou
prokÔptei apì to grammikì sÔsthma exis¸sewn eÐnai ènac m2 ×m2 block tri-
diag¸nioc pÐnakac thc morf c

A =


D C
C D C

. . . . . . . . .
C D C

C D

 ,

ìpou C eÐnai ènac m×m diag¸nioc pÐnakac

C = diag
[
−u, −u, · · · , −u

]
,
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D eÐnai ènac m×m tridiag¸nioc pÐnakac o opoÐoc dÐnetai apì

D =


1 + 4u −u
−u 1 + 4u −u

. . . . . . . . .
−u 1 + 4u −u

−u 1 + 4u

 ,

kai u =
∆t

h2
, ∆t eÐnai to qronikì di�sthma kai h eÐnai to b ma diamèrishc tou

diast matoc. O pÐnakac A eÐnai summetrikìc kai jetik� orismènoc gia u > 0,
[4]. Sto akìloujo l mma, katagr�foume tic idiotimèc tou pÐnaka Heat flow.

L mma 1.3.
Oi idiotimèc tou pÐnaka Heat flow di�stashc p = m2 eÐnai

λk,j = 1 + 4u+ 2|u| cos
(

kπ

m+ 1

)
− 2u cos

(
jπ

m+ 1

)
, k, j = 1, . . . ,m.

Apìdeixh.
Ekfr�zoume ton pÐnaka Heat flow wc

A = D ⊗ Im + C ⊗M,

ìpou M eÐnai o tridiag¸nioc pÐnakac

M =


0 1
1 0 1

. . . . . . . . .
1 0 1

1 0

 .

Oi idiotimèc µj tou pÐnakaM eÐnai µj = 2cos

(
jπ

m+ 1

)
, j = 1, . . . ,m kai oi i-

diotimèc λk tou tridiag¸niou pÐnakaD eÐnai λk = 1+4u+2|u| cos
(

kπ

m+ 1

)
, k =

1, . . . ,m, [60, sel. 59]. Profan¸c o diag¸nioc pÐnakac C èqei idiotim  to −u.
Akolouj¸ntac th diadikasÐa pou qrhsimopoi same sthn apìdeixh tou L mma-
toc 1.2 gia tic idiotimèc tou pÐnaka Poisson mporoÔme na apodeÐxoume ìti oi
idiotimèc tou pÐnaka Heat flow dÐnontai apì ton tÔpo

λk,j = 1 + 4u+ 2|u| cos
(

kπ

m+ 1

)
− 2u cos

(
jπ

m+ 1

)
, k, j = 1, . . . ,m.

Parat rhsh 1.12.
O pÐnakac Heat flow eÐnai kal c kat�stashc gia jetikèc timèc tou u.
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PÐnakac KMS

O pÐnakac Kac-Murdock-Szegö (KMS) A di�stashc p eÐnai summetrikìc, je-
tik� orismènoc kai Toeplitz. Ta stoiqeÐa autoÔ tou pÐnaka dÐnontai apì ton
tÔpo

Aij = r|i−j|, i, j = 1, 2, . . . , p,

gia 0 < r < 1. 'Opwc mporoÔme na parathr soume ìla ta diag¸nia stoiqeÐa
tou A eÐnai Ðsa me to 1. O pÐnakac autìc up�rqei sth MATLAB gallery kai
ton kaloÔme me thn entol  A = gallery(′kms′, p, r), [68].

Oi idiotimèc tou pÐnaka KMS, ìpwc autèc perigr�fontai sthn ergasÐa [65],
dÐnontai sto akìloujo l mma.

L mma 1.4.
Oi idiotimèc λ1 < λ2 < · · · < λp tou pÐnaka KMS dÐnontai apì ton tÔpo

λj =
1− r2

1− 2r cos θj + r2
, j = 1, 2, . . . , p,

ìpou θ1, θ2, . . . , θp eÐnai oi rÐzec thc sun�rthshc

G(θ) = sin(p+ 1)θ − 2r sin pθ + r2 sin(p− 1)θ.

Oi rÐzec θj ikanopoioÔn thn anisìthta

(j − 1)π

p+ 1
< θj <

jπ

p+ 1
, j = 1, 2, . . . , p.

EpÐshc, èqei apodeiqjeÐ ìti o antÐstrofoc tou pÐnaka KMS eÐnai summetri-
kìc, tridiag¸nioc kai dÐnetai apì ton tÔpo

A−1 =
1

1− r2



1 −r
−r 1 + r2 −r

−r 1 + r2 −r
. . . . . . . . .
−r 1 + r2 −r

−r 1


. (1.31)

Parat rhsh 1.13.
O deÐkthc kat�stashc tou pÐnaka KMS proseggÐzetai apì, [66],

κ(A) =

∣∣∣∣λmaxλmin

∣∣∣∣ =
λp
λ1
'
(

1 + r

1− r

)2

, gia meg�lec timèc tou p. (1.32)
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PÐnakac sundiakÔmanshc (Model covariance matrix)

O pÐnakac sundiakÔmanshc (covariance matrix) A di�stashc p eÐnai summe-

trikìc, jetik� orismènoc thc morf c A =
1

m
XTX, ìpou X ∈ Rm×p eÐnai

o pÐnakac dedomènwn (data matrix) oi st lec tou opoÐou èqoun kentraristeÐ
¸ste na èqoun mèsh tim  mhdèn. O pÐnakac sundiakÔmanshc apokalÔptei peri-
jwriakèc susqetÐseic metaxÔ twn metablht¸n, en¸ o antÐstrofoc tou pÐnaka
sundiakÔmanshc, o opoÐoc kaleÐtai pÐnakac akrÐbeiac (precision matrix), ana-
parist� tic upì sunj kh susqetÐseic metaxÔ dÔo metablht¸n dedomènwn twn
upìloipwn metablht¸n, [26].

Ta stoiqeÐa tou pÐnaka sundiakÔmanshc prosomoi¸nontai apì

Aij =

 1 + iα, i = j
1

|i− j|β
, i 6= j

, i = 1, 2, . . . , p,

ìpou α, β ∈ R kai β ≥ 1, [7]. Ta mh-diag¸nia stoiqeÐa autoÔ tou pÐnaka emfa-
nÐzoun fjÐnousa sumperifor� ìso apomakrÔnontai apì thn kÔria diag¸nio, h
opoÐa prosomoi¸nei th fjÐnousa susqètish twn deigm�twn dedomènwn uyhl¸n
diast�sewn sthn an�lush pin�kwn sundiakÔmanshc, blèpe [52, 63] kai tic a-
ntÐstoiqec bibliografikèc anaforèc pou katagr�fontai se autèc tic ergasÐec.
Ja sumbolÐzoume autìn ton pÐnaka me A = covariance(p, α, β).

O pÐnakac sundiakÔmanshc A mporeÐ na grafeÐ san �jroisma enìc summe-
trikoÔ pÐnaka Toeplitz T kai enìc diag¸niou pÐnaka D. Pr�gmati, isqÔei

A =


1 + 1 1 1

2β
· · · 1

(p−1)β

1 1 + 2α 1 · · · 1
(p−2)β

1
2β

1 1 + 3α · · · 1
(p−3)β

...
...

. . . . . .
...

1
(p−1)β · · · · · · 1 1 + pα



=


1 1 1

2β
· · · 1

(p−1)β

1 1 1 · · · 1
(p−2)β

1
2β

1 1 · · · 1
(p−3)β

...
...

. . . . . .
...

1
(p−1)β · · · · · · 1 1

+


1 0 · · · · · · 0
0 2α 0 · · · 0
0 0 3α · · · 0
...

...
. . . . . .

...
0 · · · · · · 0 pα


= T +D.

An upojèsoume ìti o pÐnakac T èqei idiotimèc tic t1 ≤ t2 ≤ · · · ≤ tp, tìte oi
idiotimèc λ1 ≤ λ2 ≤ · · · ≤ λp tou pÐnaka sundiakÔmanshc ja ikanopoioÔn thn
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anisìthta, sÔmfwna me to Je¸rhma tou Weyl, [50, sel. 181],

tk + 1 ≤ λk ≤ tk + pα, k = 1, 2, . . . , p, gia α ≥ 0,

tk + pα ≤ λk ≤ tk + 1, k = 1, 2, . . . , p, gia α < 0.

Sqetik� me tic idiotimèc twn summetrik¸n Toeplitz pin�kwn, up�rqoun pollèc
ergasÐec sth diejn  bibliografÐa pou melèthsan trìpouc ektÐmhshc kai upo-
logismoÔ twn idiotim¸n aut¸n. Endeiktik� anafèroume tic ergasÐec [12, 59,
65, 66].

Parat rhsh 1.14.
O deÐkthc kat�stashc tou pÐnaka sundiakÔmanshc exart�tai apì tic timèc twn
paramètrwn α, β kaj¸c epÐshc kai apì th di�stas  tou p. Eidikìtera, arijmh-
tik� èqoume parathr sei ìti o deÐkthc kat�stashc eÐnai mÐa aÔxousa sun�rthsh
tou p gia mh-arnhtikèc timèc tou α. EpÐshc, o deÐkthc kat�stashc ephre�zetai
kurÐwc apì thn tim  thc paramètrou α, ìqi idiaÐtera apì thn tim  tou β, kai
aux�netai shmantik� gia meg�lec timèc tou α.

PÐnakac sqediasmoÔ me susqetismènec st lec

JewroÔme ton pÐnaka sqediasmoÔ (design matrix)

X =
[
x1 x2 · · · xd

]
=

 x11 . . . x1d
...

. . .
...

xn1 . . . xnd

 ∈ Rn×d,

o opoÐoc emfanÐzetai sto grammikì montèlo palindrìmhshc (linear regression
model).

Oi st lec tou pÐnaka X, xi, i = 1, . . . , d eÐnai oi par�gontec (covariates)
tou probl matoc. Upojètoume ìti oi par�gontec xi eÐnai omoiìmorfa katane-
mhmènoi wc N(0, σ2In) kai èqoun susqètish r = cor(xi,xj), an i 6= j, gia èna
dosmèno r > 0. Se perÐptwsh pou up�rqei kai stajerìc ìroc sto montèlo, o
antÐstoiqoc pÐnakac sqediasmoÔ X̃ eÐnai

X̃ =
[

1 X
]

=

 1 x11 . . . x1d
...

...
. . .

...
1 xn1 . . . xnd

 ∈ Rn×(d+1).

Sto akìloujo l mma, upologÐzoume to f�sma tou pÐnaka X̃T X̃ ∈ R(d+1)×(d+1).
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L mma 1.5.
'Estw o pÐnakac sqediasmoÔ X ∈ Rn×d tou opoÐou oi st lec akoloujoÔn thn
kanonik  katanom  N(0, σ2In). O pÐnakac X̃T X̃ ∈ R(d+1)×(d+1) èqei mÐa idioti-
m  λ0 = n me antÐstoiqo idiodi�nusma e1. Oi upìloipec idiotimèc tou eÐnai λ1 =
(n−1)σ2(1−r) me algebrik  pollaplìthta d−1 kai λ2 = (n−1)σ2[(d−1)r+1]
me algebrik  pollaplìthta 1.

Apìdeixh.
Arqik� upologÐzoume ton pÐnaka X̃T X̃, o opoÐoc isoÔtai me

X̃T X̃ =


1 . . . 1
x11 . . . xn1
...

. . .
...

x1d . . . xnd


 1 x11 . . . x1d

...
...

. . .
...

1 xn1 . . . xnd



=



n∑
j=1

1
n∑
j=1

xj1 . . .
n∑
j=1

xjd

n∑
j=1

xj1

... XTX
n∑
j=1

xjd


=


n 0 . . . 0
0
... XTX
0

 ,

afoÔ
n∑
j=1

xji = 0, ∀ i = 1, . . . , d, (mhdenik  mèsh tim ) exaitÐac thc kataskeu c

tou pÐnaka X sÔmfwna me thn kanonik  katanom .
'Ara, o pÐnakac X̃T X̃ èqei mÐa idiotim  Ðsh me n me antÐstoiqo idiodi�nusma e1.
Epiplèon, mporoÔme na ekfr�soume th diakÔmansh σ2 k�je par�gonta xi =[
x1i x2i · · · xni

]T
me th qr sh dianusmatik¸n norm¸n wc akoloÔjwc

σ2 =
1

n− 1

n∑
j=1

(xji − x̄i)2 =
1

n− 1
‖xi − x̄i‖2,

ìpou x̄i dhl¸nei th mèsh tim  tou par�gonta xi.

AfoÔ h mèsh tim  k�je par�gonta eÐnai mhdèn, èqoume

σ2 =
1

n− 1
‖xi‖2

⇒ ‖xi‖2 = (n− 1)σ2, ∀ i = 1, . . . , d. (1.33)
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O upopÐnakac XTX tou X̃T X̃ mporeÐ na grafeÐ wc

XTX =


‖x1‖2 r‖x1‖‖x2‖ . . . r‖x1‖‖xd‖

r‖x1‖‖x2‖ ‖x2‖2 . . . r‖x2‖‖xd‖
...

...
. . .

...
r‖xd‖‖x1‖ r‖xd‖‖x2‖ . . . ‖xd‖2


(1.33)
=


(n− 1)σ2 r(n− 1)σ2 . . . r(n− 1)σ2

r(n− 1)σ2 (n− 1)σ2 . . . r(n− 1)σ2

...
...

. . .
...

r(n− 1)σ2 r(n− 1)σ2 . . . (n− 1)σ2



= (n− 1)σ2


1 r . . . r
r 1 . . . r
...

...
. . .

...
r r . . . 1

 = (n− 1)σ2 [(1− r)I + rJ ] ,

ìpou J eÐnai o d× d pÐnakac me ìla tou ta stoiqeÐa Ðsa me 1. Oi idiotimèc tou
pÐnaka XTX eÐnai λ1 = (n− 1)σ2(1− r) me algebrik  pollaplìthta d− 1 kai
λ2 = (n− 1)σ2[(d− 1)r + 1] me algebrik  pollaplìthta 1.

'Opwc perigr�foume sthn Enìthta 6.3 pou afor� sto grammikì montèlo
palindrìmhshc kai sthn ektÐmhsh thc rujmistik c paramètrou µ > 0 emfa-
nÐzetai o pÐnakac B = X̃X̃T + µIn gia ton opoÐo qreiazìmaste to Ðqnoc tou
B−1. Jewr¸ntac loipìn thn paragontopoÐhsh idiazous¸n tim¸n tou pÐnaka
X̃ = UΣV T èqoume ìti

X̃X̃T = UΣΣTUT kai X̃T X̃ = V ΣTΣV T .

Opìte oi d pr¸tec idiotimèc tou pÐnaka X̃X̃T eÐnai oi idiotimèc tou X̃T X̃ kai
oi upìloipec n− d eÐnai mhdèn. 'Ara, to Ðqnoc tou pÐnaka B−1 dÐnetai apì

Tr(B−1) =
1

λ0 + µ
+

1

λ1 + µ
+

d− 1

λ2 + µ
+
n− d
µ

. (1.34)

Parat rhsh 1.15.

O deÐkthc kat�stashc tou pÐnaka sqediasmoÔ X eÐnai κ(X) =
σmax(X)

σmin(X)
=√

λmax(X
TX)

λmin(XTX)
=

√
λ2
λ1

=

√
(d− 1)r + 1

1− r
.
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Kef�laio 2

EktÐmhsh thc digrammik c
morf c xTA−1y

Se autì to kef�laio ja anafèroume trìpo ektÐmhshc kai eÔreshc fragm�twn
gia th digrammik  morf  xTA−1y orÐzontac kat�llhla tic ropèc (moments)
enìc dosmènou pÐnaka. Sugkekrimèna, ja par�goume parametrikèc oikogèneiec
ektim sewn gia th digrammik  morf  xTA−1y gia k�je antistrèyimo pÐnaka
A qrhsimopoi¸ntac mÐa mèjodo parekbol c (extrapolation). H mèjodoc thc
parekbol c èqei qrhsimopoihjeÐ sth diejn  bibliografÐa kai eidikìtera sthn
ergasÐa [14] gia thn prosèggish thc nìrmac tou sf�lmatoc sth lÔsh grammi-
k¸n susthm�twn kai stic ergasÐec [18, 19] sthn epÐlush susthm�twn kak c
kat�stashc kai se probl mata elaqÐstwn tetrag¸nwn, antÐstoiqa. EpÐshc,
stic ergasÐec [15, 16] anaptÔqjhke mÐa mèjodoc parekbol c gia thn ektÐmhsh
tou Ðqnouc dun�mewn autosuzug¸n telest¸n kai tou antistrìfou enìc gram-
mikoÔ telest  se èna q¸ro Hilbert, antistoÐqwc. 'Opwc ja doÔme parak�tw,
qrhsimopoi¸ntac thn anisìthta Kantorovich grammènh se morf  pou perièqei
ropèc mporoÔme na p�roume fr�gmata gia ta stoiqeÐa tou antistrìfou enìc
pÐnaka [15]. Qrhsimopoi¸ntac thn paragontopoÐhsh idiazous¸n tim¸n (SVD)
kai parembol  prokÔptoun ektim seic gia ta stoiqeÐa tou A−1 kai en gènei gia
th digrammik  morf  xTA−1y. Ta apotelèsmata pou parousi�zontai se autì
to kef�laio eÐnai mèroc thc ergasÐac [34].

2.1 Ektim seic gia k�je antistrèyimo pÐna-
ka A

Se aut  thn enìthta, ja analÔsoume mÐa mèjodo parekbol c gia thn ektÐmh-
sh thc digrammik c morf c xTA−1y gia opoiond pote antistrèyimo pÐnaka
A ∈ Rp×p kai x,y ∈ Rp dosmèna dianÔsmata. Sugkekrimèna, qrhsimopoi-
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¸ntac thn paragontopoÐhsh idiazous¸n tim¸n (singular value decomposition)
kai parekb�llontac tic ropèc tou pÐnaka A sto shmeÐo −1 dhmiourgoÔntai
oikogèneiec ektim sewn gia th zhtoÔmenh digrammik  morf .

Arqik�, ja ektim soume thn tetragwnik  morf  (quadratic form) tou tÔpou
xTA−1x. H digrammik  morf  xTA−1y mporeÐ na grafeÐ me th bo jeia tetra-
gwnik¸n morf¸n qrhsimopoi¸ntac thn polik  tautìthta (polarization iden-
tity). Eidikìtera, jètontac u = ATy h digrammik  morf  gr�fetai wc xTA−1y =
xT (ATA)−1u kai mèsw thc polik c tautìthtac ekfr�zetai wc

xT (ATA)−1u =
1

4

(
wT (ATA)−1w − zT (ATA)−1z

)
, (2.1)

ìpou w = x+ u kai z = x− u.

Ac arqÐsoume na perigr�foume analutik� th diadikasÐa ektÐmhshc tetra-
gwnik¸n morf¸n h opoÐa mac odhgeÐ sth dhmiourgÐa parametrik¸n oikogenei¸n
ektim sewn enìc kai dÔo ìrwn.

2.1.1 An�lush idiazous¸n tim¸n kai ropèc

Lamb�nontac upìyin thn paragontopoÐhsh idiazous¸n tim¸n (SVD) tou do-
smènou pÐnaka A ∈ Rp×p h opoÐa dÐnetai apì th sqèsh (1.8) kai jewr¸ntac
èna di�nusma x ∈ Rp, mporoÔme na ekfr�soume ta akìlouja ginìmena se morf 
ajroism�twn wc ex c

Ax =

p∑
i=1

σi(vi,x)ui, ATx =

p∑
i=1

σi(ui,x)vi,

A−1x =

p∑
i=1

σ−1i (ui,x)vi.

OrÐzoume tic ropèc tou pÐnaka A wc akoloÔjwc

c2n(x) = (x, (ATA)nx), c2n+1(x) = (x, A(ATA)nx), n ≥ 0,
c2n(x) = (x, (AAT )nx), c2n+1(x) = (x, AT (AAT )nx), n ≤ 0.

Jètontac ai = (x,vi) kai bi = (x,ui), èpetai ìti

c0(x) = (x,x) = (V Tx, V Tx) =

p∑
i=1

(x,vi)
2 =

p∑
i=1

a2i

= (UTx, UTx) =

p∑
i=1

(x,ui)
2 =

p∑
i=1

b2i ,
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c1(x) = (x, Ax) =

p∑
i=1

σi(x,vi)(x,ui) =

p∑
i=1

σiaibi,

c2(x) = (x, ATAx) = (Ax, Ax) =

p∑
i=1

σ2
i (x,vi)

2 =

p∑
i=1

σ2
i a

2
i ,

kai ètsi h rop  c−1(x) ekfr�zetai wc to �jroisma

(x, A−1x) =

p∑
i=1

σ−1i (x,vi)(x,ui) =

p∑
i=1

σ−1i aibi. (2.2)

Genik�, oi ropèc tou pÐnaka A ∈ Rp×p mporoÔn na ekfrastoÔn wc ta akìlouja
ajroÐsmata

c2n(x) =

p∑
i=1

σ2n
i (x,vi)

2 =

p∑
i=1

σ2n
i a

2
i , n ≥ 0,

c2n(x) =

p∑
i=1

σ2n
i (x,ui)

2 =

p∑
i=1

σ2n
i b

2
i , n ≤ 0,

c2n+1(x) =

p∑
i=1

σ2n+1
i (x,vi)(x,ui) =

p∑
i=1

σ2n+1
i aibi.

Oi idi�zousec timèc σi tou pÐnaka A kaj¸c kai ta eswterik� ginìmena ai kai
bi den eÐnai sun jwc gnwst�. Wstìso, h tetragwnik  rop 

c−1(x) = (x, AT (AAT )−1x) = (x, A−1x),

mporeÐ na ektimhjeÐ qrhsimopoi¸ntac th mèjodo thc parekbol c kai sugkekri-
mèna lÔnontac èna sÔsthma pou perièqei wc sunj kec parembol c (interpola-
tion conditions) k�poiec ropèc gia n ≥ 0.

Sumbolismìc 2.1.
Q�rin aplìthtac tou sumbolismoÔ, se ìsa akoloujoÔn se autì to kef�laio ja
gr�foume cn antÐ gia cn(x).

Sth sunèqeia, par�goume parametrikèc oikogèneiec ektim sewn gia thn te-
tragwnik  morf  xTA−1x. Sugkekrimèna, krat¸ntac ènan   dÔo ìrouc sta
parap�nw ajroÐsmata pou èqoun grafeÐ oi ropèc ja paraqjoÔn oi ektim seic
enìc   dÔo ìrwn antÐstoiqa. Upojètoume ìti ìloi oi paronomastèc pou ja
emfanistoÔn stic paraqjeÐsec ektim seic den eÐnai mhdèn.
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2.1.2 Ektim seic enìc ìrou (One-term estimates)

H tetragwnik  rop  c−1 = xTA−1x mporeÐ na ektimhjeÐ krat¸ntac ènan mìno
ìro apì to �jroisma (2.2), dhlad 

c−1 = (x, A−1x) ' αβs−1,

ìpou oi �gnwstoi α, β kai s prosdiorÐzontai lÔnontac to sÔsthma pou pro-
kÔptei apì tic akìloujec sunj kec parembol c,

c0 = α2 = β2,

c1 = αβs,

c2 = α2s2.

(2.3)

To parap�nw mh-grammikì sÔsthma den èqei monadik  lÔsh. Sto akìloujo
l mma dÐnetai h genik  morf  tou s pou ikanopoieÐ to sÔsthma twn sunjhk¸n
parembol c (2.3).

L mma 2.1.
H genik  morf  tou s pou ikanopoieÐ to sÔsthma (2.3) eÐnai

|s| = |c−ν/2−10 cν+1
1 c

−ν/2
2 |, ν ∈ R.

Apìdeixh.
LÔnontac to mh-grammikì sÔsthma (2.3) prokÔptoun di�forec lÔseic gia to s
oi opoÐec mporoÔn na grafoÔn ston akìloujo sumpag  tÔpo

|s| = |c−i/2−10 ci+1
1 c

−i/2
2 |, i = 0,−1,−2.

Upojètontac ìti α2 = β2 = c0, mporoÔme na epekteÐnoume autìn ton tÔpo gia
opoiond pote pragmatikì arijmì ν, kaj¸c isqÔei

|c−ν/2−10 cν+1
1 c

−ν/2
2 | = |(β2)−ν/2−1(sαβ)ν+1(s2α2)−ν/2| = |s|.

Prìtash 2.1.
'Estw A ∈ Rp×p ènac antistrèyimoc pÐnakac kai x ∈ Rp èna mh-mhdenikì
di�nusma. MÐa oikogèneia ektim sewn enìc ìrou gia thn tetragwnik  morf 
xTA−1x dÐnetai apì ton tÔpo

eν = cν+2
0 c−2ν−11 cν2, ν ∈ R. (2.4)
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Apìdeixh.
Antikajist¸ntac to |s| tou L mmatoc 2.1 sth sqèsh c−1 ' s−2c1 prokÔptei h
zhtoÔmenh oikogèneia ektim sewn gia thn tetragwnik  morf  xTA−1x.

Parat rhsh 2.1.
Sthn perÐptwsh pou h rop  c1 mhdenÐzetai mporoÔme na epilèxoume ν = −1/2
kai ètsi apofeÔgoume th diaÐresh me to mhdèn.

Prìtash 2.2.
H oikogèneia ektim sewn enìc ìrou (2.4) ikanopoieÐ tic sqèseic

eν = ρν e0, eν = ρ eν−1, ìpou e0 =
c20
c1
, ρ =

c0c2
c21
≥ 1, ν ∈ R. (2.5)

An c1 > 0 h oikogèneia ektim sewn eν eÐnai mÐa aÔxousa sun�rthsh tou ν en¸
an c1 < 0 tìte eÐnai fjÐnousa.

Apìdeixh.
Jètontac ρ = c0c2/c

2
1, èqoume

eν = cν+2
0 c−2ν−11 cν2 =

(
c0c2
c21

)ν
c20
c1

= ρν e0.

EpÐshc, eν = ρνe0 = ρ (ρν−1 e0) = ρ eν−1.
Efarmìzontac thn anisìthta Cauchy-Schwarz èqoume (x, Ax)2 ≤ (x,x)(Ax, Ax).
Opìte isqÔei ìti

c21 ≤ c0 c2 ⇒ ρ = c0c2/c
2
1 ≥ 1.

Sthn perÐptwsh pou isqÔei c1 > 0, dhlad  e0 =
c20
c1
> 0, tìte eν = ρ eν−1 ≥

eν−1, gia k�je ν ∈ R kai ètsi h eν eÐnai aÔxousa sun�rthsh tou ν.
En¸ an c1 < 0 tìte eν = ρ eν−1 ≤ eν−1, afoÔ eν eÐnai arnhtikì gia k�je
ν ∈ R, dhlad  h eν eÐnai fjÐnousa sun�rthsh tou ν.

H oikogèneia ektim sewn enìc ìrou (2.4) exart�tai apì mÐa par�metro ν.
H jewrhtik  tim  aut c thc paramètrou parousi�zetai sto akìloujo l mma.

L mma 2.2.
'Estw A ∈ Rp×p ènac jetik� pragmatikìc (positive real) pÐnakac, dhlad 
(x, Ax) > 0, ∀ x 6= 0. Up�rqei mÐa tim  ν0 pou dÐnetai apì th sqèsh

ν0 =
log(c−1/e0)

log(ρ)
, ρ = c0c2/c

2
1 > 1,

tètoia ¸ste eν0 = c−1.
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Apìdeixh.
'Eqoume

eν0 = c−1 ⇒ ρν0e0 = c−1

⇒ ρν0 =
c−1
e0
⇒ log ρν0 = log (c−1/e0)

⇒ ν0 =
log(c−1/e0)

log(ρ)
, me ρ > 1.

Parat rhsh 2.2.
An ρ = 1, tìte h ektÐmhsh enìc ìrou dÐnei thn akrib  tim  thc tetragwnik c
morf c xTA−1x.

Apìdeixh.
'Eqoume

ρ = 1⇒ c21 = c0c2 ⇒ (x, Ax)2 = (x,x)(Ax, Ax),

dhlad  h anisìthta Cauchy-Schwarz isqÔei san isìthta kai ètsi ta dianÔsmata
x, Ax eÐnai grammik� exarthmèna. 'Ara, Ax = λx, gia k�poio λ ∈ R∗. Opìte,
èqoume

xTAx = λc0, xTA−1x =
1

λ
c0,

kai h oikogèneia ektim sewn enìc ìrou eν gia ρ = 1 eÐnai

eν = e0 =
c20
c1

=
c20
λc0

=
1

λ
c0,

dhlad  isoÔtai me thn akrib  tim  thc tetragwnik c morf c xTA−1x.

Parat rhsh 2.3.
An o dosmènoc pÐnakac A ∈ Rp×p eÐnai arnhtik� pragmatikìc (negative real),
dhlad  (x, Ax) < 0, ∀ x 6= 0, mporeÐ na apodeiqjeÐ antÐstoiqo apotèlesma tou
L mmatoc 2.2.

EÐnai profanèc ìti den mporoÔme na gnwrÐzoume th bèltisth tim  ν0 thc
paramètrou ν sthn pr�xh kaj¸c apaiteÐtai h gn¸sh thc akriboÔc tim c thc
rop c c−1. Wstìso, èqoume èna �nw fr�gma gia thn tim  thc paramètrou ν h
opoÐa dÐnetai sto parak�tw pìrisma.
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Pìrisma 2.1.
'Estw A ∈ Rp×p ènac jetik� pragmatikìc pÐnakac. IsqÔei ìti

ν0 ≤
log(c1/(c0σmin))

log(ρ)
,

ìpou σmin eÐnai h el�qisth idi�zousa tim  tou pÐnaka A.

Apìdeixh.
Qrhsimopoi¸ntac thn anisìthta Cauchy-Schwarz, èqoume

c−1 = (x, A−1x) ≤ ‖A−1x‖ · ‖x‖ ≤ ‖A−1‖ · ‖x‖2 =
c0
σmin

.

'Etsi, log( c−1

e0
) ≤ log( c0

e0σmin
)⇒ ν0 ≤ log(c1/(c0σmin))

log(ρ)
.

2.1.3 Ektim seic dÔo ìrwn (Two-term estimates)

Ektim seic dÔo ìrwn gia thn tetragwnik  morf  xTA−1x mporoÔn na pro-
kÔyoun krat¸ntac dÔo ìrouc sth sqèsh (2.2). 'Etsi, h rop  c−1 = xTA−1x
mporeÐ na ektimhjeÐ wc

c−1 = (x, A−1x) ' êν = s−11 α1β1 + s−12 α2β2.

Ac jewr soume tic akìloujec sunj kec parembol c

c0 = (x,x) = (V Tx, V Tx) =
∑
i

(x,vi)
2 = α2

1 + α2
2,

= (UTx, UTx) =
∑
i

(x,ui)
2 = β2

1 + β2
2 ,

c2j = (x, (ATA)jx) =
∑
i

σ2j
i (x,vi)

2 = s2j1 α
2
1 + s2j2 α

2
2,

c̃2j = (x, (AAT )jx) =
∑
i

σ2j
i (x,ui)

2 = s2j1 β
2
1 + s2j2 β

2
2 ,

c2j+1 = (x, A(ATA)jx) =
∑
i

σ2j+1
i (x,vi)(x,ui) = s2j+1

1 α1β1 + s2j+1
2 α2β2,

c̃2j+1 = (x, AT (AAT )jx) =
∑
i

σ2j+1
i (x,vi)(x,ui) = s2j+1

1 α1β1 + s2j+1
2 α2β2,

gia di�forec timèc tou j ≥ 0. Me b�sh autèc tic sunj kec parembol c mporeÐ
na paraqjeÐ h akìloujh oikogèneia ektim sewn dÔo ìrwn êν .
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Prìtash 2.3.
H oikogèneia ektim sewn dÔo ìrwn êν gia thn tetragwnik  morf  xTA−1x
dÐnetai apì th sqèsh

êν = e0 +
c0c2 − c21

c1

c0c̃ν+2 − c1cν+1

c1cν+3 − c2c̃ν+2

, ν ∈ N, (2.6)

ìpou e0 eÐnai h ektÐmhsh enìc ìrou thc sqèshc (2.4) gia ν = 0.

Apìdeixh.
H sqèsh (2.6) mporeÐ na grafeÐ isodÔnama wc ex c

êν =
c20cν+3 − c0c2cν+1 − c0c1c̃ν+2 + c21cν+1

c1cν+3 − c2c̃ν+2

. (2.7)

DiakrÐnoume dÔo peript¸seic gia thn par�metro ν, an ν eÐnai �rtioc   perittìc.

• 'Estw ν �rtioc.
MporoÔme na gr�youme tic akìloujec sunj kec parembol c

cν+2 = sν+2
1 α2

1 + sν+2
2 α2

2,

c̃ν+2 = sν+2
1 β2

1 + sν+2
2 β2

2 ,

cν+3 = sν+3
1 α1β1 + sν+3

2 α2β2,

cν+1 = sν+1
1 α1β1 + sν+1

2 α2β2.

Antikajist¸ntac tic parap�nw sqèseic, o paronomast c thc sqèshc
(2.7) gr�fetai wc

c1cν+3−c2c̃ν+2 = s1s
ν+3
2 α1β1α2β2+s

ν+3
1 s2α1β1α2β2−s21sν+2

2 α2
1β

2
2−sν+2

1 s22α
2
2β

2
1

kai o arijmht c thc sqèshc (2.7) mporeÐ na grafeÐ wc

c20cν+3 − c0c2cν+1 − c0c1c̃ν+2 + c21cν+1 =

sν+3
1 α1α

2
2β1β

2
2 + sν+3

2 α2
1α2β

2
1β2 − sν+1

1 s22α1α
2
2β

3
1 − s21sν+1

2 α2
1α2β

3
2 −

−sν+2
1 s2(α

3
2β

2
1β2 − α2

1α2β
2
1β2)− s1sν+2

2 (α3
1β1β

2
2 − α1α

2
2β1β

2
2)

lamb�nontac upìyin ìti isqÔei α2
1 + α2

2 = β2
1 + β2

2 .

Epomènwc, antikajist¸ntac arijmht  kai paronomast  sth sqèsh (2.7)
paÐrnoume ìti êν = s−11 α1β1 + s−12 α2β2.
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• 'Estw ν perittìc.
Tìte, oi sunj kec parembol c eÐnai thc morf c

c̃ν+2 = cν+2 = sν+2
1 α1β1 + sν+2

2 α2β2,

cν+3 = sν+3
1 α2

1 + sν+3
2 α2

2,

cν+1 = sν+1
1 α2

1 + sν+1
2 α2

2.

Antikajist¸ntac tic parap�nw sqèseic, o paronomast c thc sqèshc
(2.7) gr�fetai wc

c1cν+3−c2c̃ν+2 = s1s
ν+3
2 α1β1α

2
2+s

ν+3
1 s2α

2
1α2β2−s21sν+2

2 α2
1α2β2−sν+2

1 s22α1α
2
2β1

kai o arijmht c thc sqèshc (2.7) mporeÐ na grafeÐ wc

c20cν+3 − c0c2cν+1 − c0c1c̃ν+2 + c21cν+1 =

sν+3
1 α2

1α
2
2β

2
2 + sν+3

2 α2
1α

2
2β

2
1 − sν+1

1 s22α
2
1α

2
2β

2
1 − s21sν+1

2 α2
1α

2
2β

2
2 −

−sν+2
1 s2(α1α

3
2β1β2 − α3

1α2β1β2)− s1sν+2
2 (α3

1α2β1β2 − α1α
3
2β1β2)

lamb�nontac upìyin ìti isqÔei α2
1 + α2

2 = β2
1 + β2

2 .

Epomènwc, antikajist¸ntac arijmht  kai paronomast  sth sqèsh (2.7)
prokÔptei ìti êν = s−11 α1β1 + s−12 α2β2.

Parat rhsh 2.4.
Qrhsimopoi¸ntac th sqèsh (2.7) apofeÔgetai h diaÐresh me to mhdèn, sthn
perÐptwsh pou c1 = 0. Epiplèon, wc sunèpeia thc anisìthtac Cauchy-Schwarz
o paronomast c c1cν+3 − c2c̃ν+2, eÐnai p�nta jetikìc, gia ènan summetrikì
kai jetik� orismèno pÐnaka. 'Otan h anisìthta Cauchy-Schwarz isqÔei san
isìthta, dhlad  to di�nusma x eÐnai èna idiodi�nusma tou pÐnaka, h sqèsh
(2.6) den douleÔei kaj¸c o paronomast c ja eÐnai mhdèn.

Ektim seic gia th digrammik  morf  xTA−1y

'Eqontac loipìn ektim sei thn tetragwnik  morf  xTA−1x kai qrhsimopoi-
¸ntac thn polik  tautìthta pou èqoume  dh anafèrei sthn arq  autoÔ tou
kefalaÐou eÐnai plèon efikt  h ektÐmhsh thc digrammik c morf c xTA−1y gia
k�je antistrèyimo pÐnaka A ∈ Rp×p kai x,y ∈ Rp dosmèna dianÔsmata.

Jètontac tic ropèc gn(x) = (x, (ATA)nx), n ∈ Z, h zhtoÔmenh digrammik 
morf  mèsw thc polik c tautìthtac (2.1) gr�fetai wc

xTA−1y =
1

4
(g−1(w)− g−1(z)) , (2.8)
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ìpou w = x+ u, z = x− u kai u = ATy.

Me autìn ton trìpo h digrammik  morf  xTA−1y mporeÐ na ektimhjeÐ jew-
r¸ntac tic ektim seic enìc   dÔo ìrwn gia tic ropèc g−1(w) kai g−1(z) apì
tic sqèseic (2.5) kai (2.6) antÐstoiqa.

2.2 Ektim seic gia summetrikoÔc pÐnakec

Se pollèc efarmogèc apaiteÐtai h ektÐmhsh thc digrammik c morf c xTA−1y,
ìpou o dosmènoc pÐnakac A ∈ Rp×p eÐnai summetrikìc. Se aut  thn perÐptwsh,
mporoÔme na ex�goume epiplèon apotelèsmata sqetik� me thn ektÐmhsh thc
epijumht c digrammik c morf c, ta opoÐa parousi�zontai parak�tw.

SÔndesh me arijmhtik  olokl rwsh Gauss

'Ena pr¸to apotèlesma afor� sth sÔndesh twn ektim sewn pou èqoun pro-
kÔyei me th mèjodo thc parekbol c me ta antÐstoiqa fr�gmata pou prokÔptoun
qrhsimopoi¸ntac thn arijmhtik  olokl rwsh Gauss kai ton algìrijmo Lanc-
zos. Autìc o trìpoc prosèggishc perigr�fetai sthn ergasÐa [4] kai sto biblÐo
twn Golub kai Meurant [38]. Sto akìloujo l mma katagr�fetai aut  h sÔn-
desh.

L mma 2.3.
'Estw A ∈ Rp×p ènac summetrikìc pÐnakac.

1. H ektÐmhsh enìc ìrou e0 tautÐzetai me to k�tw fr�gma thc tetragwnik c
morf c xTA−1x, pou prokÔptei qrhsimopoi¸ntac arijmhtik  olokl rw-
sh Gauss me k = 1 kìmbo.

2. H ektÐmhsh dÔo ìrwn ê0 tautÐzetai me to k�tw fr�gma thc tetragwnik c
morf c xTA−1x, pou prokÔptei qrhsimopoi¸ntac arijmhtik  olokl rw-
sh Gauss me k = 2 kìmbouc.

Apìdeixh.
SÔmfwna me to Je¸rhma 1.23, oi k kìmboi ston kanìna arijmhtik c olokl rw-
shc tou Gauss eÐnai oi idiotimèc tou pÐnaka Jacobi Jk. O pÐnakac autìc pro-
kÔptei me k epanal yeic tou algorÐjmou Lanczos. Sto biblÐo twn Golub kai
Meurant [38] apodeiknÔetai ìti h ektÐmhsh thc tetragwnik c morf c xTA−1x
pou prokÔptei sthn k-ost  epan�lhyh, dÐnetai apì to pr¸to diag¸nio stoiqeÐo
tou antistrìfou tou k × k pÐnaka Jacobi Jk pollaplasiasmèno me ‖x‖2.

1. Gia k = 1 Lanczos epan�lhyh, o pÐnakac Jacobi eÐnai

J1 = [uTAu], ìpou u =
x

‖x‖
.
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Opìte,

xTA−1x ' ‖x‖2(uTAu)−1 = ‖x‖2(xTAx/‖x‖2)−1

= c0(c1/c0)
−1 = c20/c1 = e0.

2. Gia k = 2 epanal yeic Lanczos, èqoume ton pÐnaka Jacobi

J2 =

[
c1/c0 ‖r‖
‖r‖ µ

]
, ìpou r = A

x

‖x‖
− c1
c0

x

‖x‖
, µ =

rTAr

‖r‖2
=
rTAr

rTr
.

AfoÔ o pÐnakac A eÐnai summetrikìc, èqoume

rTr =
c2
c0
− c21
c20

kai rTAr =
c3c

2
0 + c31 − 2c1c2c0

c30
.

'Etsi µ =
rTAr

rTr
=
c3c

2
0 + c31 − 2c1c2c0
c20c2 − c0c21

.

O antÐstrofoc tou pÐnaka Jacobi eÐnai

J−12 =
1

c1
c0
µ− ‖r‖2

[
µ −‖r‖
−‖r‖ c1/c0

]
.

Opìte,

xTA−1x ' ‖x‖2J−12 (1, 1) = c0
µ

c1
c0
µ− ‖r‖2

=
c31 + c20c3 − 2c0c1c2

c1c3 − c22
=
c20
c1

+
(c0c2 − c21)2

c21c3 − c1c22
,

to opoÐo eÐnai h ektÐmhsh ê0 thc sqèshc (2.6), afoÔ c̃2 = c2.

Perissìtera fr�gmata gia thn tetragwnik  morf  xTA−1x

An upojèsoume epiplèon ìti o summetrikìc pÐnakac A ∈ Rp×p eÐnai jetik�
orismènoc, mporoÔme na qrhsimopoi soume thn anisìthta Kantorovich gia thn
eÔresh perissìterwn fragm�twn gia thn tetragwnik  morf  xTA−1x.

Apì ton orismì twn rop¸n se perÐptwsh pou o pÐnakac A eÐnai summetrikìc
èqoume ìti

c−1 = (x, A−1x), c0 = (x,x), c1 = (x, Ax),

gia k�je x ∈ Rp.

Apì to akìloujo je¸rhma prokÔptoun fr�gmata gia th rop  c−1, [15].
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Je¸rhma 2.1.
'Estw ènac summetrikìc kai jetik� orismènoc pÐnakac A ∈ Rp×p, tìte gia k�je
di�nusma x ∈ Rp, h rop  c−1 ikanopoieÐ tic anisìthtec

c20
c1
≤ c−1 ≤

(1 + κ(A))2

4κ(A)
· c

2
0

c1
, (2.9)

ìpou κ(A) eÐnai o deÐkthc kat�stashc tou pÐnaka A.

Apìdeixh.
Apì thn klasik  anisìthta Kantorovich, dhlad  thn anisìthta (1.28) gia
i = −1, èqoume ìti

c20
c1c−1

≥ 4λminλmax
(λmin + λmax)2

kai lamb�nontac upìyin ìti to deÔtero mèloc thc parap�nw anisìthtac eÐnai

Ðso me
4κ(A)

(1 + κ(A))2
(blèpe Parat rhsh 1.9), prokÔptei ìti

c20
c−1c1

≥ 4κ(A)

(1 + κ(A))2

⇔ c−1 ≤
(1 + κ(A))2

4κ(A)
· c

2
0

c1
.

Apì thn anisìthta Cauchy-Schwarz, dhlad  thn (1.27) gia i = −1, èqoume

1 ≥ c20
c−1c1

⇔ c−1 ≥
c20
c1
.

'Etsi, prokÔptei h zhtoÔmenh anisìthta.

Lamb�nontac upìyin thn anisìthta (2.9) prokÔptei èna �nw fr�gma gia th
bèltisth tim  ν0 thc paramètrou ν pou apaiteÐtai sthn oikogèneia ektim sewn
enìc ìrou. To apotèlesma autì dÐnetai sthn akìloujh prìtash.

Prìtash 2.4.
'Estw A ∈ Rp×p ènac summetrikìc kai jetik� orismènoc pÐnakac. IsqÔei ìti

0 ≤ ν0 ≤
log(m)

log(ρ)
,

ìpou m =
(1 + κ(A))2

4κ(A)
kai κ(A) eÐnai o deÐkthc kat�stashc tou pÐnaka A.
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Apìdeixh.

Jètontac m =
(1 + κ(A))2

4κ(A)
h anisìthta (2.9) gr�fetai wc

c20
c1
≤ xTA−1x ≤ m

c20
c1
.

'Etsi, 0 < e0 ≤ c−1 ≤ m e0 opìte

e0 ≤ c−1 ⇒
log(1)

log(ρ)
≤ log(c−1/e0)

log(ρ)
⇒ ν0 ≥ 0,

afoÔ log(ρ) > 0, gia ρ > 1. AntistoÐqwc, prokÔptei

c−1 ≤ m e0 ⇒ log

(
c−1
e0

)
≤ log(m)⇒ ν0 ≤

log(m)

log(ρ)
.

Parat rhsh 2.5.
An o pÐnakac A eÐnai orjog¸nioc, tìte κ(A) = 1 kai ètsi apì thn Prìtash 2.4
èpetai ìti ν0 = 0, pou sunep�getai e0 = c−1.

Ektim seic gia th digrammik  morf  xTA−1y

H ektÐmhsh thc digrammik c morf c xTA−1y mporeÐ na gÐnei eÐte mèsw thc
polik c tautìthtac   me apeujeÐac orismì twn rop¸n.

• ApeujeÐac orismìc rop¸n
Dojèntoc enìc summetrikoÔ pÐnaka A ∈ Rp×p, orÐzoume th digrammik 
rop  (bilinear moment)

cr(x,y) = (x, Ary), r ∈ Z.

Akolouj¸ntac th diadikasÐa pou èqei perigrafeÐ sthn Enìthta 2.1, pro-
kÔptoun antÐstoiqec ektim seic gia th digrammik  morf  xTA−1y. Su-
gkekrimèna, prokÔptoun oi akìloujec oikogèneiec ektim sewn enìc kai
dÔo ìrwn ìpwc perigr�fontai sto parak�tw l mma.

L mma 2.4.
'Estw A ∈ Rp×p ènac summetrikìc pÐnakac kai x,y ∈ Rp.

1. MÐa oikogèneia ektim sewn enìc ìrou gia th digrammik  morf 
xTA−1y eÐnai

eν(x,y) = c0(x,y)ν+2c1(x,y)−2ν−1c2(x,y)ν , ν ∈ R. (2.10)
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2. MÐa oikogèneia ektim sewn dÔo ìrwn êν gia th digrammik  morf 
xTA−1y eÐnai

êν(x,y) = e0(x,y) +
c0(x,y)c2(x,y)− c1(x,y)2

c1(x,y)
·

· c0(x,y)c̃ν+2(x,y)− c1(x,y)cν+1(x,y)

c1(x,y)cν+3(x,y)− c2(x,y)c̃ν+2(x,y)
, ν ∈ N,

ìpou e0(x,y) eÐnai h ektÐmhsh enìc ìrou thc sqèshc (2.10) gia
ν = 0.

Parat rhsh 2.6.
Se perÐptwsh pou ta epilegmèna dianÔsmata x,y eÐnai k�jeta metaxÔ
touc, dhlad  c0(x,y) = 0, o tÔpoc (2.10) den mporeÐ na efarmosteÐ.

• Polik  tautìthta
AfoÔ o pÐnakac A eÐnai summetrikìc, o upologismìc thc digrammik c
morf c xTA−1y mporeÐ na gÐnei mèsw thc polik c tautìthtac thc morf c

xTA−1y =
1

4

(
wTA−1w − zTA−1z

)
, (2.11)

ìpou w = x + y kai z = x − y. 'Etsi, h digrammik  rop  c−1(x,y)
gr�fetai wc ex c

c−1(x,y) =
1

4
(c−1(w)− c−1(z)). (2.12)

Ektim seic gia th digrammik  rop  c−1(x,y) prokÔptoun jewr¸ntac tic
ektim seic enìc   dÔo ìrwn pou èqoun paraqjeÐ gia tic antÐstoiqec ropèc
c−1(w) kai c−1(z).

2.3 Efarmog  sthn ektÐmhsh stoiqeÐwn tou
antÐstrofou pÐnaka

Se aut  thn enìthta ja efarmìsoume tic parap�nw oikogèneiec ektim sewn
pou èqoun paraqjeÐ gia thn tetragwnik  morf  xTA−1x kai th digrammik 
morf  xTA−1y me skopì na ektim soume ta stoiqeÐa tou antistrìfou enìc
pÐnaka A.

Eidikìtera, jewroÔme ènan antistrèyimo pÐnaka A ∈ Rp×p. Epilègoume
ta dianÔsmata x,y na eÐnai st lec tou tautotikoÔ pÐnaka. 'Estw x = ei
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kai y = ej h i-ost  kai j-ost  st lh tou tautotikoÔ pÐnaka antÐstoiqa, me
i, j = 1, 2, . . . , p. 'Etsi, èqoume

c−1(ei) = (A−1)ii,

c−1(ei, ej) = (A−1)ij.

Prìtash 2.5.
'Estw A ∈ Rp×p. MÐa oikogèneia ektim sewn enìc ìrou gia ta diag¸nia stoi-
qeÐa tou A−1 eÐnai

(A−1)ii ' ρνi
1

Aii
, ρi =

si
A2
ii

, si =

p∑
k=1

A2
ki, ν ∈ R.

Apìdeixh.
'Eqoume

c0(ei) = eTi ei = 1, c1(ei) = eTi Aei = Aii,

c2(ei) = (Aei)
TAei = eTi A

TAei =

p∑
k=1

A2
ki = si.

Antikajist¸ntac tic parap�nw sqèseic ston tÔpo (2.5) prokÔptei to zhtoÔme-
no.

An o dosmènoc pÐnakac A eÐnai summetrikìc mporoÔme na l�boume upìyin th
sÔndesh twn ektim sewn pou prokÔptoun apì th mèjodo thc parekbol c me ta
antÐstoiqa fr�gmata pou basÐzontai sth qr sh thc arijmhtik c olokl rwshc
Gauss kai tou algorÐjmou Lanczos, ìpwc aut  katagr�fetai sto L mma 2.3.
Epomènwc, h ektÐmhsh e0 thc sqèshc (2.4) kai h ê0 thc (2.6) gia x = ei eÐnai
k�tw fr�gmata twn diag¸niwn stoiqeÐwn tou A−1. Ta apotelèsmata aut�
parousi�zontai sta dÔo l mmata pou akoloujoÔn.

L mma 2.5.
'Estw A ∈ Rp×p ènac summetrikìc pÐnakac. H ektÐmhsh enìc ìrou gia to
stoiqeÐo (A−1)ii, e0(ei) = 1/Aii, tautÐzetai me to k�tw fr�gma tou (A−1)ii pou
prokÔptei qrhsimopoi¸ntac arijmhtik  olokl rwsh Gauss me k = 1 kìmbo.

Apìdeixh.
SÔmfwna me to L mma 2.3, h ektÐmhsh (h opoÐa eÐnai k�tw fr�gma me b�sh
th mèjodo Gauss) gia xTA−1x pou prokÔptei sthn pr¸th Lanczos epan�lhyh
eÐnai

xTA−1x '
(
xTAx

‖x‖2

)−1
‖x‖2 =

(
c1
c0

)−1
c0 =

c20
c1
,
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kai kat� sunèpeia èqoume

(A−1)ii = eTi A
−1ei '

c20(ei)

c1(ei)
=

1

Aii
.

L mma 2.6.
'Estw A ∈ Rp×p ènac summetrikìc pÐnakac. H ektÐmhsh dÔo ìrwn gia to
stoiqeÐo (A−1)ii, ê0 thc (2.6) gia x = ei tautÐzetai me to k�tw fr�gma tou
(A−1)ii pou prokÔptei qrhsimopoi¸ntac arijmhtik  olokl rwsh Gauss me k =
2 kìmbouc.

Apìdeixh.
Qrhsimopoi¸ntac thn arijmhtik  olokl rwsh tou Gauss me k = 2 kìmbouc,
dhlad  krat¸ntac k = 2 Lanczos epanal yeic, ta diag¸nia stoiqeÐa tou A−1

fr�ssontai sÔmfwna me th sqèsh

sii
Aiisii − (

∑
k 6=iA

2
ki)

2
≤ (A−1)ii, i = 1, ..., p, (2.13)

ìpou sii =
∑
t6=i

∑
k 6=i

AtiAktAki, h opoÐa dÐnetai sto Je¸rhma 11.1 tou biblÐou

twn Golub kai Meurant [38, sel. 163].

H ektÐmhsh ê0 thc (2.6) gia x = ei dÐnei

(A−1)ii '
c31(ei) + c3(ei)− 2c1(ei)c2(ei)

c1(ei)c3(ei)− c22(ei)
,

afoÔ c0(ei) = 1. Gia ènan summetrikì pÐnaka A, isqÔei

c1(ei) = Aii, c2(ei) =

p∑
k=1

A2
ki =

∑
k 6=i

A2
ki + A2

ii,

c3(ei) =

p∑
t=1

p∑
k=1

AitAtkAki =

p∑
t=1

(∑
k 6=i

AitAtkAki + AitAtiAii

)

=

p∑
t=1

∑
k 6=i

AitAtkAki +

p∑
t=1

AitAtiAii

=
∑
t6=i

∑
k 6=i

AitAtkAki +
∑
k 6=i

AitAtiAii +

p∑
t=1

AitAtiAii

= sii + c1(ei)
∑
k 6=i

A2
ki + c1(ei)

p∑
t=1

AitAti

= sii + c1(ei)(c2(ei)− c21(ei)) + c1(ei)c2(ei) = sii + 2c1(ei)c2(ei)− c31(ei).
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Opìte,
∑
k 6=i

A2
ki = c2(ei)− c21(ei) kai sii = c3(ei)− 2c1(ei)c2(ei) + c31(ei).

Antikajist¸ntac sto k�tw fr�gma thc sqèshc (2.13), èqoume

sii
Aiisii − (

∑
k 6=iA

2
ki)

2
=
c31(ei) + c3(ei)− 2c1(ei)c2(ei)

c1(ei)c3(ei)− c22(ei)
.

Sthn perÐptwsh tou summetrikoÔ pÐnaka A, mporoÔn na prokÔyoun epi-
plèon ektim seic gia ta mh-diag¸nia stoiqeÐa tou A−1. Eidikìtera, qrhsimo-
poi¸ntac thn ektÐmhsh enìc ìrou eν , ν ∈ R, pou dÐnetai apì ton tÔpo (2.5),
ta mh-diag¸nia stoiqeÐa tou A−1 mporoÔn na ektimhjoÔn ìpwc faÐnetai sthn
akìloujh prìtash.

Prìtash 2.6.
'Estw A ∈ Rp×p ènac summetrikìc pÐnakac. MÐa oikogèneia ektim sewn enìc
ìrou gia ta mh-diag¸nia stoiqeÐa tou A−1 eÐnai

(A−1)ij ' 2ν

[
[(A2)ii + (A2)jj + 2(A2)ij]

ν

(Aii + Ajj + 2Aij)
2ν+1 − [(A2)ii + (A2)jj − 2(A2)ij]

ν

(Aii + Ajj − 2Aij)
2ν+1

]
, ν ∈ R.

Apìdeixh.
Apì thn polik  tautìthta èqoume

(A−1)ij '
1

4

(
wTA−1w − zTA−1z

)
,

ìpou w = ei + ej kai z = ei − ej.
Ektim¸ntac k�je tetragwnik  morf  mèsw twn ektim sewn enìc ìrou pou
dÐnontai apì ton tÔpo (2.5) èqoume

wTA−1w ' ρνe0 = ρν
c20(w)

c1(w)
=

(
c0(w)c2(w)

c21(w)

)ν
c20(w)

c1(w)
=
cν+2
0 (w)cν2(w)

c2ν+1
1 (w)

,

ìpou

c0(w) = 2, c1(w) = Aii + Ajj + 2Aij, c2(w) = (A2)ii + (A2)jj + 2(A2)ij.

OmoÐwc, èqoume

zTA−1z ' cν+2
0 (z)cν2(z)

c2ν+1
1 (z)

,
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ìpou

c0(z) = 2, c1(z) = Aii + Ajj − 2Aij, c2(z) = (A2)ii + (A2)jj − 2(A2)ij.

Epomènwc,

(A−1)ij '
1

4

[
2ν+2 [(A2)ii + (A2)jj + 2(A2)ij]

ν

(Aii + Ajj + 2Aij)
2ν+1 − 2ν+2 [(A2)ii + (A2)jj − 2(A2)ij]

ν

(Aii + Ajj − 2Aij)
2ν+1

]

= 2ν

[
[(A2)ii + (A2)jj + 2(A2)ij]

ν

(Aii + Ajj + 2Aij)
2ν+1 − [(A2)ii + (A2)jj − 2(A2)ij]

ν

(Aii + Ajj − 2Aij)
2ν+1

]
, ν ∈ R.

Parat rhsh 2.7.
Gia ν = 0 mÐa ektÐmhsh enìc ìrou gia ta mh-diag¸nia stoiqeÐa tou A−1 eÐnai

(A−1)ij '
−4Aij

(Aii + Ajj)2 − 4A2
ij

, i 6= j.

An o pÐnakac A eÐnai epiplèon jetik� orismènoc, exeidikeÔoume to Je¸rh-
ma 2.1 kai prokÔptoun �nw kai k�tw fr�gmata gia ta diag¸nia stoiqeÐa tou
antistrìfou enìc pÐnaka A, dhlad  (A−1)ii gia i = 1, 2, . . . , p, ìpwc faÐnetai
kai sto akìloujo je¸rhma, [15].

Je¸rhma 2.2.
'Estw ènac summetrikìc kai jetik� orismènoc pÐnakac A ∈ Rp×p. Ta diag¸nia
stoiqeÐa tou A−1, (A−1)ii, i = 1, 2, . . . , p, fr�ssontai apì

1

Aii
≤ (A−1)ii ≤ m · 1

Aii
, (2.14)

ìpou m =
(1 + κ(A))2

4κ(A)
.

Apìdeixh.
Jewr¸ntac x = ei, i = 1, . . . , p èqoume

c−1 = (x, A−1x) = (ei, A
−1ei) = (A−1)ii,

c0 = (x,x) = (ei, ei) = 1,

c1 = (x, Ax) = (ei, Aei) = Aii,

kai ètsi h dipl  anisìthta (2.9) gr�fetai sth morf 

1

Aii
≤ (A−1)ii ≤

(1 + κ(A))2

4κ(A)
· 1

Aii
= m · 1

Aii
,

ìpou m =
(1 + κ(A))2

4κ(A)
.
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SÔnoyh twn tÔpwn

Se autì to shmeÐo ja sugkentr¸soume touc tÔpouc pou èqoun paraqjeÐ se
autì to kef�laio. Sugkekrimèna, ston PÐnaka 2.1 sunoyÐzoume touc tÔpouc
ektim sewn twn tetragwnik¸n kai digrammik¸n morf¸n tou tÔpou xTA−1x kai
xTA−1y antÐstoiqa, gia opoiond pote antistrèyimo pÐnaka A. Ston PÐnaka 2.2
sugkentr¸noume touc antÐstoiqouc tÔpouc ektim sewn gia thn prosèggish twn
stoiqeÐwn tou antistrìfou enìc dosmènou pÐnaka A an�loga me ton an eÐnai
summetrikìc   opoiosd pote antistrèyimoc pÐnakac. Tèloc, ston PÐnaka 2.3
katagr�foume ta apotelèsmata, jewrhtik  tim  kai fr�gmata, gia th bèltisth
tim  ν0 thc paramètrou ν, apì thn opoÐa exart�tai h oikogèneia ektim sewn
enìc ìrou eν .

Morf  Oikogèneiec ektim sewn

xTA−1x

. enìc ìrou

eν = ρν e0, ρ =
c0c2
c21
≥ 1, ν ∈ R

. dÔo ìrwn

ên = e0 +
c0c2 − c21

c1

c0c̃n+2 − c1cn+1

c1cn+3 − c2c̃n+2

, n ∈ N

xTA−1y
1
4

(
wT (ATA)−1w − zT (ATA)−1z

)
,

ìpou w = x+ ATy, z = x− ATy

PÐnakac 2.1: TÔpoi ektÐmhshc tetragwnik¸n kai digrammik¸n morf¸n gia o-
poiond pote antistrèyimo pÐnaka.

Idiìthtec
StoiqeÐo TÔpoc ektÐmhshc

tou A

antistrèyimoc A−1ii ρνi
1

Aii
, ρi =

si
A2
ii

, si =

p∑
k=1

A2
ki, ν ∈ R

antistrèyimoc A−1ij
1
4

(
wT (ATA)−1w − zT (ATA)−1z

)
,

ìpou w = ei + ATej, z = ei − ATej

summetrikìc
A−1ij 2ν

[
[(A2)ii + (A2)jj + 2(A2)ij]

ν

(Aii + Ajj + 2Aij)
2ν+1 − [(A2)ii + (A2)jj − 2(A2)ij]

ν

(Aii + Ajj − 2Aij)
2ν+1

]
,

i 6= j ν ∈ R

PÐnakac 2.2: TÔpoi ektÐmhshc twn stoiqeÐwn tou antistrìfou enìc pÐnaka
mèsw thc parekbol c.
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Idiìthtec Bèltisth par�metroc ν0 gia thn
tou A oikogèneia ektim sewn enìc ìrou

jetik�
. jewrhtik  tim 

pragmatikìc
ν0 =

log(c−1/e0)

log(ρ)
, ρ = c0c2/c

2
1 > 1

. �nw fr�gma

ν0 ≤
log(c1/(c0σmin))

log(ρ)

summetrikìc
. fr�gma

jetik�
0 ≤ ν0 ≤

log(m)

log(ρ)
,

orismènoc ìpou m =
(1 + κ(A))2

4κ(A)

PÐnakac 2.3: Fr�gmata gia th bèltisth tim  ν0 thc paramètrou thc oikogèneiac
ektim sewn enìc ìrou.

2.4 Arijmhtik� apotelèsmata

Upologistik  poluplokìthta

Arqik�, ja shmei¸soume thn upologistik  poluplokìthta twn ektim sewn. H
poluplokìthta twn ektim sewn pou èqoun paraqjeÐ exart�tai apì ton upolo-
gismì twn emplekìmenwn rop¸n, oi opoÐec perièqoun ta ginìmena thc morf c

(ATA)nx   (AAT )nx kai A(ATA)nx   AT (AAT )nx.

O upologismìc aut¸n twn ginomènwn gÐnetai mèsw tou upologismoÔ diado-
qik¸n ginomènwn pin�kwn me dianÔsmata kai ìqi apeujeÐac. Endeiktik� a-
nafèroume ton trìpo upologismoÔ twn rop¸n c1 = (x, Ax) = xTAx kai
c2 = (x, ATAx) = xTATAx. Pr¸ta upologÐzoume to ginìmeno pÐnaka me
di�nusma w1 = Ax kai èqoume

c1 = xTw1 kai c2 = wT
1w1.

'Etsi, oi paraqjeÐsec ektim seic apaitoÔn ton upologismì eswterik¸n gino-
mènwn (inner products - ip’s) kai to ginìmeno pin�kwn-dianusm�twn (matrix-
vector products - mvp’s).

Ston PÐnaka 2.4 katagr�foume to pl joc twn arijmhtik¸n pr�xewn pou
apaitoÔntai gia ton upologismì twn ektim sewn eν kai êν , gia puknoÔc (dense)
kai banded pÐnakec me bandwidth s.
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PÐnakac A eν êν , ν �rtioc êν , ν perittìc

dense O(p2) O((ν + 3)p2) O((ν + 2)p2)
summetrikìc dense O(p2) O((ν/2 + 2)p2) O((ν/2 + 3/2)p2)

banded O(sp) O((ν + 3)sp) O((ν + 2)sp)
summetrikìc banded O(sp) O((ν/2 + 2)sp) O((ν/2 + 3/2)sp)

PÐnakac 2.4: Arijmhtikèc pr�xeic gia thn ektÐmhsh thc tetragwnik c morf c
xTA−1x.

Ston PÐnaka 2.5 katagr�foume to pl joc twn arijmhtik¸n pr�xewn pou a-
paitoÔntai gia thn ektÐmhsh thc digrammik c morf c xTA−1y qrhsimopoi¸ntac
th sqèsh (2.8), gia opoiond pote pÐnaka A. O tÔpoc (2.12) apaiteÐ ton dipl�sio
arijmì twn pr�xewn pou anafèrontai ston PÐnaka 2.4 gia summetrikoÔc pÐna-
kec. ParathroÔme ìti o upologismìc k�je rop c gn(x) = (x, (ATA)nx), n =
0, 1, . . . , apaiteÐ n mvp’s.

PÐnakac A e0 eν êν

mh-summetrikìc O(3p2) O(5p2) O((2ν + 7)p2)

PÐnakac 2.5: Arijmhtikèc pr�xeic gia thn ektÐmhsh thc digrammik c morf c
xTA−1y.

Sth sunèqeia, parousi�zoume arijmhtik� paradeÐgmata ¸ste na melet sou-
me th sumperifor� twn ektim sewn enìc kai dÔo ìrwn pou èqoun paraqjeÐ.
'Oloi oi upologismoÐ pragmatopoi jhkan qrhsimopoi¸ntac to upologistikì
pakèto MATLAB (R2009b), 64-bit, se upologist  Intel Core i7, me RAM 8
Gb. Oi akribeÐc timèc pou katagr�fontai sta paradeÐgmata èqoun upologisteÐ
qrhsimopoi¸ntac thn ètoimh sun�rthsh “inv” tou MATLAB. H bèltisth tim 
ν0 thc paramètrou ν pou apaiteÐtai sthn oikogèneia ektim sewn enìc ìrou kai
katagr�fetai sta akìlouja paradeÐgmata dÐnetai apì to L mma 2.2.

EktÐmhsh tetragwnik¸n kai digrammik¸n morf¸n

Par�deigma 2.1. O pÐnakac Parter

JewroÔme ton pÐnaka Parter di�stashc p = 1000, o opoÐoc eÐnai ènac
Cauchy kai Toeplitz pÐnakac, kal c kat�stashc (κ(A) = 4.2306), me stoiqeÐa
Aij = 1/(i−j+0.5). O pÐnakac autìc mporeÐ na brejeÐ sth MATLAB gallery,
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[68]. Epilègoume to di�nusma x na eÐnai èna tuqaÐo di�nusma m kouc p pou
proèrqetai apì thn kanonik  katanom . Ston PÐnaka 2.6 katagr�foume tic
ektim seic pou prokÔptoun qrhsimopoi¸ntac tic oikogèneiec ektim sewn enìc
kai dÔo ìrwn gia thn tetragwnik  morf  xTA−1x me ta antÐstoiqa sqetik�
sf�lmata. H akrib c tim  thc epijumht c tetragwnik c morf c eÐnai 2.0500e2.
Sqetik� me thn oikogèneia ektim sewn enìc ìrou eν , h bèltisth par�metroc
eÐnai ν0 = −9.9987e−1. 'Opwc mporoÔme na parathr soume tìso oi ektim seic
enìc ìrou ìso kai h ektÐmhsh dÔo ìrwn mporoÔn na epitÔqoun ikanopoihtikèc
proseggÐseic gia thn epijumht  tetragwnik  morf .

e−1.1 e−1 e−0.9 ê0
Rel 8.8595e-2 1.2043e-4 9.6942e-2 6.5475e-4
Est 1.8684e2 2.0497e2 2.2487e2 2.0486e2

PÐnakac 2.6: Ektim seic gia thn tetragwnik  morf  xTA−1x.

Sth sunèqeia par�goume ektim seic gia th digrammik  morf  xTA−1y, ìpou
A eÐnai o pÐnakac Parter di�stashc p = 1000, x = e1 (dhlad  h pr¸th st lh
tou tautotikoÔ pÐnaka) kai y eÐnai èna tuqaÐo di�nusma m kouc p me jetik�
stoiqeÐa ta opoÐa proèrqontai apì thn omoiìmorfh katanom . H ektÐmhsh
thc digrammik c morf c mporeÐ na gÐnei qrhsimopoi¸ntac thn polik  tautìthta
(2.8). Arqik� loipìn ja ektim soume tic apaitoÔmenec tetragwnikèc morfèc
wT (ATA)−1w, zT (ATA)−1z, ìpouw = x+ATy kai z = x−ATy. Ston PÐna-
ka 2.7 katagr�foume ta sqetik� sf�lmata twn ektim sewn pou prokÔptoun gia
thn ek�stote tetragwnik  morf . Sqetik� me thn oikogèneia ektim sewn enìc
ìrou eν , h bèltisth par�metroc gia thn ektÐmhsh thc tetragwnik c morf c
wT (ATA)−1w eÐnai ν0 = 4.5037 kai gia thn zT (ATA)−1z eÐnai ν0 = 4.4096.

e4.4 e4.5 e4.55 ê0 ê1
wT (ATA)−1w 1.1542e-2 4.1457e-4 5.1958e-3 2.4077e-1 2.5865e-1
zT (ATA)−1z 9.2693e-4 8.8021e-3 1.3635e-2 2.0813e-1 2.2340e-1

PÐnakac 2.7: Sqetik� sf�lmata twn ektim sewn gia tic tetragwnikèc morfèc
wT (ATA)−1w, zT (ATA)−1z.

'Eqontac ektim sei tic dÔo tetragwnikèc morfècwT (ATA)−1w kai zT (ATA)−1z
prokÔptoun oi ektim seic pou katagr�fontai ston PÐnaka 2.8 gia th digrammik 
morf  xTA−1y mèsw thc polik c tautìthtac (2.8).
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e4.4 e4.5 e4.55 ê0 ê1
Rel 1.0620e-1 8.2208e-2 7.0061e-2 5.3186e-1 5.7301e-1

PÐnakac 2.8: Sqetik� sf�lmata twn ektim sewn gia th digrammik  morf 
xTA−1y.

Par�deigma 2.2. ApeujeÐac orismìc rop¸n - Polik  tautìthta.

Se autì to par�deigma, sugkrÐnoume th sumperifor� twn ektim sewn enìc
ìrou gia th digrammik  morf  xTA−1y pou prokÔptoun eÐte me apeujeÐac ori-
smì twn rop¸n mèsw tou tÔpou (2.10) eÐte mèsw thc polik c tautìthtac (2.11)
gia summetrikoÔc pÐnakec. JewroÔme thn tim  thc paramètrou pou apaiteÐtai
sthn oikogèneia ektim sewn enìc ìrou ν = 1.

Eidikìtera, dokim�zoume touc summetrikoÔc pÐnakecA = covariance(4000, 1, 5)
kai ton pÐnaka KMS me r = 0.2 di�stashc p = 1000, oi opoÐoi perigr�fontai
sthn Enìthta 1.7. Ta dianÔsmata x, y katagr�fontai ston PÐnaka 2.9. Me
1 sumbolÐzoume to di�nusma kat�llhlhc di�stashc me ìla ta stoiqeÐa Ðsa me
èna kai me rand dhl¸noume èna tuqaÐo di�nusma kat�llhlou m kouc me jeti-
k� stoiqeÐa ta opoÐa proèrqontai apì thn omoiìmorfh katanom . Ta sqetik�
sf�lmata twn ektim sewn dÐnontai ston PÐnaka 2.9.

A x y polik  taut. apeujeÐac upol.

covariance(4000, 1, 5) e100 rand 8.0918e-1 2.8619e-6
KMS(1000, 0.2) rand 1 1.5315e-3 4.4940e-5

PÐnakac 2.9: Sqetik� sf�lmata gia thn ektÐmhsh thc digrammik c morf c
xTA−1y gia summetrikoÔc pÐnakec.

'Opwc mporoÔme na parathr soume ston PÐnaka 2.9, o apeujeÐac trìpoc
ektÐmhshc dÐnei kalÔtera apotelèsmata en sugkrÐsei me ta antÐstoiqa apote-
lèsmata pou prokÔptoun qrhsimopoi¸ntac thn polik  tautìthta (2.11). H dia-
for� twn sqetik¸n sfalm�twn eÐnai arket� meg�lh sthn perÐptwsh tou pÐnaka
sundiakÔmanshc pou anafèroume. MÐa ex ghsh aut c thc parat rhshc eÐnai
ìti oi ektim seic twn dÔo tetragwnik¸n morf¸n pou upologÐzontai sthn polik 
tautìthta eÐnai polÔ kont� metaxÔ touc kai ètsi prokÔptei h afaÐresh polÔ ko-
ntin¸n posot twn. Sugkekrimèna, oi dÔo autèc tetragwnikèc morfèc proseg-
gÐzontai apì wTA−1w ' c−1(w) = 0.8830 kai zTA−1z ' c−1(z) = 0.8799.
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EktÐmhsh twn stoiqeÐwn tou A−1

Par�deigma 2.3. MonotonÐa twn ektim sewn enìc ìrou.

Se autì to par�deigma, elègqoume th monotonÐa thc sun�rthshc eν = ρν e0
twn ektim sewn enìc ìrou pou dÐnetai apì th sqèsh (2.5).

Arqik�, jewroÔme ton pÐnaka Parter di�stashc p = 3000, o opoÐoc pe-
rigr�fetai sto Par�deigma 2.1. Ston PÐnaka 2.10 katagr�foume tic ekti-
m seic gia to stoiqeÐo A−11500,1500 = 2.0271e − 1. H bèltisth tim  tou ν eÐnai
ν0 = −9.9978e− 1. ParathroÔme ìti pr�gmati h oikogèneia ektim sewn enìc
ìrou eν eÐnai aÔxousa sun�rthsh tou ν, afoÔ c1 = 2 > 0.

ν eν Sqetikì sf�lma

-1 2.0267e-1 1.9821e-4
ν0 2.0271e-1 Akrib c tim 
-0.9 2.2182e-1 9.4289e-2
-0.8 2.4279e-1 1.9771e-1
-0.7 2.6573e-1 3.1090e-1
-0.6 2.9084e-1 4.3478e-1
-0.5 3.1833e-1 5.7038e-1

PÐnakac 2.10: AÔxousa oikogèneia ektim sewn enìc ìrou gia to stoiqeÐo
A−11500,1500 = 2.0271e− 1, gia ton pÐnaka Parter di�stashc p = 3000.

EpÐshc, jewroÔme ton pÐnaka orsreg1 di�stashc p = 2205, apì th sullog 
pin�kwn SuiteSparse Matrix Collection [23]. O pÐnakac autìc eÐnai araiìc kai
kak c kat�stashc (κ(A) = 1.5394e4). Ston PÐnaka 2.11 parousi�zoume tic
ektim seic enìc ìrou pou prokÔptoun gia to stoiqeÐo A−11490,1490 = −5.7741e−3
gia di�forec timèc thc paramètrou ν. H bèltisth tim  tou ν eÐnai ν0 = 5.0027.
ParathroÔme ìti h oikogèneia ektim sewn eν eÐnai fjÐnousa sun�rthsh tou ν,
kaj¸c c1 = −1.2640e4 < 0.
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ν eν Sqetikì sf�lma

3 -1.0365e-3 8.2048e-1
3.5 -1.5915e-3 7.2437e-1
4 -2.4436e-3 5.7680e-1
4.5 -3.7519e-3 3.5022e-1
5 -5.7606e-3 2.3254e-3
ν0 -5.7741e-3 Akrib c tim 
5.5 -8.8448e-3 5.3183e-1
6 -1.3580e-2 1.3520e0
6.5 -2.0851e-2 2.6112e0

PÐnakac 2.11: FjÐnousa oikogèneia ektim sewn enìc ìrou gia to stoiqeÐo
A−11490,1490 = −5.7741e− 3, gia ton pÐnaka orsreg1 di�stashc p = 2205.

Par�deigma 2.4. SÔgkrish me th mèjodo thc arijmhtik c olokl rwshc
Gauss.

JewroÔme ton pÐnaka Poisson di�stashc p = 900 o opoÐoc perigr�fetai
sthn Enìthta 1.7. O pÐnakac Poisson qrhsimopoieÐtai se parìmoio par�deigma
sto biblÐo [38, PÐnakac 11.6]. UpologÐzoume to stoiqeÐo A−1150,150 = 0.3602.
Blèpoume ìti h ektÐmhsh e0, pou eÐnai epÐshc to k�tw fr�gma pou lamb�netai
apì thn arijmhtik  olokl rwsh Gauss me k = 1 kìmbo, dhlad  krat¸ntac
mìno mÐa Lanczos epan�lhyh, den eÐnai kal  prosèggish. Wstìso, gia ν = 2.12
h ektÐmhsh eν = 0.3599 eÐnai mÐa kal  prosèggish pou epitugq�netai me èna
mìno mvp. H bèltisth tim  tou ν gia thn oikogèneia ektim sewn enìc ìrou
eÐnai ν0 = 2.1250.

Qrhsimopoi¸ntac ton kanìna arijmhtik c olokl rwshc tou Gauss me k =
20 kìmbouc, lamb�noume thn Ðdia tim  0.3599 pou prokÔptei kai me thn ektÐmh-
sh enìc ìrou e2.12. MÐa polÔ kal  prosèggish tou epijumhtoÔ diag¸niou
stoiqeÐou epitugq�netai me qr sh thc arijmhtik c olokl rwshc tou Gauss me
k = 40 kìmbouc. Ta apotelèsmata parousi�zontai ston PÐnaka 2.12.

e0 = Gauss e2.1 e2.12 ê0=Gauss ê1 Gauss Gauss
k = 1 k = 2 k = 20 k = 40

Rel 3.0593e-1 4.2858e-3 8.5768e-4 1.4576e-1 1.6555e-1 8.2489e-4 2.9294e-5
Est 0.2500 0.3586 0.3599 0.3077 0.3006 0.3599 0.3602

PÐnakac 2.12: Ektim seic gia to diag¸nio stoiqeÐo A−1150,150 = 0.3602 tou pÐnaka
Poisson di�stashc p = 900.
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Epiplèon, jewroÔme ton pÐnaka Heat flow di�stashc p = 900 me u = 0.2,
o opoÐoc èqei deÐkth kat�stashc κ(A) = 2.6. O pÐnakac autìc up�rqei kai
sthn ergasÐa [4, PÐnakac 1]. Analutik  perigraf  autoÔ tou pÐnaka mporeÐ na
brejeÐ sthn Enìthta 1.7. Ston PÐnaka 2.13 katagr�foume ta apotelèsmata
gia thn ektÐmhsh tou diag¸niou stoiqeÐou A−11,1 = 0.5702. H bèltisth tim  thc
paramètrou ν gia thn eν eÐnai ν0 = 1.0668. ParathroÔme ìti to sqetikì sf�lma
thc ektÐmhshc eν gia ν = 1 (to opoÐo eÐnai polÔ kont� sth bèltisth tim  ν0)
eÐnai thc t�xhc O(10−3). Oi ektim seic dÔo ìrwn ê0 kai ê1 den belti¸noun
thn t�xh tou sqetikoÔ sf�lmatoc. 'Omwc, qrhsimopoi¸ntac thn ektÐmhsh pou
prokÔptei me thn arijmhtik  olokl rwsh tou Gauss me mìno k = 4 kìmbouc,
h t�xh tou sqetikoÔ sf�lmatoc eÐnai O(10−6).

e0 = Gauss
e1

ê0 = Gauss
ê1

Gauss
k = 1 k = 2 k = 4

Rel 2.5686e-2 1.6284e-3 1.0194e-3 1.4790e-3 2.2083e-6
Est 0.5556 0.5693 0.5696 0.5694 0.5702

PÐnakac 2.13: Ektim seic gia to diag¸nio stoiqeÐo A−11,1 = 0.5702 tou pÐnaka
Heat flow di�stashc p = 900.

Par�deigma 2.5. EktÐmhsh twn stoiqeÐwn tou antistrìfou pin�kwn sun-
diakÔmanshc.

Se autì to par�deigma, ektimoÔme stoiqeÐa tou antistrìfou pin�kwn sun-
diakÔmanshc thc morf c A = covariance(p, α, β) di�stashc p = 4000, ìpwc
autoÐ perigr�fontai sthn Enìthta 1.7. Arqik�, par�goume ektim seic gia to
mh-diag¸nio stoiqeÐo A−18,9 = −1.5030e − 3 tou antistrìfou tou pÐnaka sun-
diakÔmanshc me α = 3/2 kai β = 3. Ston PÐnaka 2.14 katagr�foume tic
ektim seic pou prokÔptoun gia to epijumhtì stoiqeÐo tou A−1 me qr sh tou
tÔpou pou dÐnetai sthn Prìtash 2.6, gia di�forec timèc thc paramètrou ν, me
ta antÐstoiqa sqetik� sf�lmata.

ν = 0 ν = 1/4 ν = 1/2 ν = 3/4 ν = 1
Rel 1.9918e-5 3.9837e-3 8.0001e-3 1.2029e-2 1.6071e-2
Est -1.5030e-3 -1.5090e-3 -1.5150e-3 -1.5211e-3 -1.5272e-3

PÐnakac 2.14: Ektim seic gia to mh-diag¸nio stoiqeÐo A−18,9 = −1.5030e − 3
tou pÐnaka sundiakÔmanshc di�stashc p = 4000.
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Sth sunèqeia ektimoÔme ìla ta diag¸nia stoiqeÐa tou antistrìfou pin�kwn
sundiakÔmanshc di�stashc p = 4000 gia di�forec timèc twn paramètrwn α, β.
H poiìthta twn apotelesm�twn pou prokÔptoun elègqetai apì to mèso sqetikì
sf�lma twn diag¸niwn stoiqeÐwn tou pÐnaka to opoÐo orÐzetai wc

1

p

p∑
i=1

|(A−1)ii − e(ei)|
|(A−1)ii|

.

Ston PÐnaka 2.15 parousi�zoume ta mèsa sqetik� sf�lmata gia thn ektÐmhsh
aut¸n twn pin�kwn qrhsimopoi¸ntac thn ektÐmhsh enìc ìrou eν gia di�forec
timèc thc paramètrou ν. H teleutaÐa st lh tou PÐnaka perièqei ton qrìno
ektèleshc upologismèno se deuterìlepta gia thn ektÐmhsh olìklhrhc thc dia-
gwnÐou.

(α, β) κ(A) e0 e1/4 e1/2 e3/4 e1 Qrìnoc

(1,2) 2.9956e3 2.4416e-4 1.8553e-4 1.2510e-4 6.2785e-5 3.3206e-5 4.3279e-2
(1/2,4) 7.6118e1 3.0162e-3 2.3172e-3 1.6111e-3 8.9787e-4 1.8367e-4 3.5464e-2
(1,1) 2.9109e3 2.6710e-4 1.8500e-4 9.9504e-5 4.4659e-5 8.2616e-5 3.6578e-2

PÐnakac 2.15: Mèso sqetikì sf�lma gia thn ektÐmhsh thc diagwnÐou tou a-
ntistrìfou pin�kwn sundiakÔmanshc di�stashc p = 4000.

Par�deigma 2.6. Fr�gmata gia ta diag¸nia stoiqeÐa tou antistrìfou enìc
pÐnaka.

'Estw o pÐnakac KMS A ∈ Rp×p me r = 0.2, o opoÐoc perigr�fetai sthn
Enìthta 1.7. Ston PÐnaka 2.16 katagr�foume ta fr�gmata gia ta diag¸nia
stoiqeÐa tou A−1 pou dÐnontai apì th sqèsh (2.14) gia di�forec diast�seic p
tou pÐnaka KMS.

Ta k�tw fr�gmata gia ìla ta diag¸nia stoiqeÐa tou antistrìfou tou pÐna-
ka A eÐnai Ðsa me 1 kaj¸c ìla ta diag¸nia stoiqeÐa tou A eÐnai Ðsa me 1.
EpÐshc, ta �nw fr�gmata eÐnai Ðsa metaxÔ touc gia ìla ta diag¸nia stoiqeÐa
tou antistrìfou tou A kaj¸c to �nw fr�gma prokÔptei apì to k�tw polla-

plasiasmèno me ton par�gonta m =
(1 + κ(A))2

4κ(A)
o opoÐoc eÐnai o Ðdioc gia ìla

ta diag¸nia stoiqeÐa tou A.
AxÐzei na shmeiwjeÐ ìti o antÐstrofoc tou pÐnaka KMS, pou dÐnetai apì

ton tÔpo (1.31), exart�tai mìno apì thn tim  thc paramètrou r kai ìqi apì
th di�stash p. Autì gÐnetai fanerì kai apì ton PÐnaka 2.16. Apì thn �llh
pleur�, o deÐkthc kat�stashc tou pÐnaka KMS proseggÐzetai apì ton tÔpo
(1.32) gia meg�lec timèc tou p kai ètsi exhgeÐtai giatÐ eÐnai sqedìn Ðdioc gia
ta di�fora p.
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p κ(A) Diag. Stoiq. i Akrib c tim  K�tw fr�gma 'Anw fr�gma

100 2.2490
1, 100 1.0417 1.0000 1.1734

2, . . . , 99 1.0833 1.0000 1.1734

200 2.2498
1, 200 1.0417 1.0000 1.1736

2, . . . , 199 1.0833 1.0000 1.1736

500 2.2500
1, 500 1.0417 1.0000 1.1736

2, . . . , 499 1.0833 1.0000 1.1736

1000 2.2500
1, 1000 1.0417 1.0000 1.1736

2, . . . , 999 1.0833 1.0000 1.1736

PÐnakac 2.16: Fr�gmata gia ta diag¸nia stoiqeÐa tou antistrìfou tou pÐnaka
KMS.

Epiplèon, jewroÔme ton orjog¸nio Chebyshev-Vandermode pÐnakac Q ta

stoiqeÐa tou opoÐou dÐnontai apì ton tÔpo Qij = cos

(
(i− 1)(j − 1)

π

p− 1

)
.

O pÐnakac autìc up�rqei sth MATLAB gallery kai ton kaloÔme me thn entol 
Q = gallery(′orthog′, p,−1), ìpou p eÐnai h di�stash tou pÐnaka Q. JewroÔme
ton pÐnaka A = QTQ o opoÐoc eÐnai summetrikìc kai jetik� orismènoc. O pÐna-
kac A eÐnai kal c kat�stashc (ìpwc faÐnetai kai apì to deÐkth kat�stashc
tou A ston PÐnaka 2.17). Ta diag¸nia stoiqeÐa tou A gia i = 2, 3, . . . , p− 1
eÐnai Ðsa metaxÔ touc kai A11 = App.

p κ(A) Diag. Stoiq. i Akrib c tim  K�tw fr�gma 'Anw fr�gma

100 2.1473
1, 100 0.0100 0.0100 0.0115

2, . . . , 99 0.0200 0.0198 0.0228

200 2.1028
1, 200 0.0050 0.0050 0.0057

2, . . . , 199 0.0100 0.0100 0.0114

500 2.0643
1, 500 0.0020 0.0020 0.0023

2, . . . , 499 0.0040 0.0040 0.0045

1000 2.0452
1, 1000 0.0010 0.0010 0.0011

2, . . . , 999 0.0020 0.0020 0.0023

PÐnakac 2.17: Fr�gmata gia ta diag¸nia stoiqeÐa tou antÐstrofou pÐnaka.

O pÐnakac A èqei mikrì deÐkth kat�stashc, ki ètsi to �nw fr�gma, to
opoÐo exart�tai apì autìn, eÐnai “kont�” sto k�tw fr�gma. Kat� sunèpeia, ta
fr�gmata pou prokÔptoun me aut  th mèjodo eÐnai polÔ kalèc proseggÐseic
twn diag¸niwn stoiqeÐwn tou antistrìfou tou A.
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Kef�laio 3

EktÐmhsh thc diagwnÐou
sunart sewn pin�kwn

Se autì to kef�laio, prosarmìzoume kai sugkrÐnoume mÐa mèjodo parekbo-
l c me th mèjodo pou basÐzetai stouc kanìnec arijmhtik c olokl rwshc tou
Gauss (single kai block) gia thn prosèggish olìklhrhc thc diagwnÐou mÐac
sun�rthshc f enìc pÐnaka A, dhlad  tou pÐnaka f(A). Sthn ousÐa, qrhsi-
mopoi¸ntac autèc tic mejìdouc prokÔptoun ektim seic gia thn tetragwnik 
morf  xTf(A)x, x ∈ Rp, kai epilègontac to di�nusma x na eÐnai h i-ost 
st lh tou tautotikoÔ pÐnaka, par�gontai ektim seic gia ta diag¸nia stoiqeÐa
tou pÐnaka f(A). Ta apotelèsmata pou parousi�zontai se autì to kef�laio
eÐnai mèroc thc ergasÐac [35].

Ac upojèsoume ìti o dosmènoc pÐnakac A ∈ Rp×p eÐnai summetrikìc kai
ìti h sun�rthsh f eÐnai omal  kai orÐzetai sto f�sma tou A. JewroÔme th
fasmatik  paragontopoÐhsh tou pÐnaka A, h opoÐa dÐnetai apì th sqèsh (1.1)
kai apoteleÐ basikì ergaleÐo gia thn an�ptuxh twn proanaferìmenwn mejìdwn,
pou mac epitrèpei na ekfr�soume ton pÐnaka A wc to �jroisma

A =

p∑
k=1

λkvkv
T
k ,

ìpou λk ∈ R oi idiotimèc tou pÐnaka A me antÐstoiqa kanonikopoihmèna idio-
dianÔsmata vk. O pÐnakac f(A) eÐnai epÐshc summetrikìc [48], opìte gia k�je
di�nusma x ∈ Rp èqoume

Ax =

p∑
k=1

λk(vk,x)vk kai f(A)x =

p∑
k=1

f(λk)(vk,x)vk.

Epomènwc, h tetragwnik  morf  xTf(A)x mporeÐ na ekfrasteÐ wc to akìlou-
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PINAKWN

jo �jroisma

xTf(A)x =

p∑
k=1

f(λk)(x,vk)
2. (3.1)

H sqèsh (3.1) apoteleÐ kleidÐ tìso gia th mèjodo thc parekbol c ìso kai gia
tic mejìdouc arijmhtik c olokl rwshc tou Gauss. Eidikìtera, sth mèjodo
thc parekbol c orÐzoume tic ropèc tou pÐnaka A wc akoloÔjwc

cn = (x, Anx), n ∈ R,

oi opoÐec mporoÔn na grafoÔn san ajroÐsmata qrhsimopoi¸ntac th sqèsh (3.1)
gia f(t) = tn, n ∈ R. Krat¸ntac lÐgouc ìrouc sta ajroÐsmata twn rop¸n c0,
c1 kai c2, ta opoÐa jewroÔme wc sunj kec parembol c, prokÔptoun ektim seic
gia thn epijumht  digrammik  morf .
Apì thn �llh pleur�, ekfr�zontac to �jroisma (3.1) san èna Riemann-
Stieltjes olokl rwma mporeÐ na ektimhjeÐ mèsw twn kanìnwn arijmhtik c olo-
kl rwshc tou Gauss.

3.1 H mèjodoc thc parekbol c sthn ektÐmh-
sh thc diagwnÐou tou pÐnaka f (A)

H tetragwnik  morf  xTf(A)x = (x, f(A)x) mporeÐ na ektimhjeÐ mèsw thc
oikogèneiac ektim sewn enìc ìrou pou èqei paraqjeÐ sthn ergasÐa [32] kai
dÐnetai apì th sqèsh

ef,ν = f

(
ρν
c1
c0

)
c0, ρ =

c0c2
c21

, ν ∈ R, cn = (x, Anx), n ∈ R. (3.2)

T¸ra, mporoÔme na ektim soume th diag¸nio tou pÐnaka f(A) kai to apo-
tèlesma dÐnetai sthn akìloujh prìtash.

Prìtash 3.1.
'Estw A ∈ Rp×p ènac summetrikìc pÐnakac. H diag¸nioc tou pÐnaka f(A)
mporeÐ na ektimhjeÐ apì to di�nusma d = [d1, . . . , dp] ∈ Rp, ìpou

di = f (ρνi Aii) , ρi =
si
A2
ii

, si =

p∑
k=1

A2
ki, i = 1, 2, . . . , p, ν ∈ C. (3.3)

H bèltisth tim  νi, i = 1, 2, . . . , p, thc paramètrou ν gia thn ektÐmhsh k�je
diag¸niou stoiqeÐou (f(A))ii eÐnai

νi =
log (f−1 ((f(A))ii))− logAii

log si − 2 logAii
, (3.4)
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dedomènou ìti h sun�rthsh f eÐnai antistrèyimh.

Apìdeixh.
Gia x = ei, oi apaitoÔmenec ropèc thc sqèshc (3.2) eÐnai

c0(ei) = eTi ei = 1, c1(ei) = eTi Aei = Aii,

c2(ei) = eTi A
2ei =

p∑
k=1

A2
ki = si

kai eTi f(A)ei = (f(A))ii. Antikajist¸ntac tic parap�nw sqèseic ston tÔpo
(3.2) paÐrnoume to zhtoÔmeno.
EpÐshc, gia mÐa antistrèyimh sun�rthsh f èqoume

di = (f(A))ii ⇒ f (ρνii Aii) = (f(A))ii

⇒ ρνii Aii = f−1 ((f(A))ii)

⇒ ρνii =
f−1 ((f(A))ii)

Aii

⇒ log ρνii = log

(
f−1 ((f(A))ii)

Aii

)

⇒ νi =

log

(
f−1 ((f(A))ii)

Aii

)
log ρi

⇒ νi =
log (f−1 ((f(A))ii))− logAii

log si − 2 logAii
.

Parat rhsh 3.1.
An h par�metroc ν eÐnai pragmatikìc arijmìc kai h sun�rthsh f eÐnai mo-
nìtonh, tìte an�loga me to prìshmo tou diag¸niou stoiqeÐou Aii prokÔptei h
monotonÐa twn ektim sewn di wc sun�rthsh tou ν, [32].

Parat rhsh 3.2.
Jewr¸ntac ton tÔpo (3.3) gia f(t) = t−1, èqoume ìti ta diag¸nia stoiqeÐa tou
antistrìfou proseggÐzontai apì th sqèsh

(A−1)ii ' di = ρ−νi
1

Aii
, ρi =

si
A2
ii

, si =

p∑
k=1

A2
ki.

K�nontac allag  metablht c kai sugkekrimèna b�zontac ìpou ν to −ν pro-

kÔptei (A−1)ii ' ρνi
1

Aii
, dhlad  h oikogèneia ektim sewn enìc ìrou gia ta

diag¸nia stoiqeÐa tou A−1 pou dÐnetai sthn Prìtash 2.5.
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Arijmhtik  ulopoÐhsh - Poluplokìthta

'Opwc mporoÔme na parathr soume, o tÔpoc (3.3) eÐnai eÔkola ulopoi simoc
kai oi apaitoÔmenoi upologismoÐ ja gÐnoun polÔ gr gora. O tÔpoc autìc
mporeÐ na ulopoihjeÐ se dianusmatik  morf  (vectorized form) kai me autìn
ton trìpo ja epitaqunjeÐ o sunolikìc upologismìc.

'Oson afor� sthn upologistik  poluplokìthta, h ektÐmhsh enìc diag¸niou
stoiqeÐou, pou gÐnetai mèsw tou tÔpou (3.3), apaiteÐ mìno arijmhtikèc pr�xeic
thc t�xhc O(p). Gia thn ektÐmhsh olìklhrhc thc diagwnÐou apaitoÔntai O(p2)
arijmhtikèc pr�xeic.

3.2 Ektim seic mèsw twn kanìnwn arijmh-
tik c olokl rwshc tou Gauss

3.2.1 Arijmhtik  olokl rwsh single Gauss

Se aut  thn upoenìthta perigr�foume sunoptik� thn prosèggish twn tetra-
gwnik¸n morf¸n xTf(A)x qrhsimopoi¸ntac touc kanìnec arijmhtik c olo-
kl rwshc tou Gauss kai ton algìrijmo Lanczos prokeimènou na ektimhjeÐ
olìklhrh h diag¸nioc tou pÐnaka f(A). To �jroisma (3.1) mporeÐ na jewrhjeÐ
èna Riemann-Stieltjes olokl rwma thc morf c∫ λmax

λmin

f(λ)dα(λ),

ìpou to mètro α(λ) eÐnai mÐa kat� tm mata stajer  sun�rthsh pou prosdio-
rÐzetai apì ton tÔpo

α(λ) =


0, an λ < λmin,∑j
i=1(x,vi)

2, an λj ≤ λ < λj+1,∑p
i=1(x,vi)

2, an λmax ≤ λ.

Autì to Riemann-Stieltjes olokl rwma mporeÐ na proseggisteÐ qrhsimopoi-
¸ntac th mèjodo arijmhtik c olokl rwshc tou Gauss [4, 38]. Gia to lìgo
autì eÐnai anagkaÐa h paragwg  mÐac akoloujÐac orjogwnÐwn poluwnÔmwn
pou mporeÐ na gÐnei qrhsimopoi¸ntac ton algìrijmo Lanczos.

Arijmhtik  ulopoÐhsh - Poluplokìthta

H poluplokìthta autoÔ tou algorÐjmou exart�tai apì thn poluplokìthta tou
algorÐjmou Lanczos, h opoÐa eÐnai thc t�xewc O(kp2), ìpou k eÐnai o arijmìc
twn apaitoÔmenwn epanal yewn [22]. Lìgw thc fÔshc aut c thc mejìdou, h
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arijmhtik  ulopoÐhsh gÐnetai stoiqeÐo me stoiqeÐo kai ètsi me mÐa epan�lhyh
autoÔ tou algorÐjmou mporoÔme na ektim soume mìno èna diag¸nio stoiqeÐo.
'Etsi, h sunolik  poluplokìthta thc ektÐmhshc olìklhrhc thc diagwnÐou tou
pÐnaka f(A) eÐnai thc t�xhc O(kp3).

3.2.2 Arijmhtik  olokl rwsh block Gauss

Se aut  thn upoenìthta, perigr�foume thn prosèggish twn epijumht¸n te-
tragwnik¸n morf¸n qrhsimopoi¸ntac touc kanìnec arijmhtik c olokl rwshc
block Gauss.

'Estw A ∈ Rp×p ènac summetrikìc pÐnakac kai X =
[
x1 x2 · · · xq

]
∈

Rp×q me xi ∈ Rp×1, i = 1, 2, . . . , q. H morf  XTf(A)X mporeÐ na ektimhjeÐ
qrhsimopoi¸ntac ton algìrijmo block Lanczos kai touc kanìnec arijmhtik c
olokl rwshc block Gauss. Oi Gene H. Golub kai Gérard Meurant èqoun
ektim sei th morf  XTf(A)X qrhsimopoi¸ntac ton algìrijmo block Lanczos
me mègejoc tou block q = 2, [38]. EpÐshc, sthn ergasÐa [9] efarmìzoun touc
kanìnec arijmhtik c olokl rwshc block Gauss gia megèjh block q ≥ 2 se
pÐnakec pou phg�zoun apì thn an�lush diktÔwn kai th mhqanik  m�jhsh.

Qrhsimopoi¸ntac touc kanìnec arijmhtik c olokl rwshc block Gauss,
mporoÔme na ektim soume th morf  XTf(A)X, jewr¸ntac th fasmatik  pa-
ragontopoÐhsh tou pÐnaka A = V ΛV T .
Jètontac R = XTV =

[
r1 r2 · · · rp

]
∈ Rq×p, ri ∈ Rq×1, i = 1, 2, . . . , p,

eÐmaste se jèsh na xanagr�youme thn arqik  morf  wc ex c

XTf(A)X = XTV f(Λ)V TX = Rf(Λ)RT

=
[
r1 r2 · · · rp

]

f(λ1)

f(λ2)
. . .

f(λp)



rT1
rT2
...
rTp


= r1f(λ1)r

T
1 + r2f(λ2)r

T
2 + · · ·+ rpf(λp)r

T
p =

p∑
i=1

f(λi)rir
T
i .

To teleutaÐo �jroisma mporeÐ na jewrhjeÐ wc èna olokl rwma Riemann-

Stieltjes thc morf c
∫ b
a
f(λ)dα(λ) me α(λ) na eÐnai ènac q×q pÐnakac mètrou kai

a, b eÐnai ta �kra tou diast matoc pou perièqei tic idiotimèc tou A, [38]. Autì
to olokl rwma, to opoÐo eÐnai ènac q× q summetrikìc pÐnakac, mporeÐ na ekti-
mhjeÐ qrhsimopoi¸ntac touc kanìnec arijmhtik c olokl rwshc block Gauss.
AutoÐ oi kanìnec qrhsimopoioÔn thn Ôparxh twn orjogwnÐwn polu¸numwn-
pin�kwn pou sqetÐzontai me to mètro α(λ) kai thn paragwg  tou pÐnaka Ja-
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cobi qrhsimopoi¸ntac ton algìrijmo block Lanczos, o opoÐoc perigr�fetai
sthn Enìthta 1.5.

Arijmhtik  ulopoÐhsh - Poluplokìthta

H poluplokìthta autoÔ tou algorÐjmou exart�tai apì thn poluplokìthta tou
algorÐjmou block Lanczos, h opoÐa eÐnai thc t�xewc O (k(2qp2 + pq2 + q3k2)),
ìpou k eÐnai o arijmìc twn apaitoÔmenwn epanal yewn. Parìlo pou qrhsimo-
poioÔntai blocks, h diadikasÐa ulopoÐhshc gÐnetai stoiqeÐo me stoiqeÐo.

Gia thn ektÐmhsh olìklhrhc thc diagwnÐou tou pÐnaka f(A) mporoÔme na
jewr soume tic st lec tou pÐnaka X na eÐnai oi st lec tou tautotikoÔ pÐna-
ka. Epilègontac ton pÐnaka X me autì ton trìpo, mporoÔme tautìqrona na
ektim soume ta mh-diag¸nia stoiqeÐa tou pÐnaka f(A). Sthn pragmatikìth-
ta, me mÐa mìno ektèlesh autoÔ tou algorÐjmou mporoÔme na upologÐsoume q

diag¸nia stoiqeÐa kai
(q − 1)q

2
mh-diag¸nia stoiqeÐa.

Qrhsimopoi¸ntac touc kanìnec arijmhtik c olokl rwshc block Gauss kai
ton algìrijmo block Lanczos me mègejoc tou block q, ìpou q eÐnai diairèthc thc

di�stashc p, o arijmìc twn ektelèsewn autoÔ tou algorÐjmou eÐnai
p

q
. 'Etsi, h

sunolik  poluplokìthta ektÐmhshc olìklhrhc thc diagwnÐou tou pÐnaka f(A)
eÐnai thc t�xewc O(k(2p3 + p2q+ pq2k2)). Se perÐptwsh pou h di�stash p tou
pÐnaka eÐnai pr¸toc arijmìc, tìte gia èna dosmèno q trèqoume ton algìrijmo

block Lanczos dp
q
e−1 forèc gia mègejoc tou block q kai mÐa for� gia mègejoc

tou block Ðso me to upìloipo thc diaÐreshc tou p me to q. Gia par�deigma, an
èqoume q = 2, tìte ta pr¸ta p − 1 diag¸nia stoiqeÐa proseggÐzontai qrhsi-
mopoi¸ntac ton algìrijmo block Lanczos kai to teleutaÐo diag¸nio stoiqeÐo
proseggÐzetai apì ton algìrijmo single Lanczos.

3.3 Arijmhtik� apotelèsmata

Se aut  thn enìthta, parousi�zoume k�poia arijmhtik� paradeÐgmata me skopì
na sugkrÐnoume tic proanaferjeÐsec mejìdouc autoÔ tou kefalaÐou wc proc
thn akrÐbeia kai to qrìno ektèleshc. Oi upologismoÐ twn paradeigm�twn prag-
matopoi jhkan qrhsimopoi¸ntac MATLAB (R2015a), 64-bit, se upologist 
Intel Core i7, me 16 Gb DDR4 RAM.

Stouc parak�tw PÐnakec parousi�zoume to mèso sqetikì sf�lma (mean
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relative error-MRE) gia ìla ta diag¸nia stoiqeÐa to opoÐo orÐzetai wc

1

p

p∑
i=1

|(f(A))ii − est(i)|
|(f(A))ii|

,

ìpou est(i) eÐnai mÐa ektÐmhsh tou diag¸niou stoiqeÐou (f(A))ii to opoÐo dÐnetai
eÐte apì thn Prìtash 3.1 gia mÐa tim  tou ν, h opoÐa mporeÐ na epileqjeÐ sÔm-
fwna me ta apotelèsmata thc ergasÐac [32],   qrhsimopoi¸ntac touc kanìnec
arijmhtik c olokl rwshc tou Gauss.

Se kajèna apì ta arijmhtik� paradeÐgmata pou akoloujoÔn parousi�zo-
ntai dÔo PÐnakec apotelesm�twn. Sthn pr¸th gramm  twn pr¸twn Pin�kwn,
katagr�fetai h akrÐbeia pou epitugq�netai me th mèjodo thc parekbol c. Gia
aut  thn t�xh akrÐbeiac, oi mèjodoi sugkrÐnontai wc proc ton qrìno ektèle-
shc (se deuterìlepta). Dedomènou ìti oi mèjodoi Gauss mporoÔn na epitÔqoun
kalÔterh akrÐbeia, parousi�zoume ènan deÔtero PÐnaka ston opoÐo dÐnoume ta
qarakthristik� twn algorÐjmwn pou belti¸noun thn ektÐmhsh, ta mèsa sqeti-
k� sf�lmata kaj¸c kai to qrìno ektèleshc.

Par�deigma 3.1. O pÐnakac sundiakÔmanshc.

JewroÔme ton pÐnaka sundiakÔmanshc A = covariance(1600, 1, 1) pou
perigr�fetai sthn Enìthta 1.7. O pÐnakac autìc èqei deÐkth kat�stashc
κ(A) = 1.1655e3. H diag¸nioc tou antistrìfou tou pÐnaka sundiakÔmanshc,
dhlad  tou pÐnaka akrÐbeiac, dÐnei plhroforÐec sqetik� me thn poiìthta twn de-
domènwn sthn posotikopoÐhsh thc abebaiìthtac. Oi statistikèc proseggÐseic
gia aut  thn ektÐmhsh anaptÔqjhkan sthn ergasÐa [6].

Ston PÐnaka 3.1 parousi�zoume to mèso sqetikì sf�lma kai to qrìno
ektèleshc gia thn ektÐmhsh thc diagwnÐou tou antistrìfou tou pÐnaka sundia-
kÔmanshc. 'Oson afor� sth mèjodo thc parekbol c, h prosèggish tou ν pou
prokÔptei apì ta apotelèsmata thc ergasÐac [32] eÐnai −9.8455e − 1, opìte
jewroÔme ν = −1 se autì to par�deigma.

Se autìn ton PÐnaka blèpoume ìti to mèso sqetikì sf�lma mporeÐ na eÐnai
thc t�xhc O(10−4) qrhsimopoi¸ntac th mèjodo thc parekbol c. Wstìso, pa-
rathroÔme ìti o qrìnoc ektèleshc eÐnai kalÔteroc se sÔgkrish me tic mejìdouc
tou Gauss. To mèso sqetikì sf�lma thc Ðdiac t�xhc mporeÐ na epiteuqjeÐ qrh-
simopoi¸ntac ton algìrijmo single Gauss me 1− 8 epanal yeic kai ton block
Gauss me 1 epan�lhyh, gia megèjh tou block q = 2 kai q = 4.
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Mèso sqetikì sf�lma O(10−4)
Mèjodoc Qarakthristik� MRE Qrìnoc

parekbol  ν = −1 2.0641e-4 8.4059e-3
single Gauss k = 1 6.6699e-4 9.2968e-1

k = 2 2.2722e-4 1.8356e0
k = 5 1.4983e-4 4.4445e0
k = 8 1.0288e-4 7.1232e0

block Gauss q = 2, k = 1 2.9644e-4 1.2749e0
q = 4, k = 1 1.3112e-4 6.2551e-1

PÐnakac 3.1: Ektim¸ntac th diag¸nio tou antistrìfou tou pÐnaka sundia-
kÔmanshc.

Epiplèon, ston PÐnaka 3.2 blèpoume ìti h peraitèrw beltÐwsh thc akrÐbeiac
mporeÐ na epiteuqjeÐ me thn aÔxhsh tou arijmoÔ twn epanal yewn stouc al-
gorÐjmouc, all� ètsi aux�netai kai o qrìnoc ektèles c touc. ParathroÔme
epÐshc ìti h mèjodoc tou block Gauss eÐnai pio apodotik  apì thn antÐstoi-
qh tou single Gauss kai ìti mporoÔn na lhfjoÔn kalÔterec ektim seic ìso to
mègejoc q tou block aux�netai kai apaitoÔntai ligìterec Lanczos epanal yeic.

BeltÐwsh thc akrÐbeiac
Mèjodoc Qarakthristik� MRE Qrìnoc

single Gauss k = 10 7.9655e-5 8.7596e0
k = 50 4.0413e-7 4.3391e1

block Gauss q = 5, k = 10 1.8105e-9 3.6852e0
q = 50, k = 8 2.8034e-9 9.9002e-1
q = 100, k = 5 5.3669e-10 6.6297e-1
q = 400, k = 2 2.7435e-10 3.5001e-1
q = 400, k = 3 1.0872e-12 5.8034e-1

PÐnakac 3.2: BeltÐwsh thc akrÐbeiac gia thn ektÐmhsh thc diagwnÐou tou anti-
strìfou tou pÐnaka sundiakÔmanshc.

Par�deigma 3.2. O pÐnakac Poisson.

JewroÔme ton pÐnaka Poisson di�stashc p = 1600, o opoÐoc èqei deÐkth
kat�stashc κ(A) = 6.8062e2. Perigraf  autoÔ tou pÐnaka mporeÐ na brejeÐ
sthn Enìthta 1.7. Gia autìn ton pÐnaka, ektimoÔme th diag¸nio tou ekjetikoÔ
pÐnaka, dhlad  th diag¸nio tou pÐnaka exp(A).
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Ston PÐnaka 3.3 parousi�zoume to mèso sqetikì sf�lma kai ton qrìno
ektèleshc gia thn ektÐmhsh thc epijumht c diagwnÐou. Epilègoume thn pa-
r�metro ν pou apaiteÐtai sth mèjodo thc parekbol c na isìutai me ν = 1.5,
kaj¸c proseggÐzetai apì thn tim  1.2920, [32]. Se autìn ton PÐnaka blèpoume
ìti h mèjodoc thc parekbol c dÐnei mèso sqetikì sf�lma thc t�xhc O(10−2).
H Ðdia t�xh akrÐbeiac prokÔptei qrhsimopoi¸ntac ton algìrijmo single Gauss
me 3 Lanczos epanal yeic kai ton block Gauss gia di�fora megèjh twn blocks.

Mèso sqetikì sf�lma t�xhc O(10−2)
Mèjodoc Qarakthristik� MRE Qrìnoc

parekbol  ν = 1.5 5.8909e-2 2.5288e-3
single Gauss k = 3 3.0317e-2 1.6983e-1
block Gauss q = 2, k = 3 1.8474e-2 4.6504e-1

q = 4, k = 3 1.0240e-2 3.3889e-1
q = 5, k = 2 9.0320e-2 2.2385e-1
q = 10, k = 2 6.3070e-2 1.4032e-1
q = 20, k = 2 4.9444e-2 1.1417e-1

PÐnakac 3.3: Ektim¸ntac th diag¸nio tou ekjetikoÔ tou pÐnaka Poisson.

Aux�nontac ton arijmì twn epanal yewn stouc algorÐjmouc Lanczos (sin-
gle kai block) mporoÔme na belti¸soume thn akrÐbeia twn apotelesm�twn, an
kai ètsi aux�netai kai to upologistikì kìstoc. Ta apotelèsmata pou aforoÔn
autèc tic belti¸seic parousi�zontai ston PÐnaka 3.4.

BeltÐwsh thc akrÐbeiac
Mèjodoc Qarakthristik� MRE Qrìnoc

single Gauss k = 5 8.4888e-5 1.8483e-1
k = 10 1.1232e-13 3.1540e-1
k = 15 2.0199e-15 4.6211e-1

block Gauss q = 2, k = 5 4.6615e-5 6.0113e-1
q = 5, k = 5 1.8810e-5 4.4663e-1
q = 10, k = 5 8.1788e-6 3.7403e-1
q = 20, k = 5 2.8884e-6 3.0043e-1

PÐnakac 3.4: BeltÐwsh thc akrÐbeiac gia thn ektÐmhsh thc diagwnÐou tou ek-
jetikoÔ tou pÐnaka Poisson.

Qrhsimopoi¸ntac th mèjodo block Gauss, parathroÔme ìti ìso to mègejoc
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q tou block aux�netai prokÔptoun lÐgo kalÔterec ektim seic. AxÐzei na sh-
meiwjeÐ ìti to mègejoc tou block tou algorÐjmou block Lanczos prèpei na eÐnai
mikrìtero   Ðso me 40, diaforetik� den mporoÔme na l�boume apotelèsmata gia
autìn ton pÐnaka. Autì ofeÐletai sth dom  autoÔ tou pÐnaka, dedomènou ìti
eÐnai banded me bandwidth 80. Genik�, gia banded pÐnakec me bandwidth s,
to mègejoc tou block prèpei na eÐnai mikrìtero   Ðso me s/2, ¸ste ta apote-
lèsmata na eÐnai akrib .

Par�deigma 3.3. O pÐnakac Heat flow.

Se autì to par�deigma, jewroÔme ton pÐnaka Heat flow di�stashc p = 1600
me u = 0.2, ìpwc perigr�fetai sthn Enìthta 1.7. Ja ektim soume th diag¸nio
tou logarÐjmou tou pÐnaka Heat flow. Ta apotelèsmata pou prokÔptoun
katagr�fontai ston PÐnaka 3.5. H ektim¸menh tim  thc paramètrou ν pou
qreiazìmaste gia th mèjodo thc parekbol c eÐnai −5.4236e− 1, [32], kai ètsi
epilègoume ν = −0.5. H mèjodoc thc parekbol c dÐnei mèso sqetikì sf�lma
thc t�xhc O(10−3).

Mèso sqetikì sf�lma t�xhc O(10−3)
Mèjodoc Qarakthristik� MRE Qrìnoc

parekbol  ν = −0.5 3.5675e-3 6.5691e-4
single Gauss k = 2 1.4895e-3 1.1073e-1

PÐnakac 3.5: Ektim¸ntac th diag¸nio tou logarÐjmou tou pÐnaka Heat flow.

Ston PÐnaka 3.6 parathroÔme ìti o algìrijmoc single Gauss epitugq�nei
mèso sqetikì sf�lma thc t�xhc O(10−14) me qr sh 10 Lanczos epanal yewn.
Ston block algìrijmo, to sqetikì sf�lma mei¸netai ìso aux�netai to mègejoc
tou block. Autìc o pÐnakac eÐnai epÐshc block tridiag¸nioc kai kat� sunèpeia
banded me bandwidth 80. 'Etsi, to mègejoc tou k�je block prèpei na eÐnai
mikrìtero apì 40.

BeltÐwsh thc akrÐbeiac
Mèjodoc Qarakthristik� MRE Qrìnoc

single Gauss k = 10 2.2324e-14 3.1853e-1
block Gauss q = 5, k = 10 4.8949e-15 1.8203e0

q = 10, k = 10 3.7721e-15 2.2397e0

PÐnakac 3.6: BeltÐwsh thc akrÐbeiac gia thn ektÐmhsh thc diagwnÐou tou lo-
garÐjmou tou pÐnaka Heat flow.
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Kef�laio 4

EktÐmhsh tou ginomènou f (A)b

'Estw ènac diagwnÐsimoc (diagonalizable) pÐnakac A ∈ Rp×p kai mÐa omal 
sun�rthsh f pou orÐzetai sto f�sma tou pÐnaka A. Se autì to kef�laio,
par�goume ektim seic gia th dr�sh tou pÐnaka f(A) p�nw se èna di�nusma
b ∈ Rp, dhlad  to ginìmeno f(A)b, qwrÐc ton analutikì upologismì tou pÐna-
ka f(A). Gia to lìgo autì, qrhsimopoioÔme th mèjodo thc parekbol c gia
thn paragwg  dianusmatik¸n ektim sewn enìc, dÔo kai tri¸n ìrwn gia thn
posìthta f(A)b. 'Eqontac ektim sei to ginìmeno autì, efarmìzoume tic para-
qjeÐsec ektim seic me skopì thn prosèggish thc genik c morf c XTf(A)Y ,
ìpou X, Y ∈ Rp×m eÐnai “block dianÔsmata” me m � p st lec. Ta apo-
telèsmata pou parousi�zontai se autì to kef�laio eÐnai mèroc thc ergasÐac
[55].

4.1 Dianusmatikèc ektim seic gia to f (A)b

JewroÔme ton diagwnÐsimo pÐnaka A ∈ Rp×p o opoÐoc paragontopoieÐtai sÔm-
fwna me th sqèsh (1.21) wc ex c

A = QΛQ−1,

ìpou oi pÐnakec Q, Λ perigr�fontai sthn Enìthta 1.2. Gia mÐa dosmènh su-
n�rthsh f pou orÐzetai sto f�sma tou A, o pÐnakac f(A) ∈ Cp×p mporeÐ na
ekfrasteÐ wc

f(A) = Qf(Λ)Q−1 =

p∑
j=1

f(λj)qjq̂
T
j .

Gia k�je akèraio r ∈ Z kai èna di�nusma b ∈ Rp, mporoÔme na orÐsoume tic
dianusmatikèc ropèc (vector moments) vr ∈ Rp tou pÐnaka A wc

vr = Arb.
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K�je eÐsodoc vr,i thc dianusmatik c rop c vr mporeÐ na ekfrasteÐ wc to a-
kìloujo �jroisma

vr,i = eTi vr = eTi A
rb =

p∑
j=1

λrj(ei,qj)(q̂j, b) =

p∑
j=1

λrjαj,iβj, (4.1)

ìpou αj,i = (ei,qj), βj = (q̂j, b), i, j = 1, 2, . . . , p.

H dianusmatik  rop  sun�rthshc (function vector moment) vf ∈ Cp tou
pÐnaka A orÐzetai wc

vf = f(A)b.

Gia tic eisìdouc vf,i, i = 1, 2, . . . , p, thc dianusmatik c rop c sun�rthshc vf ,
èqoume

vf,i = eTi f(A)b =

p∑
j=1

f(λj)(ei,qj)(q̂j, b) =

p∑
j=1

f(λj)αj,iβj. (4.2)

MÐa prosèggish thc vf mporeÐ na prokÔyei qwrÐc ton upologismì thc pa-
ragontopoÐhshc tou pÐnaka A. Ac krat soume k ìrouc sto �jroisma (4.2),
dhlad 

vf =


vf,1
vf,2
...
vf,p

 '

∑k

j=1 f(λ̃j,1)α̃j,1β̃j,1∑k
j=1 f(λ̃j,2)α̃j,2β̃j,2

...∑k
j=1 f(λ̃j,p)α̃j,pβ̃j,p

 =


∑k

j=1 f(λ̃j,1)m̃j,1∑k
j=1 f(λ̃j,2)m̃j,2

...∑k
j=1 f(λ̃j,p)m̃j,p

 . (4.3)

Oi �gnwstoi λ̃j,i kai m̃j,i = α̃j,iβ̃j,i mporoÔn na prosdioristoÔn jewr¸ntac wc
sunj kec parembol c th sqèsh (4.1) gia di�forec mh-arnhtikèc timèc tou r,
dhlad 

vr =


vr,1
vr,2
...
vr,p

 '

∑k

j=1(λ̃j,1)
rα̃j,1β̃j,1∑k

j=1(λ̃j,2)
rα̃j,2β̃j,2

...∑k
j=1(λ̃j,p)

rα̃j,pβ̃j,p

 =


∑k

j=1(λ̃j,1)
rm̃j,1∑k

j=1(λ̃j,2)
rm̃j,2

...∑k
j=1(λ̃j,p)

rm̃j,p

 . (4.4)

4.1.1 Dianusmatikèc ektim seic enìc ìrou

Efarmìzontac ta ajroÐsmata thc sqèshc (4.3) gia k = 1, k�je eÐsodoc thc
dianusmatik c rop c sun�rthshc vf mporeÐ na proseggisteÐ apì

vf,i ' f(λ̃1,i)m̃1,i, i = 1, 2, . . . , p,
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ìpou oi �gnwstoi λ̃1,i, m̃1,i prosdiorÐzontai apì tic sunj kec parembol c (4.4)
gia r = 0, 1, 2, dhlad 

v0,i ' m̃1,i,

v1,i ' λ̃1,im̃1,i ' λ̃1,iv0,i,

v2,i ' λ̃21,im̃1,i ' λ̃21,iv0,i.

LÔnontac to parap�nw sÔsthma exis¸sewn, mporoÔme na p�roume ton akìlou-
jo sumpag  tÔpo gia ta λ̃1,i

λ̃1,i = vj−10,i v
1−2j
1,i vj2,i, j = 0,

1

2
, 1, i = 1, 2, . . . , p. (4.5)

ParathroÔme ìti sth sqèsh (4.5) an to j p�rei opoiad pote migadik  tim ,
dhlad  j = γ + iδ, autì odhgeÐ kai p�li sthn Ðdia tim  λ̃1,i.
Pr�gmati, gia j = γ + iδ, isqÔei

vγ+iδ−10,i v
1−2(γ+iδ)
1,i vγ+iδ2,i = (m̃1,i)

γ+iδ−1(λ̃1,im̃1,i)
1−2γ−2iδ(λ̃21,im̃1,i)

γ+iδ = λ̃1,i.

Epomènwc, mporoÔme na par�goume mÐa oikogèneia dianusmatik¸n ektim sewn
enìc ìrou (one-term vector estimates) ϕz gia th dianusmatik  rop  sun�rth-
shc vf .

Prìtash 4.1.

1. MÐa oikogèneia dianusmatik¸n ektim sewn enìc ìrou {ϕz, z ∈ C} gia
th dianusmatik  rop  sun�rthshc vf dÐnetai apì

ϕz,i = f
(
vz−10,i v

1−2z
1,i vz2,i

)
v0,i, z ∈ C, i = 1, 2, . . . , p. (4.6)

2. H oikogèneia dianusmatik¸n ektim sewn enìc ìrou (4.6) ikanopoieÐ th
sqèsh

ϕz,i = f

(
ρzi
v1,i
v0,i

)
v0,i, z ∈ C, (4.7)

ìpou ρi = v0,iv2,i/v
2
1,i kai v0,iv1,i 6= 0, gia i = 1, 2, . . . , p. An v0,i = 0  

v1,i = 0, mporoÔme na efarmìsoume th sqèsh (4.6) gia z = 1   z =
1

2
antÐstoiqa.

Apìdeixh.
1. Antikajist¸ntac tic timèc tou λ̃1,i sth sqèsh vf,i ' f(λ̃1,i)v0,i, prokÔptei o
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tÔpoc ϕz,i = f
(
vz−10,i v

1−2z
1,i vz2,i

)
v0,i, gia k�je i = 1, 2, . . . , p.

2. IsqÔei

ϕz,i = f
(
vz−10,i v

1−2z
1,i vz2,i

)
v0,i = f

(
vz0,iv

z
2,i

v2z1,i
· v1,i
v0,i

)
v0,i

= f

((
v0,iv2,i
v21,i

)z
· v1,i
v0,i

)
v0,i = f

(
ρzi
v1,i
v0,i

)
v0,i,

ìpou ρi = v0,iv2,i/v
2
1,i. Opìte, ϕz,i = f

(
ρzi

v1,i
v0,i

)
v0,i.

H oikogèneia dianusmatik¸n ektim sewn enìc ìrou ϕz exart�tai apì mÐa
par�metro z ∈ C. To akìloujo l mma prosdiorÐzei thn Ôparxh bèltistwn
tim¸n (zopt)i, i = 1, 2, . . . , p, pou odhgoÔn se akrib  ektÐmhsh k�je eisìdou
thc dianusmatik c rop c sun�rthshc vf .

L mma 4.1.
'Estw A ∈ Rp×p ènac diagwnÐsimoc pÐnakac, f mÐa antistrèyimh sun�rthsh
kai ρi = v0,iv2,i/v

2
1,i.

1. An ρi 6= 1, i = 1, 2, . . . , p, up�rqei mÐa bèltisth tim  (zopt)i h opoÐa
dÐnetai apì

(zopt)i =
log
(
f−1

(
vf,i
v0,i

)
v0,i
v1,i

)
log(ρi)

, (4.8)

tètoia ¸ste ϕ(zopt)i,i dÐnei thn akrib  tim  thc vf,i.

2. An ρi = 1 tìte h bèltisth tim  (zopt)i mporeÐ na eÐnai k�je migadikìc
arijmìc, dhlad  ϕz,i = vf,i, ∀ z ∈ C, i = 1, 2, . . . , p.

Apìdeixh.
1. Gia k�je i = 1, 2, . . . , p, isqÔei

ϕ(zopt)i,i = vf,i
(4.7)⇒ f

(
ρ
(zopt)i
i

v1,i
v0,i

)
v0,i = vf,i ⇒ f

(
ρ
(zopt)i
i

v1,i
v0,i

)
=
vf,i
v0,i

⇒ ρ
(zopt)i
i

v1,i
v0,i

= f−1
(
vf,i
v0,i

)
⇒ ρ

(zopt)i
i = f−1

(
vf,i
v0,i

)
v0,i
v1,i

⇒ (zopt)i =
log
(
f−1

(
vf,i
v0,i

)
v0,i
v1,i

)
log(ρi)

, ìpou ρi = v0,iv2,i/v
2
1,i 6= 1.

2. An ρi = 1, tìte h sqèsh (4.7) gr�fetai wc ϕz,i = f

(
v1,i
v0,i

)
v0,i, h opoÐa

eÐnai anex�rthth apì thn par�metro z ∈ C.
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Qrhsimopoi¸ntac thn anisìthta Cauchy-Schwarz, mporoÔme na p�roume
èna fr�gma gia k�je bèltisth tim  (zopt)i h opoÐa dÐnetai sto akìloujo l mma.

L mma 4.2.
'Estw A ∈ Rp×p ènac diagwnÐsimoc pÐnakac kai f mÐa aÔxousa pragmatik 
sun�rthsh. An v0,i > 0, v1,i > 0 kai ρi > 1 tìte èna �nw fr�gma gia th
bèltisth tim  (zopt)i dÐnetai apì

(zopt)i ≤
log

(
f−1

(
κ(Q)f(ρ(A))

‖b‖
v0,i

)
v0,i
v1,i

)
log(ρi)

,

ìpou κ(Q) eÐnai o deÐkthc kat�stashc tou pÐnaka twn idiodianusm�twn tou A,
Q, kai ρ(A) eÐnai h fasmatik  aktÐna tou A.

Apìdeixh.
IsqÔei ìti ‖f(A)‖2 ≤ κ(Q) · f(ρ(A)) [48, sel. 102]. Qrhsimopoi¸ntac thn
anisìthta Cauchy-Schwarz, èqoume

vf,i = (ei, f(A)b) ≤ |(ei, f(A)b)| ≤ ‖ei‖ · ‖f(A)b‖ ≤ ‖f(A)‖2 · ‖b‖
≤ κ(Q) · f(ρ(A)) · ‖b‖.

AfoÔ v0,i > 0 kai f eÐnai mÐa aÔxousa sun�rthsh, èqoume

f−1
(
vf,i
v0,i

)
≤ f−1

(
κ(Q) · f(ρ(A)) · ‖b‖

v0,i

)
.

Lamb�nontac upìyin ìti v1,i > 0, èqoume

f−1
(
vf,i
v0,i

)
v0,i
v1,i
≤ f−1

(
κ(Q) · f(ρ(A)) · ‖b‖

v0,i

)
v0,i
v1,i

⇒ log

(
f−1

(
vf,i
v0,i

)
v0,i
v1,i

)
≤ log

(
f−1

(
κ(Q) · f(ρ(A)) · ‖b‖

v0,i

)
v0,i
v1,i

)

⇒ (zopt)i ≤
log

(
f−1

(
κ(Q) · f(ρ(A)) · ‖b‖

v0,i

)
v0,i
v1,i

)
log(ρi)

, afoÔ ρi > 1.

Parat rhsh 4.1.
An h sun�rthsh f eÐnai fjÐnousa, ta v0,i, v1,i den eÐnai kai ta dÔo jetik� kai
to ρi eÐnai eÐte megalÔtero eÐte mikrìtero tou 1, tìte èna parìmoio apotèlesma
me autì tou L mmatoc 4.2 mporeÐ na prokÔyei.
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Parat rhsh 4.2.
An o pÐnakac A eÐnai kanonikìc (normal), prokÔptei kalÔtero fr�gma gia th
bèltisth tim  (zopt)i. Sugkekrimèna, isqÔei κ(Q) = 1, ki ètsi den eÐnai ana-
gkaÐoc o upologismìc tou pÐnaka twn idiodianusm�twn Q.

Sth sunèqeia, apodeiknÔoume th sqèsh metaxÔ thc dianusmatik c ektÐmhshc
enìc ìrou gia z = 0 me thn ektÐmhsh pou prokÔptei qrhsimopoi¸ntac touc ka-
nìnec mh-summetrik c arijmhtik c olokl rwshc Gauss kai ton mh-summetrikì
algìrijmo Lanczos me mÐa mìno epan�lhyh, [38]. Sugkekrimèna, h akìloujh
prìtash isqÔei gia k�je pÐnaka.

Prìtash 4.2.
'Estw A ∈ Rp×p ènac mh-summetrikìc pÐnakac. K�je stoiqeÐo thc dianusma-
tik c ektÐmhshc ϕ0 isoÔtai me thn ektÐmhsh pou prokÔptei qrhsimopoi¸ntac
thn mh-summetrik  arijmhtik  olokl rwsh Gauss kai ton mh-summetrikì
algìrijmo Lanczos me mÐa epan�lhyh gia th digrammik  morf  eTi f(A)b, u-
pojètontac ìti (ei, b) 6= 0.

Apìdeixh.
Efarmìzoume ton mh-summetrikì algìrijmo Lanczos me arqik� dianÔsmata u =
b

(ei, b)
kai ũ = ei [38, sel. 43], ta opoÐa ikanopoioÔn th sqèsh (ũ,u) = 1.

Krat¸ntac mÐa epan�lhyh autoÔ tou algorÐjmou, o pÐnakac Jacobi J1 èqei èna

mìno stoiqeÐo, dhlad  J1 =
[

ũTAu
]
. IsqÔei, ũTAu = eTi Ab

1

(ei, b)
=
v1,i
v0,i

.

Epomènwc,

eTi f(A)b = (ei, b)f(ũTAu) = v0,if

(
v1,i
v0,i

)
= ϕ0,i, gia k�je i = 1, 2, . . . , p.

H oikogèneia twn dianusmatik¸n ektim sewn enìc ìrou ϕz pou èqei pro-
kÔyei parèqei akrib  prosèggish se perÐptwsh pou oi bèltistec timèc (zopt)i,
i = 1, 2, . . . , p, mporoÔn na prosdioristoÔn a priori. Prokeimènou na xepera-
steÐ aut  h duskolÐa krat�me perissìterouc ìrouc sta ajroÐsmata (4.4) kai
proqwr�me sthn paragwg  ektim sewn perissìterwn ìrwn.

4.1.2 Dianusmatikèc ektim seic dÔo ìrwn

Efarmìzontac ta ajroÐsmata (4.3) gia k = 2, k�je eÐsodoc thc dianusmatik c
rop c sun�rthshc vf mporeÐ na proseggisteÐ apì

vf,i ' f(λ̃1,i)m̃1,i + f(λ̃2,i)m̃2,i, i = 1, 2, . . . , p,
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ìpou oi �gnwstoi λ̃j,i, m̃j,i, j = 1, 2, prosdiorÐzontai qrhsimopoi¸ntac wc
sunj kec parembol c tic (4.4) gia r = 0, 1, 2.

Prìtash 4.3.
Oi dianusmatikèc ektim seic dÔo ìrwn (two-term vector estimates) gia tic
dianusmatikèc ropèc vn ikanopoioÔn thn exÐswsh diafor¸n deutèrac t�xhc,
dhlad 

vn+1,i − rivn,i + qivn−1,i = 0, n ∈ Z, (4.9)

ìpou ri = λ̃1,i + λ̃2,i ∈ C, qi = λ̃1,iλ̃2,i ∈ C, gia k�je i = 1, 2, . . . , p.

Apìdeixh.
IsqÔei vn+1,i ' (λ̃1,i)

n+1m̃1,i + (λ̃2,i)
n+1m̃2,i.

rivn,i = (λ̃1,i + λ̃2,i)((λ̃1,i)
nm̃1,i + (λ̃2,i)

nm̃2,i) =

= (λ̃1,i)
n+1m̃1,i + λ̃1,i(λ̃2,i)

nm̃2,i + λ̃2,i(λ̃1,i)
nm̃1,i + (λ̃2,i)

n+1m̃2,i,

qivn−1,i = (λ̃1,iλ̃2,i)((λ̃1,i)
n−1m̃1,i + (λ̃2,i)

n−1m̃2,i) = λ̃2,i(λ̃2,i)
nm̃1,i + λ̃1,iλ̃

n
2,im̃2,i.

Qrhsimopoi¸ntac tic parap�nw sqèseic, blèpoume ìti h exÐswsh diafor¸n
vn+1,i − rivn,i + qivn−1,i = 0 ikanopoieÐtai.

JewroÔme to sÔsthma exis¸sewn

vn+1,i − rivn,i + qivn−1,i = 0, vn+2+k,i − rivn+1+k,i + qivn+k,i = 0, n, k ∈ Z.

H lÔsh tou sust matoc dÐnetai apì

ri =
vn−1,ivn+2+k,i − vn+1,ivn+k,i
vn−1,ivn+1+k,i − vn,ivn+k,i

, (4.10)

qi =
vn,ivn+2+k,i − vn+1,ivn+1+k,i

vn−1,ivn+1+k,i − vn,ivn+k,i
. (4.11)

EpÐshc, gia k�je i = 1, 2, . . . , p, èqoume

λ̃1,i =
ri +

√
r2i − 4qi
2

kai λ̃2,i =
ri −

√
r2i − 4qi
2

. (4.12)

H lÔsh tou sust matoc twn antÐstoiqwn sunjhk¸n parembol c dÐnetai apì
touc tÔpouc, gia k�je i = 1, 2, . . . , p,

m̃1,i =
1

λ̃2,i − λ̃1,i
(λ̃2,iv0,i − v1,i), λ̃1,i 6= λ̃2,i, (4.13)
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m̃2,i =
1

λ̃2,i − λ̃1,i
(v1,i − λ̃1,iv0,i), λ̃1,i 6= λ̃2,i. (4.14)

Wc apotèlesma, paÐrnoume mÐa oikogèneia dianusmatik¸n ektim sewn dÔo ìrwn
ϕ̂n,k gia th dianusmatik  rop  sun�rthshc vf h opoÐa dÐnetai sthn akìloujh
prìtash.

Prìtash 4.4.
MÐa oikogèneia dianusmatik¸n ektim sewn dÔo ìrwn {ϕ̂n,k, n, k ∈ Z} gia th
dianusmatik  rop  sun�rthshc vf dÐnetai apì

(ϕ̂n,k)i = f(λ̃1,i)m̃1,i + f(λ̃2,i)m̃2,i, n, k ∈ Z, i = 1, 2, . . . , p, (4.15)

ìpou λ̃1,i, λ̃2,i, m̃1,i kai m̃2,i orÐzontai apì tic sqèseic (4.12), (4.13), (4.14)
antÐstoiqa.

Parat rhsh 4.3.
Jètoume (ρ̂n,k)i = (vn−1,ivk+1,i)/(vn,ivk,i), i = 1, 2, . . . , p. An gia k�poio i,
isqÔei ìti vn−1,i = vn+k,i = 0   (ρ̂n,n+k)i = 1   r2i = 4qi, tìte h sqèsh (4.15)
den mporeÐ na d¸sei ektim seic gia th sugkekrimènh epilog  tou zeÔgouc twn
paramètrwn (n, k). An n = k = 1, paÐrnoume (ρ̂1,1)i = (v0,iv2,i)/v

2
1,i to opoÐo

eÐnai Ðso me to ρi pou qrhsimopoieÐtai stic dianusmatikèc ektim seic enìc ìrou.

4.1.3 Dianusmatikèc ektim seic tri¸n ìrwn

Krat¸ntac treic ìrouc sta ajroÐsmata (4.3), k�je eÐsodoc thc dianusmatik c
rop c sun�rthshc vf proseggÐzetai apì

vf,i ' f(λ̃1,i)m̃1,i + f(λ̃2,i)m̃2,i + f(λ̃3,i)m̃3,i, i = 1, 2, . . . , p,

ìpou oi �gnwstoi λ̃j,i, m̃j,i, j = 1, 2, 3, prosdiorÐzontai qrhsimopoi¸ntac wc
sunj kec parembol c tic (4.4) gia r = 0, 1, 2.

Prìtash 4.5.
Oi dianusmatikèc ektim seic tri¸n ìrwn (three-term vector estimates) gia tic
dianusmatikèc ropèc vn ikanopoioÔn thn exÐswsh diafor¸n trÐthc t�xhc, dh-
lad 

vn+2,i − sivn+1,i + tivn,i − givn−1,i = 0, n ∈ Z,

ìpou

si = λ̃1,i+λ̃2,i+λ̃3,i, ti = λ̃1,iλ̃2,i+λ̃1,iλ̃3,i+λ̃2,iλ̃3,i kai gi = λ̃1,iλ̃2,iλ̃3,i. (4.16)
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Apìdeixh.
IsqÔei vn+2,i ' (λ̃1,i)

n+2m̃1,i + (λ̃2,i)
n+2m̃2,i + (λ̃3,i)

n+2m̃3,i,

sivn+1,i = (λ̃1,i + λ̃2,i + λ̃3,i)((λ̃1,i)
n+1m̃1,i + (λ̃2,i)

n+1m̃2,i + (λ̃3,i)
n+1m̃3,i) =

= (λ̃1,i)
n+2m̃1,i + λ̃1,i(λ̃2,i)

n+1m̃2,i + λ̃1,i(λ̃3,i)
n+1m̃3,i + λ̃2,i(λ̃1,i)

n+1m̃1,i +

+(λ̃2,i)
n+2m̃2,i + λ̃2,i(λ̃3,i)

n+1m̃3,i + λ̃3,i(λ̃1,i)
n+1m̃1,i + λ̃3,i(λ̃2,i)

n+1m̃2,i +

+(λ̃3,i)
n+2m̃3,i,

tivn,i = (λ̃1,iλ̃2,i + λ̃1,iλ̃3,i + λ̃2,iλ̃3,i)((λ̃1,i)
nm̃1,i + (λ̃2,i)

nm̃2,i + (λ̃3,i)
nm̃3,i) =

= λ̃2,i(λ̃1,i)
n+1m̃1,i + λ̃1,i(λ̃2,i)

n+1m̃2,i + λ̃1,iλ̃2,i(λ̃3,i)
nm̃3,i + λ̃3,i(λ̃1,i)

n+1m̃1,i +

+λ̃1,iλ̃3,i(λ̃2,i)
nm̃2,i + λ̃1,i(λ̃3,i)

n+1m̃3,i + λ̃2,iλ̃3,i(λ̃1,i)
nm̃1,i + λ̃3,i(λ̃2,i)

n+1m̃2,i +

+λ̃2,i(λ̃3,i)
n+1m̃3,i,

givn−1,i = (λ̃1,iλ̃2,iλ̃3,i)((λ̃1,i)
n−1m̃1,i + (λ̃2,i)

n−1m̃2,i + (λ̃3,i)
n−1m̃3,i) =

= λ̃2,iλ̃3,i(λ̃1,i)
nm̃1,i + λ̃1,iλ̃3,i(λ̃2,i)

nm̃2,i + λ̃1,iλ̃2,i(λ̃3,i)
nm̃3,i.

Qrhsimopoi¸ntac tic parap�nw sqèseic, blèpoume ìti h exÐswsh diafor¸n
vn+2,i − sivn+1,i + tivn,i − givn−1,i = 0 ikanopoieÐtai.

Gia na broÔme tic paramètrouc si, ti, gi jewroÔme to sÔsthma exis¸sewn,
gia n, k, ` ∈ Z,

vn+2,i − sivn+1,i + tivn,i − givn−1,i = 0,

vn+k+3,i − sivn+k+2,i + tivn+k+1,i − givn+k,i = 0,

vn+`+4,i − sivn+`+3,i + tivn+`+2,i − givn+`+1,i = 0.

H lÔsh proèkuye qrhsimopoi¸ntac to Symbolic Math Toolbox tou MATLAB.
Stouc paragìmenouc sumbolik� tÔpouc k�name kat�llhlec aplopoi seic kai
telik� p rame tic akìloujec sqèseic.

si =
vn,ivn+k,ivn+`+4,i − vn,ivn+`+1,ivn+k+3,i − vn+k,ivn+`+2,ivn+2,i

wi
+

+
vn+k+1,ivn+`+1,ivn+2,i − vn+k+1,ivn−1,ivn+`+4,i + vn+`+2,ivn−1,ivn+k+3,i

wi
, (4.17)

ti =
vn+1,ivn+k,ivn+`+4,i − vn+1,ivn+`+1,ivn+k+3,i − vn+k,ivn+`+3,ivn+2,i

wi
+

+
vn+k+2,ivn+`+1,ivn+2,i − vn+k+2,ivn−1,ivn+`+4,i + vn+`+3,ivn−1,ivn+k+3,i

wi
, (4.18)
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gi =
vn,ivn+k+2,ivn+`+4,i − vn,ivn+`+3,ivn+k+3,i − vn+1,ivn+k+1,ivn+`+4,i

wi
+

+
vn+1,ivn+`+2,ivn+k+3,i + vn+k+1,ivn+`+3,ivn+2,i − vn+k+2,ivn+`+2,ivn+2,i

wi
, (4.19)

ìpou

wi = vn,ivn+k,ivn+`+3,i − vn,ivn+k+2,ivn+`+1,i − vn+1,ivn+k,ivn+`+2,i +

+vn+1,ivn+k+1,ivn+`+1,i − vn+k+1,ivn+`+3,ivn−1,i + vn+k+2,ivn+`+2,ivn−1,i.

Oi tÔpoi gia tic paramètrouc λ̃1,i, λ̃2,i kai λ̃3,i, pou èqoun prokÔyei lÔnontac
sumbolik� to sÔsthma twn exis¸sewn (4.16), eÐnai oi akìloujoi:

λ̃1,i =
si
3
− (Ap)i

3 · 24/3
+

3ti − s2i
3 · 22/3(Ap)i

− 2−2/33−1/2

√
−
(

3ti − s2i + 2−2/3(Ap)
2
i

(Ap)i

)2

,

(4.20)

λ̃2,i =
si
3
− (Ap)i

3 · 24/3
+

3ti − s2i
3 · 22/3(Ap)i

+ 2−2/33−1/2

√
−
(

3ti − s2i + 2−2/3(Ap)
2
i

(Ap)i

)2

,

(4.21)

λ̃3,i = (Bp)i +
si
3

+
s2i − 3ti
9(Bp)i

, (4.22)

ìpou (Ap)i =
(

27gi + 3
√

3
√

4t3i − t2i s2i − 18tigisi + 27g2i + 4gis3i − 9tisi + 2s3i

)1/3
kai (Bp)i =

gi
2
− tisi

6
+

√(
s3i
27
− tisi

6
+
gi
2

)2

+

(
ti
3
− s2i

9

)3

+
s3i
27

1/3

.

H lÔsh tou sust matoc twn antÐstoiqwn sunjhk¸n parembol c, dÐnetai apì
touc tÔpouc

m̃1,i =
v2,i − λ̃2,iv1,i − λ̃3,iv1,i + λ̃2,iλ̃3,iv0,i(

λ̃1,i − λ̃2,i
)(

λ̃1,i − λ̃3,i
) , (4.23)

m̃2,i = −v2,i − λ̃1,iv1,i − λ̃3,iv1,i + λ̃1,iλ̃3,iv0,i(
λ̃1,i − λ̃2,i

)(
λ̃2,i − λ̃3,i

) , (4.24)
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m̃3,i =
v2,i − λ̃1,iv1,i − λ̃2,iv1,i + λ̃1,iλ̃2,iv0,i(

λ̃1,i − λ̃3,i
)(

λ̃2,i − λ̃3,i
) . (4.25)

'Etsi, mporoÔme na dhmiourg soume mÐa oikogèneia dianusmatik¸n ektim sewn
tri¸n ìrwn ϕ̃n,k,` gia th dianusmatik  rop  sun�rthshc vf h opoÐa dÐnetai sthn
akìloujh prìtash.

Prìtash 4.6.
MÐa oikogèneia dianusmatik¸n ektim sewn tri¸n ìrwn {ϕ̃n,k,`, n, k, ` ∈ Z}
gia th dianusmatik  rop  sun�rthshc vf dÐnetai apì

(ϕ̃n,k,`)i = f(λ̃1,i)m̃1,i + f(λ̃2,i)m̃2,i + f(λ̃3,i)m̃3,i, n, k, ` ∈ Z, (4.26)

ìpou λ̃1,i, λ̃2,i, λ̃3,i, m̃1,i, m̃2,i, m̃3,i prosdiorÐzontai apì touc tÔpouc (4.20),
(4.21), (4.22), (4.23), (4.24), (4.25) antÐstoiqa kai i = 1, 2, . . . , p.

Parat rhsh 4.4.
An gia k�poio i, isqÔei ìti vn+1,i = vn+k+2,i = vn+`+3,i = 0   (ρ̂n,n+k)i =
(ρ̂n+`+2,n−1)i = (ρ̂n+k+1,n+`+1)i = 1, tìte h sqèsh (4.26) den mporeÐ na d¸sei
ektim seic gia th sugkekrimènh epilog  twn paramètrwn (n, k, `).

4.2 Dianusmatikèc ektim seic gia th mor-
f  XTf (A)Y

JewroÔme th genik  morf 
XTf(A)Y, (4.27)

ìpou A ∈ Rp×p eÐnai ènac diagwnÐsimoc pÐnakac, X =
[
x1 x2 . . . xm

]
,

Y =
[
y1 y2 . . . ym

]
∈ Rp×m eÐnai “block dianÔsmata” me m� p st lec

kai f eÐnai mÐa omal  sun�rthsh pou orÐzetai sto f�sma tou pÐnaka A. Se
aut  thn enìthta, anaptÔssoume ektim seic gia thn parap�nw genik  morf 
uiojet¸ntac tic dianusmatikèc ektim seic pou èqoun prokÔyei gia to ginìmeno
f(A)b, ìpwc autèc perigr�fontai parap�nw.

Sth diejn  bibliografÐa, up�rqoun mèjodoi gia thn prosèggish thc morf c
XTf(A)Y , ìpou o pÐnakac XTY eÐnai pl rouc t�xhc (full rank). Stic erga-
sÐec [27, 58], perigr�fetai mÐa prosèggish ektÐmhshc thc morf cXTf(A)Y pou
basÐzetai se kanìnec arijmhtik c olokl rwshc block Gauss kai block anti-
Gauss. Ta arqik� “block dianÔsmata” prèpei na eÐnai diorjog¸nia (biorthogo-
nal), dhlad  XTY = Im,   diaforetik� ta “block dianÔsmata” X, Y mporoÔn
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na gÐnoun diorjog¸nia qrhsimopoi¸ntac thn paragontopoÐhsh idiazous¸n ti-
m¸n. H proteinìmenh mèjodoc mporeÐ na efarmosteÐ gia k�je epilog  twn
X, Y kai den eÐnai aparaÐthto na eÐnai   na gÐnoun diorjog¸nia.

Ac ekfr�soume loipìn thn epijumht  morf  wc akoloÔjwc

XTf(A)Y = XTf(A)
[
y1 y2 . . . ym

]
= XT

[
f(A)y1 f(A)y2 . . . f(A)ym

]
.

ParathroÔme ìti k�je ginìmeno f(A)yi, i = 1, 2, . . . ,m, mporeÐ na ektimhjeÐ
qrhsimopoi¸ntac tic oikogèneiec dianusmatik¸n ektim sewn enìc, dÔo kai tri-
¸n ìrwn ϕz (4.6), ϕ̂n,k (4.15) kai ϕ̃n,k,` (4.26), antÐstoiqa. Sugkekrimèna,
mporoÔme na diatup¸soume thn akìloujh prìtash.

Prìtash 4.7.
Oikogèneiec dianusmatik¸n ektim sewn enìc, dÔo kai tri¸n ìrwn gia th morf 
XTf(A)Y mporoÔn na prokÔyoun ektim¸ntac k�je eÐsodo XTf(A)yi, me tic
dianusmatikèc ektim seic enìc, dÔo kai tri¸n ìrwn XTϕz, XT ϕ̂n,k, XT ϕ̃n,k,`
antÐstoiqa.

4.3 Arijmhtik� apotelèsmata

Upologistik  poluplokìthta

H upologistik  poluplokìthta twn dianusmatik¸n ektim sewn gia thn po-
sìthta f(A)b parousi�zetai ston PÐnaka 4.1. Sugkekrimèna, h oikogèneia
dianusmatik¸n ektim sewn enìc ìrou ϕz gia thn posìthta f(A)b apaiteÐ ton
upologismì mìno dÔo ginomènwn pin�kwn-dianusm�twn (matrix-vector prod-
ucts - mvp’s). Epiplèon, h poluplokìthta twn oikogenei¸n dianusmatik¸n
ektim sewn dÔo ìrwn ϕ̂n,k kai tri¸n ìrwn ϕ̃n,k,` exart�tai apì thn tim  twn
paramètrwn pou apaitoÔntai gia thn efarmog  touc. H upologistik  poluplo-
kìthta thc oikogèneiac dianusmatik¸n ektim sewn tri¸n ìrwn ϕ̃n,k,` eÐnai thc
t�xhc O (µp2), ìpou µ = max {n+ k + 3, n+ `+ 4}, gia k�je puknì (dense)
pÐnaka A di�stashc p. Se perÐptwsh pou o dosmènoc pÐnakac eÐnai banded me
bandwidth s, h poluplokìthta aut¸n twn dianusmatik¸n ektim sewn eÐnai thc
t�xhc O (sp).
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PÐnakac A f(A)b

ϕz ϕ̂n,k ϕ̃n,k,`
dense O (2p2) O ((n+ k + 2)p2) O (µp2)

banded O (2sp) O ((n+ k + 2)sp) O (µsp)

PÐnakac 4.1: Upologistik  poluplokìthta twn dianusmatik¸n ektim sewn gia
to ginìmeno f(A)b.

H upologistik  poluplokìthta twn dianusmatik¸n ektim sewn gia th mor-
f  XTf(A)Y , me X, Y ∈ Rp×m, 1 ≤ m � p, exart�tai apì to m kai h t�xh
thc eÐnai O (mp2). 'Otan o dosmènoc pÐnakac A eÐnai banded me bandwidth s, h
poluplokìthta eÐnai thc t�xhc O (msp). Oi apaitoÔmenec arijmhtikèc pr�xeic
parousi�zontai ston PÐnaka 4.2.

PÐnakac A XTf(A)Y

XTϕz XT ϕ̂n,k XT ϕ̃n,k,`
dense O (2mp2) O (m(n+ k + 2)p2) O (mµp2)

banded O (2msp) O (m(n+ k + 2)sp) O (mµsp)

PÐnakac 4.2: Upologistik  poluplokìthta twn dianusmatik¸n ektim sewn gia
th genik  morf  XTf(A)Y .

Sth sunèqeia, parousi�zoume arket� arijmhtik� paradeÐgmata pou deÐqnoun
thn apìdosh twn paragìmenwn oikogenei¸n dianusmatik¸n ektim sewn tìso
gia to ginìmeno f(A)b ìso kai gia th morf  XTf(A)Y . 'Oloi oi upologismoÐ
èginan qrhsimopoi¸ntac to upologistikì pakèto MATLAB (R2015a), 64-bit,
se upologist  Intel Core i7, me 16 Gb DDR4 RAM.

Se ìla ta paradeÐgmata, parousi�zoume pÐnakec stouc opoÐouc katagr�fe-
tai to sqetikì sf�lma gia tic paraqjeÐsec dianusmatikèc ektim seic. H akrib c
tim  prosdiorÐzetai me ton upologismì tou pÐnaka f(A) qrhsimopoi¸ntac ètoi-
mec sunart seic tou MATLAB, ìpwc “expm”, “sqrtm”, “logm” k.a. H sun�r-
thsh pros mou tou pÐnaka A upologÐzetai apì ton tÔpo sign(A) = A(A2)−1/2.
Se ìsa akoloujoÔn, me rand(p, 1) dhl¸noume èna tuqaÐo di�nusma m kouc p
me jetik� stoiqeÐa ta opoÐa proèrqontai apì thn omoiìmorfh katanom  kai me
randn(p, 1) dhl¸noume èna tuqaÐo di�nusma m kouc p pou proèrqetai apì thn
kanonik  katanom . Tèloc, sumbolÐzoume me 1 to di�nusma m kouc p pou èqei
ìla tou ta stoiqeÐa Ðsa me 1.
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Par�deigma 4.1. Dianusmatikèc ektim seic enìc ìrou gia to f(A)b.

JewroÔme ton summetrikì, jetik� orismèno kai orjog¸nio pÐnaka A =

BTB di�stashc p = 700, ìpou o B èqei stoiqeÐa Bij =

√
2

p+ 1
sin

(
ijπ

p+ 1

)
.

O pÐnakac B mporeÐ na brejeÐ sth MATLAB gallery kai kaleÐtai me thn entol 
B = gallery(′orthog′, 700), [68]. 'Estw b èna di�nusma m kouc p = 700 to
opoÐo proèrqetai apì thn kanonik  katanom . EktimoÔme to ginìmeno f(A)b
gia treic diaforetikèc sunart seic f , qrhsimopoi¸ntac thn dianusmatik  e-
ktÐmhsh enìc ìrou ϕ0. AfoÔ o pÐnakac A eÐnai orjog¸nioc, h bèltisth tim 
gia thn par�metro eÐnai z = 0. Prìkeitai gia epèktash tou apotelèsmatoc pou
up�rqei sthn ergasÐa [34, Parat rhsh 4]. Ta apotelèsmata parousi�zontai
ston PÐnaka 4.3.

sun�rthsh f(A) A−1 exp(A)
√
A

Sqet. Sf�lma 8.6856e-17 1.3646e-15 5.4705e-15

PÐnakac 4.3: Sqetik� sf�lmata gia thn ektÐmhsh tou f(A)b qrhsimopoi¸ntac
th dianusmatik  ektÐmhsh enìc ìrou ϕ0.

Par�deigma 4.2. Dianusmatikèc ektim seic dÔo ìrwn gia to A1/2b.

JewroÔme ton mh-summetrikì pÐnaka A = dw256B di�stashc p = 512
pou proèrqetai apì probl mata hlektromagnhtismoÔ kai èqei epileqjeÐ apì
th sullog  pin�kwn SuiteSparse Matrix Collection [23]. O pÐnakac autìc
eÐnai diagwnÐsimoc me jetikèc idiotimèc kai kal c kat�stashc (κ(A) = 3.7328).
EktimoÔme thn posìthta A1/2b gia dÔo diaforetik� dianÔsmata b. Epilègoume
to pr¸to di�nusma b na proèrqetai apì thn omoiìmorfh katanom  (deÔterh
st lh tou PÐnaka 4.4) kai to deÔtero di�nusma na proèrqetai apì thn kanonik 
katanom  (trÐth st lh tou PÐnaka 4.4). H prosèggish aut¸n twn posot twn
ègine me qr sh thc oikogèneiac dianusmatik¸n ektim sewn dÔo ìrwn ϕ̂n,k (4.15)
gia di�forec timèc twn paramètrwn n kai k. Ta apotelèsmata parousi�zontai
ston PÐnaka 4.4.

'Opwc mporoÔme na parathr soume ston PÐnaka 4.4, qrhsimopoi¸ntac thn
oikogèneia dianusmatik¸n ektim sewn dÔo ìrwn ϕ̂n,k gia di�forec timèc twn pa-
ramètrwn n, k, mporoÔme na epitÔqoume sqetik� sf�lmata thc t�xhc O(10−3)
  O(10−4). Sthn teleutaÐa gramm  autoÔ tou PÐnaka katagr�fetai to mèso
sqetikì sf�lma (mean relative error - MRE) twn ektim sewn gia tic di�forec
timèc twn paramètrwn n, k.
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(n, k)
Sqet. Sf�lma Sqet. Sf�lma

[b = rand(512, 1)] [b = randn(512, 1)]

(1,0) 9.9679e-4 7.7755e-4
(1,1) 1.9075e-3 1.1618e-3
(1,3) 3.6696e-3 1.3892e-3
(1,-2) 3.6671e-4 8.3626e-4
(0,4) 3.5097e-3 4.4683e-3
MRE 2.0901e-3 1.7266e-3

PÐnakac 4.4: Ektim¸ntac thn posìthta A1/2b gia ton pÐnaka A = dw256B
di�stashc p = 512 qrhsimopoi¸ntac thn oikogèneia dianusmatik¸n ektim sewn
dÔo ìrwn gia di�forec timèc twn paramètrwn n kai k.

Par�deigma 4.3. Dianusmatikèc ektim seic tri¸n ìrwn gia to exp(A)b.

JewroÔme ton pÐnaka Poisson di�stashc p = 1600 o opoÐoc perigr�fetai
sthn Enìthta 1.7. Sugkekrimèna, jewroÔme ton pÐnaka A wc ton pollapla-
siasmì tou pÐnaka Poisson me 0.02, pou mporeÐ na prokÔyei me thn entol  tou
MATLAB A = 0.02∗ gallery(′poisson′, 40), [68]. EpÐshc, epilègoume dÔo dia-
foretik� dianÔsmata b. JewroÔme to di�nusma b ¸ste h i−ost  eÐsodoc tou
b na isoÔtai me thn efaptomènh tou antÐstoiqou deÐkth i, dhlad  bi = tan(i),
i = 1, 2, . . . , p (deÔterh st lh tou PÐnaka 4.5). To deÔtero di�nusma b proèr-
qetai apì thn omoiìmorfh katanom  (trÐth st lh tou PÐnaka 4.5).

EktimoÔme thn posìthta exp(A)b gia aut� ta dÔo dianÔsmata b. H ektÐmh-
sh aut¸n twn posot twn èqei gÐnei qrhsimopoi¸ntac thn oikogèneia dianusma-
tik¸n ektim sewn tri¸n ìrwn ϕ̃n,k,` (4.26) gia di�forec timèc twn paramètrwn
n, k kai `. Ta apotelèsmata parousi�zontai ston PÐnaka 4.5.

'Opwc mporoÔme na parathr soume ston PÐnaka 4.5, qrhsimopoi¸ntac thn
oikogèneia dianusmatik¸n ektim sewn tri¸n ìrwn ϕ̃n,k,` gia di�forec timèc twn
paramètrwn n, k, `, epitugq�noume ikanopoihtik� sqetik� sf�lmata. Sugke-
krimèna, ta sqetik� sf�lmata pou prokÔptoun eÐnai thc t�xhc O(10−10) kai
O(10−8), an to arqikì di�nusma b eÐnai tuqaÐo   bi = tan(i), i = 1, 2, . . . , p,
antÐstoiqa.
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(n, k, `)
Sqet. Sf�lma Sqet. Sf�lma
[bi = tan(i)] [b = rand(1600, 1)]

(1,0,0) 1.6454e-6 1.6563e-10
(1,2,0) 2.8671e-4 5.8612e-5
(1,0,3) 4.0753e-8 6.7314e-6
(1,2,5) 1.9537e-6 4.5347e-6
(1,2,3) 9.2279e-2 1.5779e-5

PÐnakac 4.5: Ektim¸ntac to ginìmeno exp(A)b gia ton pÐnaka Poisson di�sta-
shc p = 1600 qrhsimopoi¸ntac thn oikogèneia dianusmatik¸n ektim sewn tri-
¸n ìrwn gia di�forec timèc twn paramètrwn n, k kai `.

Par�deigma 4.4. f(A)b: SÔgkrish twn dianusmatik¸n ektim sewn dÔo kai
tri¸n ìrwn.

Se autì to par�deigma, sugkrÐnoume th sumperifor� twn dianusmatik¸n
ektim sewn dÔo kai tri¸n ìrwn. Eidikìtera, ektimoÔme thn posìthta f(A)b gia
di�forec epilogèc pin�kwn A, dianusm�twn b kai sunart sewn f . EktimoÔme
thn posìthta f(A)b qrhsimopoi¸ntac th dianusmatik  ektÐmhsh dÔo ìrwn ϕ̂1,0

kai th dianusmatik  ektÐmhsh tri¸n ìrwn ϕ̃1,0,0.
Dokim�zoume ton pÐnaka KMS di�stashc p = 800 me r = 0.2, o opoÐoc

perigr�fetai sthn Enìthta 1.7. EpÐshc, jewroÔme ton diagwnÐsimo pÐnaka
A ∈ R300×300 tou opoÐou ta stoiqeÐa eÐnai omoiìmorfa katanemhmèna, [58].
Autìc o pÐnakac eÐnai mh-summetrikìc kai aìristoc (indefinite) me migadikèc
idiotimèc. MporoÔme na kataskeu�soume autìn ton pÐnaka qrhsimopoi¸ntac
thn entol  tou MATLAB A = rand(300)/100.

Oi �lloi pÐnakec pou qrhsimopoi jhkan èqoun epileqjeÐ apì th sullog 
pin�kwn SuiteSparse Matrix Collection [23]. Oi pÐnakec ex1 (mh-summetrikìc)
kai Chem97ZtZ (summetrikìc) eÐnai diagwnÐsimoi me di�stash p = 216 kai
p = 2541 antÐstoiqa. O teleutaÐoc pÐnakac pou dokim�sthke eÐnai o Tre-
fethen 500 o opoÐoc eÐnai summetrikìc, jetik� orismènoc, di�stashc p = 500.
Ta apotelèsmata parousi�zontai ston PÐnaka 4.6. Sugkekrimèna, stic dÔo
teleutaÐec st lec tou PÐnaka 4.6, katagr�foume ta sqetik� sf�lmata pou
prokÔptoun qrhsimopoi¸ntac th dianusmatik  ektÐmhsh dÔo ìrwn ϕ̂1,0 kai th
dianusmatik  ektÐmhsh tri¸n ìrwn ϕ̃1,0,0 antÐstoiqa.

Ston PÐnaka 4.6, parathroÔme ìti h dianusmatik  ektÐmhsh tri¸n ìrwn
ϕ̃1,0,0, epitugq�nei kalÔtera sqetik� sf�lmata en sugkrÐsei me th dianusmatik 
ektÐmhsh dÔo ìrwn ϕ̂1,0.
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PÐnakac A di�nusma b sun�rthsh f(A) ϕ̂1,0 ϕ̃1,0,0

KMS(800, 0.2) rand(800, 1) log(A) 1.8984e-2 8.2597e-4

KMS(800, 0.2) randn(800, 1)
√
A 1.3775e-3 4.8433e-5

rand(300)/100 rand(300, 1) exp(A) 3.0348e-2 5.8355e-8

rand(300)/100 1
√
A 1.3289e-2 1.3277e-2

ex1 1 exp(A) 2.4133e-8 8.3008e-12
ex1 randn(216, 1) exp(A) 5.3671e-7 2.8318e-11

Chem97ZtZ 1
√
A 7.2613e-3 6.4037e-3

Trefethen 500 randn(500, 1) log(A) 6.8993e-3 6.0093e-3
Trefethen 500 rand(500, 1) sign(A) 4.1969e-4 6.4524e-4

PÐnakac 4.6: Ektim¸ntac thn posìthta f(A)b qrhsimopoi¸ntac tic oikogèneiec
dianusmatik¸n ektim sewn dÔo kai tri¸n ìrwn.

Par�deigma 4.5. MÐa efarmog  tou A1/2b.

JewroÔme ton pÐnaka sundiakÔmanshc A = covariance(p, α, β) di�stashc
p = 2000 gia di�forec timèc twn paramètrwn α, β ∈ R. Perigraf  autoÔ tou
pÐnaka mporeÐ na brejeÐ sthn Enìthta 1.7. Sth Statistik , èna apì ta pio su-
nhjismèna probl mata eÐnai h deigmatolhyÐa apì mÐa polumetablht  Gaussian
katanom  me jetik� orismèno pÐnaka sundiakÔmanshc A, [20]. Se aut� ta pro-
bl mata, emfanÐzetai to ginìmeno A1/2b, ìpou b = randn(2000, 1). Elègqoume
th sumperifor� twn dianusmatik¸n ektim sewn ϕ̂1,0 kai ϕ̃1,0,0 gia di�forouc
pÐnakec sundiakÔmanshc. Ta apotelèsmata parousi�zontai ston PÐnaka 4.7.
'Opwc mporoÔme na doÔme, h sumperifor� twn ektim sewn eÐnai sqedìn Ðdia
gia touc pÐnakec sundiakÔmanshc pou dokim�same kai ta antÐstoiqa sqetik�
sf�lmata eÐnai ikanopoihtik�.

(α, β) ϕ̂1,0 ϕ̃1,0,0

(1, 1) 9.8098e-4 2.3706e-4
(1/2, 4) 1.2601e-4 1.0777e-5

PÐnakac 4.7: Sqetik� sf�lmata twn dianusmatik¸n ektim sewn dÔo kai tri¸n
ìrwn gia to ginìmeno A1/2b gia pÐnakec sundiakÔmanshc.
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Par�deigma 4.6. Ektim¸ntac th morf  XT exp(A)Y , XTY = Im.

JewroÔme ton diagwnÐsimo pÐnaka A = rand(300)/100, o opoÐoc perigr�fe-
tai sto Par�deigma 4.4. EktimoÔme th morf 

XT exp(A)Y,

ìpou X =
[
e1, 2e1 + 3e2

]
∈ R300×2 kai Y =

[
e1 −

2

3
e2,

1

3
e2

]
∈

R300×2, XTY = I2, [58]. Prokeimènou na ektimhjeÐ aut  h morf , qrhsi-
mopoioÔme tic dianusmatikèc ektim seic XT ϕ̂n,k (4.15) kai XT ϕ̃n,k,` (4.26), gia
di�forec timèc twn antÐstoiqwn paramètrwn. Ta sqetik� sf�lmata aut¸n twn
ektim sewn katagr�fontai ston PÐnaka 4.8. 'Opwc parathroÔme se autìn ton
PÐnaka, mporoÔme na epitÔqoume ikanopoihtik  akrÐbeia qrhsimopoi¸ntac eÐte
thn oikogèneia dianusmatik¸n ektim sewn dÔo ìrwn eÐte thn oikogèneia dianu-
smatik¸n ektim sewn tri¸n ìrwn. Wstìso, h oikogèneia twn dianusmatik¸n
ektim sewn tri¸n ìrwn mporeÐ na epitÔqei kalÔtera apotelèsmata. Sugkekri-
mèna, h t�xh twn sqetik¸n sfalm�twn gia XT ϕ̂n,k eÐnai O(10−5) kai h t�xh
twn sqetik¸n sfalm�twn giaXT ϕ̃n,k,` kumaÐnetai metaxÔO(10−6) kaiO(10−9).

XT ϕ̂n,k XT ϕ̃n,k,`

(n, k) Sqet. Sf�lma (n, k, `) Sqet. Sf�lma
(1, 0) 4.6408e-5 (1, 0, 0) 9.0910e-9
(1, 1) 9.0938e-5 (1,−4, 0) 4.7983e-6
(1, 2) 8.3419e-5 (1, 0, 1) 2.5599e-8
(1, 3) 8.3175e-5 (1, 0, 2) 2.5774e-8
(1, 7) 8.3169e-5 (1, 7, 3) 1.6071e-6

PÐnakac 4.8: Sqetik� sf�lmata gia thn ektÐmhsh thc morf c XT exp(A)Y me
A mh-summetrikì pÐnaka kai XTY = I2.

Par�deigma 4.7. Ektim¸ntac th morf  XTf(A)Y , XTY 6= Im.

To par�deigma autì eÐnai parìmoio me èna par�deigma pou up�rqei sthn
ergasÐa [58]. 'Estw A ∈ R100×100 ènac summetrikìc, jetik� orismènoc pÐnakac
me isapèqousec idiotimèc sto di�sthma [5

2
, 4]. MporoÔme na dhmiourg soume

autìn ton pÐnaka qrhsimopoi¸ntac th sqèsh A = QDQT , ìpou D eÐnai o
diag¸nioc pÐnakac pou perièqei tic dosmènec idiotimèc tou A kai Q eÐnai ènac
orjog¸nioc pÐnakac pou mporeÐ na prokÔyei me thn entol  tou MATLAB Q =
orth(randn(p, p)). Mac endiafèrei h ektÐmhsh thc morf c XTf(A)Y , ìpou
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X =

[
3e1,

5

2
e2 + e3

]
∈ R100×2 kai Y =

[
e1 +

1

2
e3, e2 + e3

]
∈ R100×2,

XTY 6= I2. Dokim�zoume tèsseric diaforetikèc sunart seic f . Proseg-
gÐzoume aut  th morf  me th qr sh twn dianusmatik¸n ektim sewn XT ϕ̂1,0

kai XT ϕ̃1,0,0. Katagr�foume ta antÐstoiqa sqetik� sf�lmata gia thn prosèg-
gish thc morf c XTf(A)Y ston PÐnaka 4.9. 'Opwc parathroÔme se autìn ton
PÐnaka, mporoÔme na epitÔqoume ikanopoihtik� sqetik� sf�lmata qrhsimopoi-
¸ntac autèc tic dianusmatikèc ektim seic.

f(A) XT ϕ̂1,0 XT ϕ̃1,0,0

A−1 2.6614e-4 2.7289e-5
exp(A) 1.1694e-3 9.8659e-6
log(A) 5.8018e-5 2.7359e-6√

A 1.0499e-5 3.3539e-7

PÐnakac 4.9: Sqetik� sf�lmata gia thn ektÐmhsh thc morf c XTf(A)Y me A
summetrikì, jetik� orismèno pÐnaka kai XTY 6= I2.

SÔgkrish me �llec mejìdouc

Sth sunèqeia, sugkrÐnoume th sumperifor� twn dianusmatik¸n ektim sewn pou
èqoun prokÔyei gia to ginìmeno f(A)b kai th morf  XTf(A)Y me th mèjodo
thc parekbol c me antÐstoiqec ektim seic pou up�rqoun sth diejn  bibliogra-
fÐa. Sugkekrimèna, sugkrÐnoume tic proteinìmenec ektim seic gia thn posìth-
ta f(A)b me autèc pou prokÔptoun qrhsimopoi¸ntac th mèjodo Arnoldi [48]  
mÐa poluwnumik  prosèggish pou perigr�fetai sthn ergasÐa [20]. EpÐshc, su-
gkrÐnoume tic paraqjeÐsec ektim seic gia th morf  XTf(A)Y me antÐstoiqec
ektim seic pou basÐzontai se kanìnec arijmhtik c olokl rwshc block Gauss
kai anti-Gauss.
O algìrijmoc block Gauss kai anti-Gauss pou qrhsimopoieÐtai sto Par�deig-
ma 4.10 perigr�fetai sthn ergasÐa [27] kai o k¸dikac MATLAB up�rqei sthn
istoselÐda http://bugs.unica.it/∼gppe/soft/#blgaussexp.

Par�deigma 4.8. f(A)b: H mèjodoc Arnoldi - H mèjodoc thc parekbol c.

Se autì to par�deigma, sugkrÐnoume tic proteinìmenec dianusmatikèc ekti-
m seic gia to ginìmeno f(A)b me tic antÐstoiqec proseggÐseic pou prokÔptoun
qrhsimopoi¸ntac ton algìrijmo Arnoldi. Ta apotelèsmata dÐnontai ston PÐna-
ka 4.10 kai oi pÐnakec pou èqoun qrhsimopoihjeÐ perigr�fontai sta parap�nw
paradeÐgmata. SumbolÐzoume me ka ton arijmì twn apaitoÔmenwn epanal yewn
Arnoldi ¸ste na epitÔqoume sqetik� sf�lmata Ðdiac t�xewc me ta antÐstoiqa
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sqetik� sf�lmata twn dianusmatik¸n ektim sewn tri¸n ìrwn ϕ̃1,0,0. 'Opwc
parathroÔme se autìn ton PÐnaka, o arijmìc twn epanal yewn Arnoldi exar-
t�tai apì ton pÐnaka A, endeiktik� anafèroume ìti o pÐnakac dw256B qrei�ze-
tai mìno 3 epanal yeic en¸ o pÐnakac sundiakÔmanshc (covariance matrix) me
paramètrouc α = β = 1 apaiteÐ 14 epanal yeic ¸ste na epiteuqjeÐ h Ðdia t�xh
akrÐbeiac me th mèjodo thc parekbol c.

pÐnakac A b f(A) Arnoldi ϕ̃1,0,0 “speedup”

ex1 rand exp(A) 1.8002e-12 (ka = 6) 1.0731e-11 1.2

ex1 randn
√
A 3.0297e-2 (ka = 10) 2.9920e-2 2

dw256B randn log(A) 2.1910e-2 (ka = 3) 6.0449e-2 0.6

covariance(100, 1, 1) randn
√
A 2.1202e-4 (ka = 14) 2.3245e-4 2.8

KMS(100, 0.2) randn exp(A) 3.6915e-6 (ka = 5) 1.4288e-6 1

PÐnakac 4.10: Ektim¸ntac to ginìmeno f(A)b qrhsimopoi¸ntac th dianusmati-
k  ektÐmhsh tri¸n ìrwn kai tic proseggÐseic me th mèjodo Arnoldi.

Wstìso, axÐzei na shmeiwjeÐ ìti h mèjodoc Arnoldi mporeÐ na epitÔqei ka-
lÔterec ektim seic kaj¸c o arijmìc twn epanal yewn aux�netai all� ètsi
aux�netai kai h poluplokìthta. Sthn teleutaÐa st lh tou PÐnaka 4.10 ka-
tagr�foume to “speedup”, to opoÐo orÐzetai wc to phlÐko tou arijmoÔ twn
apaitoÔmenwn mvp’s thc prosèggishc Arnoldi, dhlad  ka mvp’s, proc ton a-
rijmì twn mvp’s thc ektÐmhshc ϕ̃1,0,0, dhlad  5 mvp’s. H anagrafìmenh tim 
ekfr�zei to “speed up” thc mejìdou thc parekbol c.

Par�deigma 4.9. f(A)b: Poluwnumikèc ektim seic - Dianusmatikèc ekti-
m seic.

Se autì to par�deigma, sugkrÐnoume th sumperifor� twn dianusmatik¸n
ektim sewn me mÐa poluwnumik  prosèggish thc posìthtac f(A)b gia sum-
metrikoÔc kai jetik� orismènouc pÐnakec, h opoÐa eis qjh sthn ergasÐa [20].
Eidikìtera, ektimoÔme to ginìmeno f(A)b, gia dÔo diaforetikèc sunart seic f ,
me b = randn(p, 1), qrhsimopoi¸ntac th dianusmatik  ektÐmhsh dÔo ìrwn ϕ̂1,0

kai th dianusmatik  ektÐmhsh tri¸n ìrwn ϕ̃1,0,0. Epeid  to di�nusma b eÐnai
tuqaÐo, trèqoume dèka forèc ton algìrijmo gia ton upologismì twn ϕ̂1,0, ϕ̃1,0,0

kai upologÐzoume to mèso sqetikì sf�lma. SugkrÐnoume ta apotelèsmata au-
t¸n twn dianusmatik¸n ektim sewn me ta antÐstoiqa sqetik� sf�lmata pou
katagr�fontai stouc PÐnakec 6.1 kai 6.4 sthn ergasÐa [20], gia k�poiouc sum-
metrikoÔc kai jetik� orismènouc pÐnakec apì th sullog  pin�kwn SuiteSparse
Matrix Collection, [23].
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pÐnakac A f(A) poluwn. prosèggish ϕ̂1,0 ϕ̃1,0,0

Trefethen 2000 log(A) 1.8060e-4 3.3217e-3 3.1668e-3
plbuckle log(A) 1.0433e-2 6.9828e-2 5.4545e-2

plbuckle
√
A 2.87e-4 6.8554e-2 3.1275e-2

nasa1824
√
A 1.26e-3 1.2821e-1 9.5264e-2

nasa1824 log(A) 2.6332e-2 1.4220e-1 1.3022e-1

PÐnakac 4.11: Ektim¸ntac thn posìthta f(A)b qrhsimopoi¸ntac tic dianusma-
tikèc ektim seic dÔo kai tri¸n ìrwn kai mÐa poluwnumik  prosèggish.

'Opwc mporoÔme na doÔme ston PÐnaka 4.11, h proteinìmenh mèjodoc parek-
bol c kai h poluwnumik  prosèggish, mporoÔn na epitÔqoun sqedìn thn Ðdia
t�xh akrÐbeiac, all� h poluwnumik  prosèggish apaiteÐ kp = 200 epanal yeic
gia autoÔc touc pÐnakec. Tèloc, axÐzei na shmeiwjeÐ ìti aut  h poluwnumik 
prosèggish mporeÐ na epitÔqei polÔ ikanopoihtikèc ektim seic gia to ginìmeno
exp(A)b, sÔmfwna me ta apotelèsmata pou parousi�zontai sthn ergasÐa [20].

Par�deigma 4.10. XTf(A)Y : Arijmhtik  olokl rwsh Gauss/anti-Gauss
- Dianusmatikèc ektim seic.

EktimoÔme th morf  XT exp(A)Y , ìpou X =
[
e1, 2e1 + 3e2

]
∈ Rp×2

kai Y =

[
e1 −

2

3
e2,

1

3
e2

]
∈ Rp×2, qrhsimopoi¸ntac arijmhtik  olokl rw-

sh block Gauss kai anti-Gauss kai thn proteinìmenh mèjodo thc parekbol c.
Dokim�zoume dÔo pÐnakec gia na sugkrÐnoume th sumperifor� twn paragìme-
nwn ektim sewn. Sugkekrimèna, dokim�zoume ton mh-summetrikì, diagwnÐsimo
pÐnaka rand(300)/100, o opoÐoc perigr�fetai sto Par�deigma 4.4, kai ton
summetrikì pÐnaka A = QDQT me kajorismènec idiotimèc pou perigr�fetai
sto Par�deigma 4.7. Ta apotelèsmata parousi�zontai ston PÐnaka 4.12. Stic
parenjèseic autoÔ tou PÐnaka katagr�fetai o qrìnoc ektèleshc se deuterìle-
pta. 'Opwc mporoÔme na doÔme apì ta apotelèsmata pou parousi�zontai ston
PÐnaka 4.12 epitugq�noume mÐa dÐkaih akrÐbeia kai me tic dÔo mejìdouc, all� h
akrÐbeia exart�tai saf¸c apì ton pÐnaka. H prosèggish pou basÐzetai sthn a-
rijmhtik  olokl rwsh Gauss kai anti-Gauss mporeÐ genik� na epitÔqei akribeÐc
ektim seic se sÔntomo qronikì di�sthma. H proteinìmenh mèjodoc parekbol c
mporeÐ na epitÔqei dÐkaiec ektim seic se sugkrÐsimo qrìno ektèleshc.
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pÐnakac A block (anti) Gauss XT ϕ̂1,0 XT ϕ̃1,0,0

rand(300)/100
3.1969e-6 3.0993e-4 5.0143e-9

[8.8105e-3 sec] [1.1209e-2 sec] [9.5020e-3 sec]

A = QDQT 1.8063e-6 1.1683e-3 5.9752e-6
[9.2280e-3 sec] [4.3060e-3 sec] [9.4030e-3 sec]

PÐnakac 4.12: Ektim¸ntac th morf  XTf(A)Y qrhsimopoi¸ntac tic oiko-
gèneiec dianusmatik¸n ektim sewn dÔo, tri¸n ìrwn kai thn arijmhtik  olo-
kl rwsh block Gauss/anti-Gauss.
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Kef�laio 5

EktÐmhsh thc genikeumènhc
sun�rthshc diastaurwmènhc -
epikÔrwshc (GCV)

H genikeumènh sun�rthsh diastaurwmènhc-epikÔrwshc (generalized cross - val-
idation (GCV) function) eÐnai èna majhmatikì ergaleÐo pou qrhsimopoieÐtai
eurèwc se poll� probl mata pou phg�zoun apì thn perioq  thc Arijmhtik c
An�lushc, thc Statistik c k.a. O akrib c upologismìc aut c thc sun�r-
thshc eÐnai efiktìc mìno se probl mata mikr c di�stashc, sunep¸c krÐnetai
anagkaÐa h ektÐmhs  thc. Se autì to kef�laio par�goume ektim seic gia th
sun�rthsh aut  qrhsimopoi¸ntac th mèjodo thc parekbol c kai to Je¸rhma
tou Hutchinson. Ta apotelèsmata pou parousi�zontai se autì to kef�laio
eÐnai mèroc thc ergasÐac [56].

Sumbolismìc 5.1.
Q�rin suntomÐac, h genikeumènh sun�rthsh diastaurwmènhc - epikÔrwshc ja
apokaleÐtai sun�rthsh GCV.

H sun�rthsh aut  eis qjh apì touc Craven kai Wahba to 1979 sthn
ergasÐa [21] kai dÐnetai apì ton tÔpo

V (µ) =
‖Axµ − b‖2

(Tr(Ip − Aµ))2
, (5.1)

ìpou A ∈ Rp×m eÐnai o pÐnakac suntelest¸n kai b ∈ Rp eÐnai to di�nusma
stajer¸n ìrwn, pou perièqei èna �gnwsto sf�lma e ∈ Rp, tou grammikoÔ su-
st matoc Ax = b (= bexact+e). Epiplèon èqoume Aµ = A(ATA+µIm)−1AT ,
xµ = (ATA+ µIm)−1ATb kai µ eÐnai h par�metroc kanonikopoÐhshc. H mèjo-
doc GCV basÐzetai se statistikèc jewr seic, dhlad  ìti mÐa kal  tim  thc
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paramètrou kanonikopoÐhshc ja prèpei na problèyei tic timèc dedomènwn pou
leÐpoun. Aut  h mèjodoc eÐnai mÐa mèjodoc prìbleyhc h opoÐa pragmateÔe-
tai thn elaqistopoÐhsh tou problepìmenou mèsou tetragwnikoÔ sf�lmatoc
(predictive mean-square error) ‖Axµ − bexact‖, ìpou bexact eÐnai to �gnwsto
di�nusma pou den perièqei sf�lma, [44, sel. 184].

Sthn ergasÐa [67] o Wahba èdeixe ìti an ikanopoieÐtai h diakrit  sunj kh
Picard kai o jìruboc eÐnai leukìc (white noise), h tim  thc paramètrou kanoni-
kopoÐhshc µ pou elaqistopoieÐ thn anamenìmenh tim  thc V (µ) eÐnai kont� sth
jèsh elaqÐstou thc anamenìmenhc tim c tou problepìmenou mèsou tetragwni-
koÔ sf�lmatoc ‖Axµ − bexact‖. Epomènwc, h elaqistopoÐhsh thc sun�rthshc
GCV wc proc µ odhgeÐ sthn ektÐmhsh thc paramètrou kanonikopoÐhshc.

5.1 Sun�rthsh GCV kai digrammikèc mor-
fèc

H sun�rthsh GCV mporeÐ isodÔnama na grafeÐ me qr sh digrammik¸n morf¸n.
Sugkekrimèna, sthn ergasÐa [57] parousi�sthkan ta akìlouja apotelèsmata.

L mma 5.1.
IsqÔei ìti Ip − Aµ = µ(AAT + µIp)

−1.

Apìdeixh.
'Eqoume ìti

(AAT + µIp)
−1(AAT + µIp) = Ip

⇒ (AAT + µIp)
−1AAT + µ(AAT + µIp)

−1 = Ip

⇒ µ(AAT + µIp)
−1 = Ip − (AAT + µIp)

−1AAT . (5.2)

Antikajist¸ntac thn tautìthta

(AAT + µIp)
−1A = A(ATA+ µIm)−1

sth sqèsh (5.2) prokÔptei to zhtoÔmeno.

L mma 5.2.
IsqÔei ìti ‖Axµ − b‖2 = µbT

[
µ(AAT + µIp)

−2] b = µ2bT (AAT + µIp)
−2b.

Apìdeixh.
'Eqoume ìti

‖Axµ − b‖2 = (Axµ − b)T (Axµ − b)
=
[
A(ATA+ µIm)−1ATb− b

]T [
A(ATA+ µIm)−1ATb− b

]
. (5.3)
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H tautìthta tou L mmatoc 5.1

Ip − A(ATA+ µIm)−1AT = µ(AAT + µIp)
−1

mporeÐ na qrhsimopoihjeÐ kai to dexÐ mèloc thc (5.3) aplopoieÐtai kai gr�fetai
wc ex c

‖Axµ − b‖2 = µ2bT (AAT + µIp)
−2b.

'Etsi, jètontac B = AAT +µIp, o tÔpoc (5.1) thc sun�rthshc GCV mporeÐ
na grafeÐ me th qr sh digrammik¸n morf¸n wc ex c

V (µ) =
bTB−2b

(Tr(B−1))2
. (5.4)

5.2 EktÐmhsh thc sun�rthshc GCV

'Eqontac ekfr�sei th sun�rthsh GCV me th bo jeia digrammik¸n morf¸n,
mporoÔme na proqwr soume sthn ektÐmhs  thc. Sugkekrimèna,

• o arijmht c thc sun�rthshc GCV, dhlad  h tetragwnik  morf  bTB−2b,
ja ektimhjeÐ me th qr sh thc mejìdou thc parekbol c,

• o paronomast c thc sun�rthshc GCV pou perièqei to Tr(B−1) ja ekti-
mhjeÐ me dÔo trìpouc. O pr¸toc basÐzetai sto Je¸rhma tou Hutchinson
kai th mèjodo thc parekbol c kai o deÔteroc sthn efarmog  tou tÔpou
(3.3).

Ac arqÐsoume na perigr�foume analutik� ton trìpo ektÐmhshc thc sun�rthshc
GCV.

5.2.1 EktÐmhsh twn tetragwnik¸n morf¸n xTB−qx,
q = 1, 2

Dojèntoc enìc pÐnaka A ∈ Rp×m, jètoume ton pÐnaka B = AAT +µIp ∈ Rp×p,
o opoÐoc eÐnai summetrikìc kai jetik� orismènoc.

Gia k�je akèraio n kai k�je di�nusma x ∈ Rp, mporoÔme na orÐsoume tic ropèc
tou pÐnaka B ∈ Rp×p wc

cn = cn(B,x) = (x, Bnx),
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kai tic ropèc tou pÐnaka AAT wc

sn = sn(AAT ,x) = (x, (AAT )nx), n ∈ Z.

Oi ropèc sn tou pÐnaka AAT kai oi ropèc cn tou pÐnaka B sundèontai me th
sqèsh pou parousi�zetai sthn akìloujh prìtash.

Prìtash 5.1.
Oi ropèc cn ikanopoioÔn th sqèsh

cn =
n∑
k=0

(
n

k

)
µksn−k, n ∈ N. (5.5)

Gia arnhtikoÔc akeraÐouc, oi ropèc tou pÐnaka B ikanopoioÔn th sqèsh

c−n =
∞∑
k=0

(−1)k
(
n+ k − 1

k

)
µ−n−ksk, n ∈ N, (5.6)

ìpou
(
n
k

)
=

n!

k!(n− k)!
eÐnai o diwnumikìc suntelest c.

Apìdeixh.
MporoÔme na apodeÐxoume ìti

(AAT + µIp)
n =

n∑
k=0

(
n

k

)
(AAT )n−k(µIp)

k =
n∑
k=0

(
n

k

)
µk(AAT )n−k,

qrhsimopoi¸ntac to diwnumikì je¸rhma gia pÐnakec pou epikoinwnoÔn (com-
municated matrices). 'Etsi, isqÔei

xT (AAT + µIp)
nx = xT

(
n∑
k=0

(
n

k

)
µk(AAT )n−k

)
x =

=
n∑
k=0

(
n

k

)
µkxT (AAT )n−kx =

n∑
k=0

(
n

k

)
µksn−k.

Epiplèon, mporoÔme na apodeÐxoume th genÐkeush tou diwnumikoÔ jewr matoc
gia arnhtikoÔc akeraÐouc se morf  pin�kwn, dhlad 

(AAT + µIp)
−n =

∞∑
k=0

(−1)k
(
n+ k − 1

k

)
µ−n−k(AAT )k,

pou sugklÐnei gia ‖AAT‖ < µ. 'Etsi apodeiknÔetai o tÔpoc (5.6).
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Prìtash 5.2.
Oi ropèc sn mporoÔn na grafoÔn sth morf 

sn = ‖yn‖2, ìpou yn =

{
(AAT )

n
2x, an n eÐnai �rtioc,

AT (AAT )
n−1
2 x, an n eÐnai perittìc,

kai kat� sunèpeia sn ≥ 0.

Apìdeixh.
IsqÔei ‖yn‖2 = yTnyn. An o arijmìc n eÐnai �rtioc, èqoume

yTnyn = xT [(AAT )
n
2 ]T (AAT )

n
2x = xT (AAT )

n
2 (AAT )

n
2x = xT (AAT )nx = sn.

OmoÐwc, an o arijmìc n eÐnai perittìc, èqoume

yTnyn = xT [(AAT )
n−1
2 ]TAAT (AAT )

n−1
2 x = xT (AAT )

n−1
2 (AAT )(AAT )

n−1
2 x =

= xT (AAT )nx = sn.

JewroÔme th fasmatik  paragontopoÐhsh (1.1) tou summetrikoÔ pÐnaka
B ∈ Rp×p kai ètsi oi ropèc cn mporoÔn na ekfrastoÔn wc ajroÐsmata kai
krat¸ntac lÐgouc ìrouc prokÔptoun oi akìloujec oikogèneiec ektim sewn.

Ektim seic enìc ìrou

Prìtash 5.3.
H oikogèneia ektim sewn enìc ìrou gia thn tetragwnik  morf  xTB−2x dÐne-
tai apì ton tÔpo

fν = s3−2ν0 (s1 + µs0)
4ν−2(s2 + 2µs1 + µ2s0)

−2ν , ν ∈ C (5.7)

kai ikanopoieÐ th sqèsh

fν = ρ−2ν
s30

(s1 + µs0)2
, ρ =

s0(s2 + 2µs1 + µ2s0)

(s1 + µs0)2
.

Epiplèon, up�rqei mÐa tim  νf gia thn par�metro ν ∈ C h opoÐa dÐnetai apì
ton tÔpo

νf =

log

(
s30

c−2(s1 + µs0)2

)
2 log ρ

, ρ =
s0(s2 + 2µs1 + µ2s0)

(s1 + µs0)2
6= 1, (5.8)

tètoia ¸ste fνf = c−2. Aut  h tim  νf ja anafèretai wc h bèltisth tim  gia
thn par�metro ν.
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Apìdeixh.
Lamb�nontac upìyin ta apotelèsmata apì thn ergasÐa [32], mÐa oikogèneia
ektim sewn enìc ìrou gia thn tetragwnik  morf  xTB−2x eÐnai h akìloujh

fν = c3−2ν0 c4ν−21 c−2ν2 , ν ∈ C. (5.9)

Qrhsimopoi¸ntac thn Prìtash 5.1 gia n = 0, 1, 2, èqoume

c0 = s0, c1 = s1 + µs0, c2 = s2 + 2µs1 + µ2s0. (5.10)

Sundu�zontac tic sqèseic (5.9) kai (5.10), prokÔptei h oikogèneia ektim sewn
pou dÐnetai apì th sqèsh (5.7).
Epiplèon, èqoume

fν = s3−2ν0 (s1 + µs0)
4ν−2(s2 + 2µs1 + µ2s0)

−2ν

=
s−2ν0 (s1 + µs0)

4ν

(s2 + 2µs1 + µ2s0)2ν
· s30

(s1 + µs0)2

=

(
(s1 + µs0)

2

s0(s2 + 2µs1 + µ2s0)

)2ν

· s30
(s1 + µs0)2

= ρ−2ν
s30

(s1 + µs0)2
, ìpou ρ =

s0(s2 + 2µs1 + µ2s0)

(s1 + µs0)2
.

EpÐshc, isqÔei fνf = c−2

⇒ ρ−2νf
s30

(s1 + µs0)2
= c−2 ⇒ ρ−2νf = c−2

(s1 + µs0)
2

s30
⇒

−2νf log ρ = log

(
c−2

(s1 + µs0)
2

s30

)
⇒ νf =

log

(
s30

c−2(s1 + µs0)2

)
2 log ρ

.

Parìmoia sqèsh gia thn ektÐmhsh thc tetragwnik c morf c xTB−1x dÐne-
tai sth akìloujh prìtash.

Prìtash 5.4.
MÐa oikogèneia ektim sewn enìc ìrou gia thn tetragwnik  morf  xTB−1x
dÐnetai apì ton tÔpo

eν = s2−ν0 (s1 + µs0)
2ν−1(s2 + 2µs1 + µ2s0)

−ν , ν ∈ C (5.11)

kai ikanopoieÐ th sqèsh

eν = ρ−ν
s20

s1 + µs0
, ρ =

s0(s2 + 2µs1 + µ2s0)

(s1 + µs0)2
.
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H bèltisth tim  gia thn par�metro ν eÐnai

νe =

log

(
s20

c−1(s1 + µs0)

)
log ρ

, ρ =
s0(s2 + 2µs1 + µ2s0)

(s1 + µs0)2
6= 1, (5.12)

tètoia ¸ste eνe = c−1.

Apìdeixh.
ApodeiknÔetai ìpwc h Prìtash 5.3.

L mma 5.3.
'Estw x ∈ Rp, y = Bx ∈ Rp kai L =

∑
1≤i<j≤n (xiyj − xjyi)2. 'Estw ε1

ènac pragmatikìc arijmìc tètoioc ¸ste 0 < ε1 � 1. An L ∈ [0, ε1), tìte oi
bèltistec timèc gia tic paramètrouc twn ektim sewn enìc ìrou proseggÐzontai
apì νe ' −1 kai νf ' −3/2.

Apìdeixh.
H tautìthta Lagrange mporeÐ na ekfrasteÐ se morf  dianusm�twn wc ex c

‖x‖2‖y‖2 − (x,y)2 =
∑

1≤i<j≤n

(xiyj − xjyi)2 .

Gia k�je di�nusma x ∈ Rp kai èna di�nusma y ∈ Rp thc morf c y = Bx,
èqoume

‖x‖2‖y‖2−(x,y)2 = ‖x‖2‖Bx‖2−(x, Bx)2 = ‖x‖2(Bx, Bx)−(x, Bx)2 = c0c2−c21.

AfoÔ L ∈ [0, ε1), isqÔei ìti c0c2 − c21 ' 0 ⇒ c0c2 ' c21 kai h anisìthta
Cauchy-Schwarz isqÔei sqedìn san isìthta. 'Etsi, to x mporeÐ na proseg-
gÐsei èna idiodi�nusma tou pÐnaka B kai èstw ìti λ eÐnai h antÐstoiqh idiotim .
Jewr¸ntac ìti to x eÐnai to i−ostì idiodi�nusma tou B kai apì th fasmatik 
paragontopoÐhsh tou pÐnaka B, dhlad  B = UΛUT , èqoume

ck+1

ck
=
xTBk+1x

xTBkx
=
xTUΛk+1UTx

xTUΛkUTx
=

(UTx)TΛk+1(UTx)

(UTx)TΛk(UTx)
' e

T
i Λk+1ei
eTi Λkei

=
λk+1

λk
= λ.

Opìte, èqoume
c1c−1
c20
' λ

1

λ
= 1 kai

c2c0
c21
' λ

1

λ
= 1. 'Etsi,

c1c−1
c20
' c2c0

c21
= ρ

kai νe =
log(c20/c1c−1)

log(c2c0/c21)
' log(1/ρ)

log(ρ)
=
− log(ρ)

log(ρ)
= −1.

EpÐshc, isqÔei

c30
c−2c21

=
c−1
c−2

c0
c−1

c0
c1

c0
c1
' c0
c−1

c1
c0

c1
c2

c1
c2

=
c20

c1c−1

c1
c0

c1
c0

c1
c2

c1
c2
' c21
c0c2

c21
c0c2

c21
c0c2

=

(
1

ρ

)3

.

Opìte, èqoume νf =
log(c30/c−2c

2
1)

2 log(ρ)
' log(1/ρ)3

2 log(ρ)
= −3

2
.
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Pìrisma 5.1.
An ρ ' 1 tìte νe ' −1 kai νf ' −3/2.

Apìdeixh.
AfoÔ isqÔei ρ ' 1⇒ c0c2 ' c21 ⇒ c0c2 − c21 ⇒ L ∈ [0, ε1).
'Etsi, ikanopoieÐtai h upìjesh tou L mmatoc 5.3 kai νe ' −1, νf ' −3/2.

Ektim seic dÔo kai tri¸n ìrwn

H tetragwnik  morf  xTB−qx, q = 1, 2, mporeÐ na ektimhjeÐ qrhsimopoi¸ntac
mÐa oikogèneia ektim sewn dÔo ìrwn ên,k pou dÐnetai apì ton parak�tw tÔpo,
[32]

ên,k = l−q1 |α1|2 + l−q2 |α2|2, n, k ∈ Z, (5.13)

ìpou

|α1|2 =
c0l2 − c1
l2 − l1

, |α2|2 =
c1 − c0l1
l2 − l1

, l1,2 =
r ±
√
r2 − 4t

2
, l1 6= l2,

r =
cn−1cn+2+k − cn+1cn+k
cn−1cn+1+k − cncn+k

, t =
cncn+2+k − cn+1cn+1+k

cn−1cn+1+k − cncn+k
.

Oi ropèc cn dÐnontai apì

cn =

{∑n
k=0

(
n
k

)
µksn−k, n = 0, 1, 2, . . .∑∞

k=0(−1)k
(−n+k−1

k

)
µn−ksk, n = . . . ,−2,−1.

MÐa kal  epilog  gia to zeÔgoc twn paramètrwn n, k ∈ Z ja mporoÔse
na eÐnai mikroÐ akèraioi arijmoÐ ¸ste o upologismìc twn rop¸n na mhn apaiteÐ
pollèc arijmhtikèc pr�xeic kai to upologistikì kìstoc na eÐnai qamhlì. Gia
to lìgo autì, jètoume n = 1, k = 0 kai prosarmìzoume ton tÔpo gia thn
ektÐmhsh ê1,0 sthn akìloujh prìtash.

Prìtash 5.5.
MÐa ektÐmhsh dÔo ìrwn gia thn tetragwnik  morf  xTB−qx, q = 1, 2, eÐnai

ê1,0 = l−q1 |α1|2 + l−q2 |α2|2, (5.14)

ìpou

|α1|2 =
s0l2 − (s1 + µs0)

l2 − l1
, |α2|2 =

s1 + µs0 − s0l1
l2 − l1

, l1,2 =
r ±
√
r2 − 4t

2
, l1 6= l2,

r =
s0s3 − s1s2
s0s2 − s21

+ 2µ, t =
s1s3 − s22
s0s2 − s21

+ µr − µ2.
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Apìdeixh.
Apì thn Prìtash 5.1 gia n = 0, 1, 2, 3, èqoume

c0 = s0, c1 = s1 + µs0, c2 = s2 + 2µs1 + µ2s0, c3 = s3 + 3µs2 + 3µ2s1 + µ3s0.

Opìte,

r =
c0c3 − c2c1
c0c2 − c21

=
s0(s3 + 3µs2 + 3µ2s1 + µ3s0)− (s2 + 2µs1 + µ2s0)(s1 + µs0)

s0(s2 + 2µs1 + µ2s0)− (s1 + µs0)2

=
s0s3 − s1s2 + 2µs0s2 − 2µs21

s0s2 − s21
=
s0s3 − s1s2
s0s2 − s21

+ 2µ,

t =
c1c3 − c22
c0c2 − c21

=
(s1 + µs0)(s3 + 3µs2 + 3µ2s1 + µ3s0)− (s2 + 2µs1 + µ2s0)

2

s0(s2 + 2µs1 + µ2s0)− (s1 + µs0)2

=
s1s3 − s22 − µs1s2 − µ2s21 + µ2s0s2 + µs0s3

s0s2 − s21
=
s1s3 − s22
s0s2 − s21

+ µ2 + µ
s0s3 − s1s2
s0s2 − s21

=
s1s3 − s22
s0s2 − s21

+ µ2 + µ(r − 2µ) =
s1s3 − s22
s0s2 − s21

+ µr − µ2.

Antikajist¸ntac tic ropèc c0 kai c1 apì th sqèsh (5.5), prokÔptei o tÔpoc
gia ta |αi|2, i = 1, 2.

Akolouj¸ntac th diadikasÐa pou perigr�yame sthn Upoenìthta 4.1.3 gia
thn paragwg  dianusmatik¸n ektim sewn tri¸n ìrwn gia to ginìmeno f(A)b,
prokÔptei h akìloujh oikogèneia ektim sewn tri¸n ìrwn gia thn tetragwnik 
morf  xTB−qx, q = 1, 2,

ẽn,k,` = l−q1 |α1|2 + l−q2 |α2|2 + l−q3 |α3|2, n, k, ` ∈ Z, (5.15)

ìpou

|α1|2 =
c2 − l2c1 − l3c1 + l2l3c0

(l1 − l2) (l1 − l3)
,

|α2|2 = −c2 − l1c1 − l3c1 + l1l3c0
(l1 − l2) (l2 − l3)

,

|α3|2 =
c2 − l1c1 − l2c1 + l1l2c0

(l1 − l3) (l2 − l3)
,
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l1 =
s

3
− Ap

3 · 24/3
+

3t− s2

3 · 22/3Ap
− 2−2/33−1/2

√√√√−(3t− s2 + 2−2/3A2
p

Ap

)2

,

l2 =
s

3
− Ap

3 · 24/3
+

3t− s2

3 · 22/3Ap
+ 2−2/33−1/2

√√√√−(3t− s2 + 2−2/3A2
p

Ap

)2

,

l3 = Bp +
s

3
+
s2 − 3t

9Bp

,

Ap =
(

27g + 3
√

3
√

4t3 − t2s2 − 18tgs+ 27g2 + 4gs3 − 9ts+ 2s3
)1/3

,

Bp =

g
2
− ts

6
+

√(
s3

27
− ts

6
+
g

2

)2

+

(
t

3
− s2

9

)3

+
s3

27

1/3

,

s =
cncn+kcn+`+4 − cncn+`+1cn+k+3 − cn+kcn+`+2cn+2

w
+

+
cn+k+1cn+`+1cn+2 − cn+k+1cn−1cn+`+4 + cn+`+2cn−1cn+k+3

w
,

t =
cn+1cn+kcn+`+4 − cn+1cn+`+1cn+k+3 − cn+kcn+`+3cn+2

w
+

+
cn+k+2cn+`+1cn+2 − cn+k+2cn−1cn+`+4 + cn+`+3cn−1cn+k+3

w
,

g =
cncn+k+2cn+`+4 − cncn+`+3cn+k+3 − cn+1cn+k+1cn+`+4

w
+

+
cn+1cn+`+2cn+k+3 + cn+k+1cn+`+3cn+2 − cn+k+2cn+`+2cn+2

w
,

w = cncn+kcn+`+3 − cncn+k+2cn+`+1 − cn+1cn+kcn+`+2 + cn+1cn+k+1cn+`+1 −
−cn+k+1cn+`+3cn−1 + cn+k+2cn+`+2cn−1.

Oi ropèc cn dÐnontai apì

cn =

{∑n
k=0

(
n
k

)
µksn−k, n = 0, 1, 2, . . .∑∞

k=0(−1)k
(−n+k−1

k

)
µn−ksk, n = . . . ,−2,−1.
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5.2.2 EktÐmhsh tou Ðqnouc tou antistrìfou

Se aut  thn upoenìthta, ja ektim soume to Ðqnoc tou antistrìfou tou pÐnaka
B−1, to opoÐo emfanÐzetai ston paronomast  thc sun�rthshc GCV. H ektÐmh-
sh aut  mporeÐ na gÐnei me dÔo trìpouc. O pr¸toc trìpoc basÐzetai se ènan
stoqastikì ektimht  o opoÐoc anaptÔqjhke apì ton Hutchinson, [51]. Sto
L mma 5.4 anafèroume autì to apotèlesma. O deÔteroc trìpoc ektÐmhshc
tou Ðqnouc gÐnetai mèsw thc efarmog c tou tÔpou (3.3) gia thn ektÐmhsh thc
diagwnÐou tou B−1 kai kat� sunèpeia tou epijumhtoÔ Ðqnouc.

L mma 5.4. [Hutchinson 1990, [51]]
'Estw A ènac p× p summetrikìc pÐnakac me mh-mhdenikì Ðqnoc. 'Estw U mÐa
diakrit  tuqaÐa metablht  h opoÐa paÐrnei timèc ±1 me pijanìthta emf�nishc

1/2 kai èstw u =
[
u1 · · · up

]T
èna di�nusma me p anex�rthta deÐgmata apì

thn U . Tìte h tetragwnik  morf  uTAu eÐnai ènac amerìlhptoc ektimht c

tou Ðqnouc tou A kai var(uTAu) = 2
∑
i 6=j

a2ij.

H ulopoÐhsh tou L mmatoc 5.4 apaiteÐ èna deÐgma tuqaÐwn dianusm�twn
me stoiqeÐa ±1 me pijanìthta emf�nishc 1/2. 'Estw N to mègejoc autoÔ
tou deÐgmatoc. 'Enac enallaktikìc trìpoc epilog c twn dianusm�twn xi pe-
rigr�fetai sthn ergasÐa [31]. Sugkekrimèna, ta dianÔsmata xi epilègontai na
eÐnai oi st lec pin�kwn Hadamard.

H mèsh tim  twn tetragwnik¸n morf¸n F(xi) = (xi, B
−1xi) = xTi B

−1xi,
eÐnai ènac ektimht c gia to Ðqnoc tou antistrìfou tou pÐnaka B kai dÐnetai apì

T =

∑N
i=1F(xi)

N
. (5.16)

Prokeimènou na upologÐsoume ton ektimht  T gia to Ðqnoc Tr(B−1), eÐnai a-
paraÐthto na ektim soume tic tetragwnikèc morfèc F(xi), i = 1, 2, . . . , N . H
ektÐmhsh aut  ja gÐnei me qr sh twn oikogenei¸n ektim sewn enìc, dÔo kai
tri¸n ìrwn, ìpwc autèc èqoun perigrafeÐ sthn Upoenìthta 5.2.1. AxÐzei na
shmeiwjeÐ ìti sthn ergasÐa [42] qrhsimopoieÐtai autìc o ektimht c proseggÐzo-
ntac k�je tetragwnik  morf  me qr sh twn kanìnwn arijmhtik c olokl rwshc
tou Gauss.

Sumbolismìc 5.2.
Oi ektimhtèc pou prokÔptoun gia to Ðqnoc Tr(B−1) qrhsimopoi¸ntac tic ekti-
m seic enìc, dÔo kai tri¸n ìrwn ja sumbolÐzontai me T1, T2, T3, antÐstoiqa.

Lamb�nontac t¸ra upìyin thn eidik  morf  tou pÐnaka B mporoÔme na
prosarmìsoume th sqèsh (3.3) kai na ektim soume k�je diag¸nio stoiqeÐo
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tou B−1. Sugkekrimèna, jètontac Â = AAT o pÐnakac B ekfr�zetai wc
B = Â+ µIp. Sthn prìtash pou akoloujeÐ katagr�foume to apotèlesma.

Prìtash 5.6.
To Ðqnoc tou pÐnaka B−1 mporeÐ na ektimhjeÐ apì

Tr(B−1) '
p∑
i=1

di, (5.17)

ìpou di = ρ−νi
1

Âii + µ
, ρi =

si(
Âii + µ

)2 , si =

p∑
k=1

Â2
ki + 2µÂii + µ2 kai ν ∈ R.

Apìdeixh.

'Estw B = [Bij] = Â+ µIp =


Â11 + µ Â12 · · · Â1p

Â21 Â22 + µ · · · Â2p
...

...
. . .

...
Âp1 Âp2 · · · Âpp + µ

.
K�je diag¸nio stoiqeÐo (B−1)ii mporeÐ na ektimhjeÐ apì th sqèsh (3.3) me
f(t) = t−1, h opoÐa gÐnetai

di = ρ−νi
1

Bii

= ρ−νi
1

Âii + µ
, ν ∈ R,

ìpou

ρi =
si
B2
ii

=
si(

Âii + µ
)2 ,

si =

p∑
k=1

B2
ki = Â2

1i + Â2
2i + · · ·+

(
Âii + µ

)2
+ · · ·+ Â2

pi

=

p∑
k=1

Â2
ki + 2µÂii + µ2, i = 1, 2, . . . , p.

Epomènwc, to Ðqnoc tou pÐnaka B−1 mporeÐ na ektimhjeÐ apì
p∑
i=1

di.

5.2.3 EktÐmhsh thc paramètrou kanonikopoÐhshc

'Eqontac ektim sei tic posìthtec pou emfanÐzontai ston arijmht  kai ston pa-
ronomast  thc sun�rthshc GCV mporoÔme na dhmiourg soume proseggÐseic
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gia thn par�metro kanonikopoÐhshc µ elaqistopoi¸ntac tic paraqjeÐsec ekti-
m seic. Stic parak�tw prot�seic kai sta antÐstoiqa porÐsmata dÐnontai ta
apotelèsmata pou prokÔptoun.

Prìtash 5.7.
MÐa ektÐmhsh enìc ìrou gia th sun�rthsh GCV eÐnai

Ṽ1(µ) =
fν
T 2
1

, (5.18)

ìpou h fν dÐnetai apì th sqèsh (5.7).

Pìrisma 5.2.
H enìc ìrou GCV ektÐmhsh µ̃1 gia thn par�metro kanonikopoÐhshc µ dÐnetai
apì

µ̃1 = argmin
µ

(
Ṽ1(µ)

)
,

ìpou h Ṽ1(µ) dÐnetai apì ton tÔpo (5.18).

Prìtash 5.8.
MÐa ektÐmhsh dÔo ìrwn gia th sun�rthsh GCV eÐnai

Ṽ2(µ) =
ên,k
T 2
2

, (5.19)

ìpou h ên,k dÐnetai apì th sqèsh (5.13) me q = 2.

Pìrisma 5.3.
H dÔo ìrwn GCV ektÐmhsh µ̃2 gia thn par�metro kanonikopoÐhshc µ dÐnetai
apì

µ̃2 = argmin
µ

(
Ṽ2(µ)

)
,

ìpou h Ṽ2(µ) dÐnetai apì ton tÔpo (5.19).

Prìtash 5.9.
MÐa ektÐmhsh tri¸n ìrwn gia th sun�rthsh GCV eÐnai

Ṽ3(µ) =
ẽn,k,`
T 2
3

, (5.20)

ìpou h ẽn,k,` dÐnetai apì th sqèsh (5.15) me q = 2.

Pìrisma 5.4.
H tri¸n ìrwn GCV ektÐmhsh µ̃3 gia thn par�metro kanonikopoÐhshc µ dÐnetai
apì

µ̃3 = argmin
µ

(
Ṽ3(µ)

)
,

ìpou h Ṽ3(µ) dÐnetai apì ton tÔpo (5.20).
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5.3 Di�sthma empistosÔnhc gia th sun�r-
thsh GCV

Se aut  thn enìthta ja kataskeu�soume èna di�sthma empistosÔnhc gia th
sun�rthsh GCV. Perissìterec plhroforÐec sqetik� me ton trìpo kataskeu c
diasthm�twn empistosÔnhc mporoÔn na brejoÔn sto biblÐo [70]. Arqik�, ja
par�goume fr�gmata gia ton arijmht  thc sun�rthshc GCV, dhlad  gia thn
tetragwnik  morf  bTB−2b. 'Epeita, lamb�nontac upìyin ìti to Ðqnoc tou
pÐnaka B−1 ektim�tai apì mÐa mèsh tim , uiojet¸ntac ton stoqastikì ektimht 
tou Hutchinson, mporoÔme na kataskeu�soume èna di�sthma empistosÔnhc gia
to Tr(B−1). Sundu�zontac aut� ta apotelèsmata prokÔptei èna di�sthma
empistosÔnhc gia th sun�rthsh GCV.

5.3.1 Fr�gmata gia thn tetragwnik  morf  bTB−2b

Prìtash 5.10.
H tetragwnik  morf  bTB−2b fr�ssetai wc ex c

‖b‖2

λ2max
≤
(
b, B−2b

)
≤ ‖b‖

2

λ2min
, (5.21)

ìpou λmin, λmax eÐnai h el�qisth kai h mègisth idiotim  tou pÐnaka B antÐstoi-
qa.

Apìdeixh.
Gia mÐa fjÐnousa sun�rthsh f , isqÔei [32]

f(λmax) ≤
bTf(B)b

bTb
≤ f(λmin) ⇒ ‖b‖2f(λmax) ≤ bTf(B)b ≤ ‖b‖2f(λmin).

Gia f(x) = x−2, èqoume

‖b‖2

λ2max
≤
(
b, B−2b

)
≤ ‖b‖

2

λ2min
.

Lamb�nontac upìyin th sqèsh an�mesa sth mèjodo thc parekbol c kai sth
diadikasÐa pou basÐzetai sthn arijmhtik  olokl rwsh tou Gauss gia ektÐmhsh
digrammik¸n morf¸n [32, 34], prokÔptei to akìloujo k�tw fr�gma.

Prìtash 5.11.
H tetragwnik  morf  (b, B−2b) fr�ssetai wc ex c

ê1,0 ≤
(
b, B−2b

)
, (5.22)
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ìpou ê1,0 eÐnai h ektÐmhsh dÔo ìrwn gia thn tetragwnik  morf  (b, B−2b) pou
dÐnetai apì th sqèsh (5.14).

Apìdeixh.
H par�gwgoc tètarthc t�xhc thc sun�rthshc f(x) = x−2 eÐnai f (4) = 120x−6

h opoÐa eÐnai jetik . Kat� sunèpeia, h ektÐmhsh dÔo ìrwn ê1,0 eÐnai k�tw
fr�gma gia thn tetragwnik  morf  bTB−2b, [32].

'Ena �nw fr�gma gia thn tetragwnik  morf  dÐnetai sthn akìloujh prìtash.

Prìtash 5.12.
'Ena fr�gma gia thn tetragwnik  morf  bTB−2b eÐnai

(b, B−2b) ≤ κ2(Q)
‖b‖2

ρ2(B)
, (5.23)

ìpou κ2(Q) eÐnai o deÐkthc kat�stashc tou pÐnaka twn idiodianusm�twn, Q, kai
ρ(B) eÐnai h fasmatik  aktÐna tou B.

Apìdeixh.
IsqÔei ìti ‖f(B)‖2 ≤ κ2(Q) · f(ρ(B)) [48, sel. 102]. Gia f(x) = x−2, èqoume

ìti ‖B−2‖2 ≤ κ2(Q)
1

ρ2(B)
. Qrhsimopoi¸ntac thn anisìthta Cauchy-Schwarz,

èqoume

(b, B−2b) ≤ |(b, B−2b)| ≤ ‖b‖ · ‖B−2b‖ ≤ ‖b‖2 · ‖B−2‖ ≤ ‖b‖2κ2(Q)
1

ρ2(B)
.

5.3.2 Di�sthma empistosÔnhc gia to Tr(B−1)

SÔmfwna me to Je¸rhma tou Hutchinson to Ðqnoc enìc pÐnaka, kai sthn pe-
rÐptwsh pou mac endiafèrei to Ðqnoc tou antistrìfou tou pÐnaka B, mporeÐ na
ektimhjeÐ me th mèsh tim  tetragwnik¸n morf¸n. Opìte, mporoÔme na kata-
skeu�soume èna di�sthma empistosÔnhc gia th jewrhtik  tim  tou Tr(B−1).
'Etsi, èna 100(1− α)% di�sthma empistosÔnhc gia to Tr(B−1) eÐnai

Pr

(
Tr(B−1) ∈

(
T − s√

N
zα/2, T +

s√
N
zα/2

))
= 1− α, (5.24)

ìpou N eÐnai to mègejoc tou deÐgmatoc twn tuqaÐwn dianusm�twn xi, T eÐnai
h mèsh tim  twn tetragwnik¸n morf¸n pou eÐnai h ektÐmhsh pou èqoume brei
gia to Ðqnoc Tr(B−1), s eÐnai h tupik  apìklish twn tetragwnik¸n morf¸n, α
eÐnai to epÐpedo shmantikìthtac kai zα/2 eÐnai h krÐsimh tim  thc tupik c kano-
nik c katanom c, dhlad  to �nw α/2 posostiaÐo shmeÐo thc tupik c kanonik c
katanom c N(0, 1).
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Kataskeu  diast matoc empistosÔnhc gia th sun�rthsh GCV

Apì th sqèsh (5.24) isqÔei h akìloujh anisìthta me pijanìthta 1− α

1

T +
s√
N
zα/2

<
1

Tr(B−1)
<

1

T − s√
N
zα/2

. (5.25)

Lamb�nontac upìyin ìti Ṽ (µ) =
F
T 2

, ìpou F = fν   ên,k   ẽn,k,` sÔmfwna me tic

sqèseic (5.18), (5.19), (5.20) kai qrhsimopoi¸ntac to di�sthma empistosÔnhc

gia to
1

Tr(B−1)
, mporoÔme na par�goume to akìloujo di�sthma empistosÔnhc

gia th sun�rthsh GCV V (µ)

Pr

V (µ) ∈

 F(
T +

s√
N
zα/2

)2 ,
F(

T − s√
N
zα/2

)2


 = 1− α. (5.26)

5.4 Arijmhtik� apotelèsmata

5.4.1 Prosdiorismìc thc paramètrou kanonikopo-
Ðhshc

H GCV ektÐmhsh µ̃ thc paramètrou kanonikopoÐhshc µ eÐnai h jèsh elaqÐstou
thc ektim¸menhc sun�rthshc Ṽ (µ) pou dÐnetai apì (5.18), (5.19)   (5.20).
H proteinìmenh mèjodoc upologÐzei tic ropèc sn kai met� gia k�je tim  thc
paramètrou kanonikopoÐhshc pou an kei sto plègma pou èqoume epilèxei qrei-
�zetai mìno mÐa apl  antikat�stash aut c thc tim c stouc tÔpouc (5.7), (5.11)
  (5.14). 'Etsi, h poluplokìthta den ephre�zetai apì ton arijmì twn shmeÐwn
tou plègmatoc tou µ kai autì odhgeÐ se gr gorh ulopoÐhsh thc mejìdou.

Sqetik� me to plègma twn tim¸n thc paramètrou µ, sthn prosèggis  mac u-
iojetoÔme to plègma pou perigr�fetai sto logismikì tou P.C. Hansen, [45]. H
kataskeu  autoÔ tou plègmatoc basÐzetai sth sumpag  morf  thc paragonto-
poÐhshc idiazous¸n tim¸n (compact singular value decomposition). Eidikìte-
ra, to plègma gia to µ mporeÐ na prosdioristeÐ wc [max(σmin, 16εσmax), σmax],
ìpou ε eÐnai to “èyilon” thc mhqan c, σmin, σmax eÐnai h el�qisth kai h mègisth
idi�zousa tim  tou pÐnaka A antÐstoiqa.
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5.4.2 Upologistik  poluplokìthta

H ektÐmhsh thc sun�rthshc GCV apaiteÐ thn prosèggish N + 1 tetragw-
nik¸n morf¸n, sugkekrimèna tou arijmht  thc sun�rthshc GCV kai twn N
tetragwnik¸n morf¸n ston paronomast  thc. H upologistik  poluplokìth-
ta gia tic paraqjeÐsec oikogèneiec ektim sewn gia thn tetragwnik  morf 
xTB−qx, q = 1, 2, exart�tai apì ton upologismì twn rop¸n sn tou pÐnaka
AAT . O upologismìc tou pÐnaka AAT èqei poluplokìthta kubik c t�xhc,
gia autì den sunist�tai. Sthn prosèggis  mac, autèc oi ropèc upologÐzontai
qrhsimopoi¸ntac thn Prìtash 5.2. Sugkekrimèna, gia k�je rop  sn prèpei na
upologÐsoume n mvp’s kai mÐa nìrma, epomènwc h poluplokìthta eÐnai tetra-
gwnik . H upologistik  poluplokìthta twn paragìmenwn ektim sewn gia thn
tetragwnik  morf  xTB−qx, q = 1, 2, parousi�zetai ston PÐnaka 5.1.

Eidikìtera, h oikogèneia ektim sewn enìc ìrou gia thn tetragwnik  morf 
xTB−qx, q = 1, 2, apaiteÐ ton upologismì mìno dÔo mvp’s. Epiplèon, h
poluplokìthta thc oikogèneiac ektim sewn dÔo ìrwn ên,k kai tri¸n ìrwn ẽn,k,`
exart�tai apì thn tim  twn paramètrwn pou apaitoÔntai gia thn efarmog  touc.

H upologistik  poluplokìthta gia thn oikogèneia ektim sewn tri¸n ìrwn
ẽn,k,` eÐnai thc t�xhc O (cp2), ìpou c = max {n+ k + 3, n+ `+ 4}, gia k�je
puknì (dense) pÐnaka A di�stashc p. Se perÐptwsh pou o dedomènoc pÐnakac
eÐnai banded me bandwidth s, h poluplokìthta aut¸n twn ektim sewn eÐnai
thc t�xhc O (sp). ParathroÔme ìti o sunolikìc arijmìc twn apaitoÔmenwn
mvp’s eÐnai anex�rthtoc apì th di�stash tou probl matoc dokim c.

PÐnakac A xTB−qx, q = 1, 2

one-term two-term three-term
dense O (2p2) O ((n+ k + 2)p2) O (cp2)

banded O (2sp) O ((n+ k + 2)sp) O (csp)

PÐnakac 5.1: Upologistik  poluplokìthta twn ektim sewn gia thn tetragw-
nik  morf  xTB−qx, q = 1, 2.

5.4.3 Arijmhtik� paradeÐgmata

Sth sunèqeia, parousi�zoume arijmhtik� paradeÐgmata sta opoÐa qrhsimopoio-
Ôme tic GCV ektim seic enìc ìrou µ̃1 kai dÔo ìrwn µ̃2 gia thn par�metro
kanonikopoÐhshc µ. Dokim�zoume k�poia probl mata pou èqoun epileqjeÐ a-
pì to pakèto “Regularization Tools” tou Hansen, [45]. Kajèna apì aut� ta
probl mata par�gei ènan pÐnaka A kai mÐa lÔsh x. Se k�je perÐptwsh, upo-
logÐzoume to di�nusma b ¸ste b = Ax. To diataragmèno di�nusma bper ∈ Rp
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upologÐzetai apì th sqèsh

bper = b+ e‖b‖ σ√
p
, (5.27)

ìpou σ eÐnai to dosmèno epÐpedo jorÔbou kai e ∈ Rp eÐnai o Gaussian jìruboc
me mèsh tim  mhdèn kai diaspor� èna, [28]. To di�nusma e par�getai me thn
entol  tou Matlab e = randn(p, 1).

Sta akìlouja paradeÐgmata, h ektÐmhsh thc sun�rthshc GCV Ṽ (µ) ulo-
poi jhke qrhsimopoi¸ntac eÐte tic ektim seic enìc ìrou fν kai eν   tic ekti-
m seic dÔo ìrwn ê1,0. Oi pÐnakec pou emfanÐzontai se aut� ta probl mata ika-

nopoioÔn thn upìjesh tou PorÐsmatoc 5.1, dhlad  ρ =
s0(s2 + 2µs1 + µ2s0)

(s1 + µs0)2
'

1, sn = (b, (AAT )nb), oi par�metroi gia tic ektim seic enìc ìrou eÐnai νf =
−3/2 gia ton arijmht  kai νe = −1 gia ton paronomast  thc sun�rthshc
GCV. Se ìla ta paradeÐgmata jewroÔme to mègejoc deÐgmatoc N = 50 gia
to Je¸rhma tou Hutchinson. EpÐshc, h akrib c tim  thc sun�rthshc GCV
upologÐsthke qrhsimopoi¸ntac to pakèto tou Hansen, [45]. 'Oloi oi upologi-
smoÐ èginan qrhsimopoi¸ntac MATLAB (R2015a), 64-bit, se upologist  Intel
Core i7, me 16 Gb DDR4 RAM.

Par�deigma 5.1. Qrìnoc ektèleshc.

JewroÔme ton Tomo, èna prìblhma dokim c disdi�stathc tomografÐac, to
opoÐo epÐshc dokim�zetai sthn ergasÐa [28]. To sq ma 5.1 emfanÐzei to qrìno
ektèleshc (se deuterìlepta) wc sun�rthsh tou megèjouc tou probl matoc gia
ton prosdiorismì thc paramètrou kanonikopoÐhshc µ. Eidikìtera, o qrìnoc
ektèleshc anafèretai sthn elaqistopoÐhsh twn ektim sewn enìc kai dÔo ìrwn.
QrhsimopoioÔme 20 (gr�fhma sta arister�) kai 100 (gr�fhma sta dexi�) shmeÐa
tou plègmatoc.

'Opwc mporoÔme na doÔme sto sq ma 5.1, kai oi dÔo ektim seic eÐnai po-
lÔ gr gorec, all� h ektÐmhsh enìc ìrou eÐnai akìmh pio gr gorh apì thn
ektÐmhsh dÔo ìrwn. O qrìnoc ektèleshc ephre�zetai mìno apì to mègejoc
tou probl matoc kai apì ton arijmì twn shmeÐwn tou plègmatoc kai den exar-
t�tai apì to epÐpedo jorÔbou. Se autì to par�deigma, jewroÔme to epÐpedo
jorÔbou σ = 10−3.
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Sq ma 5.1: Qrìnoc ektèleshc (se deuterìlepta) wc sun�rthsh tou megèjouc
tou probl matoc gia thn prosèggish thc paramètrou kanonikopoÐhshc gia to
prìblhma dokim c Tomo.

Par�deigma 5.2. To prìblhma dokim c Baart.

Se autì to par�deigma, dokim�zoume to prìblhma dokim c Baart me pÐnaka
A megèjouc 1000× 1000. Autì to prìblhma prokÔptei apì th diakritopoÐhsh
thc oloklhrwtik c exÐswshc Fredholm pr¸tou eÐdouc. Arqik�, elègqoume to
prìblhma qwrÐc jìrubo kai sth sunèqeia prosjètoume jìrubo σ = 10−7. Mac
endiafèrei h prosèggish thc tim c thc paramètrou kanonikopoÐhshc µ gia ta
dÔo aut� probl mata.

Sugkekrimèna, sta graf mata 5.2, 5.3, 5.4, apeikonÐzoume me kìkkino “a-
stèri (∗)” th jèsh tou elaqÐstou kai katagr�foume thn tim  thc paramètrou
kanonikopoÐhshc µ h opoÐa prokÔptei elaqistopoi¸ntac thn akrib  sun�rth-
sh GCV, thn ektÐmhsh enìc ìrou kai thn ektÐmhsh dÔo ìrwn thc sun�rthshc
GCV, antÐstoiqa.
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Sq ma 5.2: ElaqistopoÐhsh thc akriboÔc sun�rthshc GCV gia to prìblh-
ma qwrÐc jìrubo (aristerì gr�fhma) kai me jìrubo (dexÐ gr�fhma) gia to
prìblhma dokim c Baart.
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Sq ma 5.3: ElaqistopoÐhsh thc ektÐmhshc enìc ìrou gia to prìblhma qwrÐc
jìrubo (aristerì gr�fhma) kai me jìrubo (dexÐ gr�fhma) gia to prìblhma
dokim c Baart.
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Sq ma 5.4: ElaqistopoÐhsh thc ektÐmhshc dÔo ìrwn gia to prìblhma qwrÐc
jìrubo (aristerì gr�fhma) kai me jìrubo (dexÐ gr�fhma) gia to prìblhma
dokim c Baart.

'Opwc blèpoume sta parap�nw sq mata, h tim  thc paramètrou kanonikopo-
Ðhshc qrhsimopoi¸ntac tic ektim seic enìc kai dÔo ìrwn eÐnai polÔ kont� sthn
tim  tou µ pou lamb�netai elaqistopoi¸ntac thn akrib  sun�rthsh GCV. H
nìrma tou sf�lmatoc ‖x−xµ‖ katagr�fetai ston PÐnaka 5.2. 'Opwc parath-
roÔme se autìn ton PÐnaka, h poiìthta thc lÔshc xµ eÐnai arket� ikanopoihtik 
ìqi mìno gia to prìblhma qwrÐc jìrubo all� kai gia to antÐstoiqo prìblhma
me jìrubo.
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Prìblhma dokim c
Mèjodoc µ ‖x− xµ‖(p,σ)

Baart GCV-One 1.1302e-10 6.2320e-2
(1000,0) GCV-Two 2.8558e-12 5.9482e-2

Exact GCV 1.2268e-14 3.8809e-1
Baart GCV-One 1.2859e-11 6.0436e-2

(1000,10−7) GCV-Two 4.7158e-12 5.9925e-2
Exact GCV 9.8228e-14 6.2214e-2

PÐnakac 5.2: Par�metroi pou qarakthrÐzoun ta arijmhtik� paradeÐgmata twn
sqhm�twn 5.2, 5.3 kai 5.4.

Par�deigma 5.3. Di�sthma empistosÔnhc gia th sun�rthsh GCV.

JewroÔme to prìblhma dokim c Spikes me pÐnaka A megèjouc 800 × 800,
qwrÐc thn parousÐa jorÔbou. Se autì to par�deigma, elègqoume thn apotele-
smatikìthta tou diast matoc empistosÔnhc gia th sun�rthsh GCV. Sugkekri-
mèna, jewroÔme α = 0.01 kai kataskeu�zoume èna 99% di�sthma empistosÔnhc
[L,U ] gia th sun�rthsh GCV. Gia di�forec timèc thc paramètrou kanonikopo-
Ðhshc µ, upologÐzoume th sun�rthsh GCV V (µ) kai thn ektÐmhsh enìc ìrou
thc sun�rthshc GCV Ṽ1(µ), me skopì na upologÐsoume to apìluto sf�lma
|V (µ) − Ṽ1(µ)|. Ta apotelèsmata parousi�zontai ston PÐnaka 5.3. 'Opwc
mporoÔme na parathr soume se autìn ton PÐnaka, to m koc tou diast ma-
toc empistosÔnhc mporeÐ na jewrhjeÐ èna �nw fr�gma gia to apìluto sf�lma
|V (µ)− Ṽ1(µ)|.

µ V (µ) Ṽ1(µ) [L,U ] U − L |V (µ)− Ṽ1(µ)|
5 · 10−3 5.254673e-11 4.309219e-10 [4.3130e-11, 2.1174e-9] 2.0743e-9 3.7838e-10

10−2 2.632498e-10 3.531509e-10 [2.1000e-10, 1.4375e-8] 1.4165e-8 8.9901e-11
5 · 10−2 2.751742e-9 1.093766e-9 [4.3682e-10, 6.4843e-9] 6.0475e-9 1.6580e-9

10−1 8.051378e-9 1.132330e-9 [1.2109e-10, 2.1564e-8] 2.1443e-8 6.9190e-9

PÐnakac 5.3: Prosèggish tou apìlutou sf�lmatoc |V (µ) − Ṽ1(µ)| mèsw tou
diast matoc empistosÔnhc gia to prìblhma dokim c Spikes.

SÔnoyh twn apotelesm�twn

• Oi tÔpoi twn ektim sewn eÐnai eÔkola ulopoi simoi me qamhl  poluplo-
kìthta kai qrei�zontai mìno lÐga mvp’s.
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• O sunolikìc arijmìc twn apaitoÔmenwn mvp’s den ephre�zetai apì to
mègejoc tou pÐnaka kai epomènwc o upologismìc eÐnai polÔ gr goroc
akìmh kai gia probl mata meg�lhc klÐmakac.

• Oi proteinìmenec GCV ektim seic thc paramètrou kanonikopoÐhshc µ
eÐnai polÔ gr gorec afoÔ oi ropèc sn pou apaitoÔntai sth mèjodo thc
parekbol c eÐnai anex�rthtec apì to µ kai epomènwc den qrei�zetai na
upologÐzontai gia k�je tim  tou plègmatoc.

• O qrìnoc ektèleshc eÐnai anex�rthtoc apì to epÐpedo jorÔbou.

• H jèsh elaqÐstou µ̃ thc ektim¸menhc GCV sun�rthshc Ṽ (µ) parèqei mÐa
ikanopoihtik  ektÐmhsh thc paramètrou kanonikopoÐhshc pou epikur¸ne-
tai elègqontac thn poiìthta thc lÔshc xµ̃ se di�fora diakrit� kak¸c
topojethmèna probl mata, ta opoÐa parousi�zontai sthn Enìthta 6.2.
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Kef�laio 6

Efarmogèc

6.1 An�lush diktÔwn

H an�lush diktÔwn èqei pollèc efarmogèc sthn kajhmerin  zw . Qarakthri-
stik� paradeÐgmata eÐnai dÐktua apì thn koinwniologÐa (p.q. koinwnik� dÐktua),
teqnologik� kai plhroforiak� dÐktua (p.q. to diadÐktuo, koinwnik� dÐktua al-
lhlepÐdrashc), biologik� dÐktua (p.q. allhlepidr�seic prwteðn¸n) kai poll�
akìmh [54].

EÐnai suqn� endiafèron na mporoÔme na anagnwrÐsoume touc shmantikoÔc
kìmbouc enìc diktÔou   na exakrib¸soume thn eukolÐa met�bashc an�mesa
stouc kìmbouc. Autèc oi posìthtec mporoÔn na prosdioristoÔn upologÐzontac
tic digrammikèc morfèc xTf(A)y, ìpou A eÐnai o pÐnakac geitnÐashc (adjacency
matrix) pou anaparist� to gr�fhma tou diktÔou, f eÐnai mÐa omal  sun�rthsh
kai x, y eÐnai kat�llhla epilegmèna dianÔsmata.

6.1.1 Basikèc ènnoiec

H an�lush diktÔwn apaiteÐ th qr sh ennoi¸n apì th jewrÐa grafhm�twn,
grammik  �lgebra, arijmhtik  an�lush kai upologistik  fusik  [11, 27]. Pa-
rak�tw, parajètoume k�poiouc basikoÔc orismoÔc apì th jewrÐa grafhm�twn.

• 'Ena gr�fhma G eÐnai èna sÔnolo apì kìmbouc (korufèc) V me pl joc
kìmbwn |V | = p kai pleurèc E = {(i, j) : i, j ∈ V }.

• 'Ena gr�fhma eÐnai mh-kateujunìmeno (undirected graph) an oi pleurèc
eÐnai mh-diatetagmèna zeÔgh twn kìmbwn kai kateujunìmeno (directed)
an ta zeÔgh eÐnai diatetagmèna (oi pleurèc èqoun mÐa kateÔjunsh).

• 'Enac perÐpatoc (walk) m kouc k sto gr�fhma G eÐnai mÐa akoloujÐa
kìmbwn v1, v2, . . . , vk+1 tètoioi ¸ste (vi, vi+1) ∈ E gia k�je 1 ≤ i ≤ k.
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'Ena monop�ti (path) eÐnai ènac perÐpatoc qwrÐc epanalambanìmenouc
kìmbouc.

• 'Enac kleistìc perÐpatoc (closed walk) eÐnai ènac perÐpatoc pou xekin�
kai telei¸nei ston Ðdio kìmbo.

• KÔkloc (cycle) eÐnai ènac kleistìc perÐpatoc qwrÐc epanalambanìmenouc
kìmbouc.

• K�je gr�fhma mporeÐ na anaparastajeÐ me ènan pÐnaka. O pÐnakac geit-
nÐashc (adjacency matrix) enìc diktÔou me gr�fhma G dÐnetai apì

A = (Aij), Aij =

{
1, an up�rqei pleur� pou en¸nei touc kìmbouc i kai j,

0, alli¸c.

O pÐnakac geitnÐashc A ∈ Rp×p pou sundèetai me èna mh-kateujunìmeno
gr�fhmaG eÐnai summetrikìc. Apì thn �llh pleur�, o pÐnakac geitnÐashc
enìc kateujunìmenou graf matoc eÐnai mh-summetrikìc.

Dojèntoc enìc meg�lou graf matoc, eÐnai suqn� qr simo na ex�goume
arijmhtikèc posìthtec gia na perigr�youme kajolikèc idiìthtec tou graf ma-
toc, ìpwc h shmantikìthta enìc sugkekrimènou kìmbou   h eukolÐa met�bashc
apì ton èna kìmbo ston �llo. Den eÐnai dÔskolo na doÔme ìti gia m > 1, to
stoiqeÐo (Am)ij tou Am isoÔtai me ton arijmì twn perip�twn m kouc m pou
xekinoÔn apì ton kìmbo i kai katal goun ston kìmbo j [27]. K�poioi akìma
shmantikoÐ orismoÐ eÐnai oi akìloujoi [11, 27].

• O bajmìc (degree) enìc kìmbou i eÐnai (A1)i me 1 = [1, 1, · · · , 1]T (dhla-
d  to �jroisma twn stoiqeÐwn thc i-ost c gramm c tou pÐnaka A), eÐnai
èna mètro gia th shmantikìthta tou kìmbou i.

• H kentrikìthta f−upograf matoc (f-subgraph centrality) tou kìmbou
i, eÐnai to diag¸nio stoiqeÐo (f(A))ii, to opoÐo eÐnai èna axiìpisto mètro
gia th shmantikìthta tou kìmbou i.
Sugkekrimèna, o pio shmantikìc kìmboc se èna dÐktuo mporeÐ na jewrh-
jeÐ wc o kìmboc me th megalÔterh kentrikìthta f -upograf matoc.

• H f−epikoinwnÐa (f-communicability) an�mesa stouc kìmbouc i kai j,
dÐnetai apì to stoiqeÐo (f(A))ij kai posotikopoieÐ thn eukolÐa met�bashc
an�mesa stouc kìmbouc i kai j.

Oi sunart seic pin�kwn, oi opoÐec axiologoÔn thn kentrikìthta f - upo-
graf matoc, eÐnai to ekjetikì tou pÐnaka A, exp(A), kai o pÐnakac resolvent
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(Ip− aA)−1, ìpou o A eÐnai o pÐnakac geitnÐashc tou graf matoc, [11, 25]. O
pÐnakac (resolvent) eÐnai

(Ip − aA)−1 = I + aA+ a2A2 + · · ·+ akAk + · · · =
∞∑
k=0

akAk,

ìpou 0 < a <
1

ρ(A)
kai ρ(A) eÐnai h fasmatik  aktÐna tou pÐnaka A. Ta fr�g-

mata thc paramètrou a exasfalÐzoun ìti o pÐnakac I − aA eÐnai antistrèyimoc
kai ìti h gewmetrik  seir� sugklÐnei ston antÐstrofo.

• H kentrikìthta upograf matoc (resolvent subgraph centrality) tou kìm-
bou i eÐnai to diag¸nio stoiqeÐo ((Ip − aA)−1)ii.

• H epikoinwnÐa upograf matoc (resolvent subgraph communicability) me-
taxÔ twn kìmbwn i kai j eÐnai to stoiqeÐo ((Ip − aA)−1)ij.

Genikeumènh sun�rthsh pÐnaka (Generalized matrix function)

'Estw o pÐnakac A ∈ Rm×n me t�xh r. Oi genikeumènec sunart seic pin�kwn
(generalized matrix functions) eÐnai epekt�seic tou orismoÔ twn sunart sewn
pin�kwn gia mh-tetragwnikoÔc (rectangular) pÐnakec kai arqik� melet jhkan
apì touc Hawkins kai Ben-Israel to 1973 sthn ergasÐa [46]. Ac jewr soume
th sumpag  paragontopoÐhsh idiazous¸n tim¸n tou pÐnaka A, dhlad  A =
UrΣrV

T
r . Tìte, h genikeumènh sun�rthsh pÐnaka f � : Rm×n → Rm×n pou

antistoiqeÐ sth sun�rthsh f orÐzetai wc

f �(A) := Urf(Σr)V
T
r ,

ìpou f(Σr) = diag(f(σ1), f(σ2), . . . , f(σr)) kai σi i = 1, . . . , r eÐnai oi idi�zou-
sec timèc tou A [3, 46].

Prìsfatec melètec epikentr¸nontai se ektim seic posot twn pou sqetÐzo-
ntai me tic genikeumènec sunart seic pin�kwn pou emfanÐzontai sthn an�lush
diktÔwn. Sugkekrimèna, dÐnetai èmfash sthn ektÐmhsh mètrwn pou dÐnoun plh-
roforÐec sqetik� me kateujunìmena graf mata, qrhsimopoi¸ntac arijmhtik 
olokl rwsh tou Gauss kai th didiagwniopoÐhsh (bidiagonalization) Golub-
Kahan [2, 3]. SÔmfwna me thn ergasÐa [3] èqoume

zTf �(A)x = yTg(ATA)x, (6.1)

ìpou g(t) = (
√
t)−1f(

√
t) kai y = ATz.

Epomènwc, ektim seic gia th digrammik  morf  zTf �(A)x mporoÔn na epiteu-
qjoÔn me thn prosèggish posot twn thc morf c yTg(ATA)x. Sun jeic epi-
logèc gia th sun�rthsh f eÐnai eÐte f(t) = sinh(t)   f(t) = at(1 − (at)2)−1,
ìpou a ∈ (0, σ−1max) kai σmax eÐnai h mègisth idi�zousa tim  tou pÐnaka A, [3].
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6.1.2 Arijmhtik� apotelèsmata

Sth sunèqeia, parajètoume arijmhtik� paradeÐgmata sta opoÐa ektimoÔme po-
sìthtec pou emfanÐzontai sthn an�lush diktÔwn. Oi ektim seic autèc sth-
rÐzontai sth jewrÐa pou èqei perigrafeÐ sta Kef�laia 2 kai 3.

Par�deigma 6.1. EktÐmhsh thc kentrikìthtac kai thc epikoinwnÐac upo-
graf matoc.

Qrhsimopoi¸ntac tic ektim seic gia th digrammik  morf  xTA−1y pou
èqoun perigrafeÐ sto Kef�laio 2, paÐrnoume ektim seic gia thn kentrikìthta
upograf matoc (resolvent subgraph centrality) kai thn epikoinwnÐa upogra-
f matoc (resolvent subgraph communicability). Sta akìlouja arijmhtik�
apotelèsmata jewroÔme thn par�metro a = 0.85/λmax, ìpou λmax eÐnai h
mègisth idiotim  tou A, [11, 25].

Arqik�, jewroÔme ton pÐnaka geitnÐashc ca-GrQc apì thn om�da Snap
thc sullog c pin�kwn SuiteSparse Matrix Collection, [23]. O pÐnakac autìc
eÐnai idi�zwn, summetrikìc kai èqei di�stash p = 5242. 'Omwc, o pÐnakac
B = Ip−aA, me A = ca-GrQc, eÐnai antistrèyimoc kai èqei deÐkth kat�stashc
κ(B) = 2.2378e1. EpÐshc, jewroÔme ton pÐnaka geitnÐashc pref di�stashc
p = 4000. Autìc o pÐnakac antiproswpeÔei sundedemèna apl� graf mata,
eÐnai summetrikìc kai mporeÐ na brejeÐ sto toolbox CONTEST tou MATLAB,
[64]. O deÐkthc kat�stashc tou pÐnaka B = Ip − aA, me A = pref , eÐnai
κ(B) = 1.2043e1.

Stouc parak�tw PÐnakec ektimoÔme thn kentrikìthta upograf matoc kai
thn epikoinwnÐa upograf matoc qrhsimopoi¸ntac tic ektim seic enìc ìrou eν
kai dÔo ìrwn ên pou dÐnontai apì tic sqèseic (2.5) kai (2.6), antÐstoiqa. Gia
ta mh-diag¸nia stoiqeÐa ((Ip − aA)−1)ij pou posotikopoioÔn thn epikoinwnÐa
upograf matoc qrhsimopoioÔme th sqèsh (2.8) kai met� tic proanaferjeÐsec
ektim seic eν kai ên. Eidikìtera, ektimoÔme thn kentrikìthta upograf matoc
tou kìmbou 5 tou pÐnaka ca-GrQc me akrib  tim  1.0003 (PÐnakac 6.1) kai thn
epikoinwnÐa upograf matoc metaxÔ twn kìmbwn 1 kai 17 tou pÐnaka pref me
akrib  tim  2.0418e− 1 (PÐnakac 6.2).

e0 e0.9 e1 e1.1 e1.5 ê0 ê1 ê2 ê3

3.4721e-4 3.4835e-5 1.2055e-7 3.4595e-5 1.7347e-4 2.2197e-16 0 0 0

PÐnakac 6.1: Sqetik� sf�lmata twn ektim sewn thc kentrikìthtac upogra-
f matoc tou kìmbou 5 tou pÐnaka ca-GrQc di�stashc p = 5242.
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e0 e1 e2 ê0 ê1 ê2 ê3

7.2989e-1 4.4738e-1 5.9324e-5 3.2726e-1 4.2900e-1 4.8159e-1 5.1084e-1

PÐnakac 6.2: Sqetik� sf�lmata twn ektim sewn thc epikoinwnÐac upograf ma-
toc metaxÔ twn kìmbwn 1 kai 17 tou pÐnaka pref di�stashc p = 4000.

Stouc PÐnakec 6.1 kai 6.2 katagr�fetai to sqetikì sf�lma twn ektim sewn
twn zhtoÔmenwn posot twn. Ston PÐnaka 6.1, parathroÔme ìti gia di�forec
timèc thc paramètrou ν mporoÔme na epitÔqoume ikanopoihtikì sqetikì sf�l-
ma, qrhsimopoi¸ntac tic ektim seic enìc kai dÔo ìrwn. Eidikìtera, to sqetikì
sf�lma thc ektÐmhshc eν gia ν = 1 eÐnai thc t�xhc O(10−7), all� ta sqeti-
k� sf�lmata gia tic ektim seic dÔo ìrwn eÐnai polÔ mikrìtera. EpÐshc, ston
PÐnaka 6.2, parathroÔme ìti to sqetikì sf�lma gia thn ektÐmhsh enìc ìrou
eν gia ν = 2 eÐnai thc t�xhc O(10−5). AntÐjeta, oi ektim seic dÔo ìrwn eÐnai
ligìtero ikanopoihtikèc, ìpwc faÐnetai apì ta antÐstoiqa sqetik� sf�lmata
pou eÐnai thc t�xhc O(10−1).

Par�deigma 6.2. Prosdiorismìc shmantikìterwn kìmbwn se dÐktuo.

O shmantikìteroc kìmboc se èna dÐktuo mporeÐ na prosdioristeÐ upolo-
gÐzontac th diag¸nio tou pÐnaka f(A) kai sth sunèqeia entopÐzontac to deÐkth
tou dianÔsmatoc pou antistoiqeÐ sto megalÔtero stoiqeÐo. Se autì to pa-
r�deigma, ektimoÔme olìklhrh th diag¸nio tou pÐnaka resolvent (Ip − aA)−1

me par�metro a = 0.85/λmax, qrhsimopoi¸ntac tic ektim seic pou èqoun peri-
grafeÐ sto Kef�laio 3.

Ston PÐnaka 6.3 prosdiorÐzoume touc shmantikìterouc kìmbouc sta dÐktua
email, autobahn, internet, pou antiproswpeÔoun pragmatik� dÐktua meg�lhc
di�stashc [27], qrhsimopoi¸ntac ton pÐnaka resolvent. Sth deÔterh st lh
autoÔ tou PÐnaka katagr�fetai o sunolikìc arijmìc twn kìmbwn, dhlad  h
di�stash p thc antÐstoiqou pÐnaka geitnÐashc. Oi treic teleutaÐec st lec tou
PÐnaka 6.3 emfanÐzoun ton qrìno ektèleshc (se deuterìlepta) gia ton prosdio-
rismì tou shmantikìterou kìmbou qrhsimopoi¸ntac th mèjodo thc parekbol c
kai tic mejìdouc arijmhtik c olokl rwshc Gauss (single kai block).

Ta qarakthristik� twn mejìdwn tou Gauss epilègontai ètsi ¸ste na epi-
tugq�netai h mikrìterh dunat  upologistik  poluplokìthta. Sugkekrimèna,
epilègoume k = 2 kìmbouc kai to mègejoc q tou k�je block na eÐnai Ðso me
ton el�qisto diairèth thc di�stashc p. H di�stash p tou diktÔou internet
eÐnai pr¸toc arijmìc. Gia autì to dÐktuo qrhsimopoieÐtai h tim  q = 2. 'O-
son afor� sth mèjodo thc parekbol c efarmìzoume ton tÔpo (3.3). H tim 
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thc apaitoÔmenhc paramètrou eÐnai ν = −1, akolouj¸ntac to Pìrisma 4 thc
ergasÐac [32].

DÐktuo Kìmboi
shmantikìteroc Qrìnoc

kìmboc Parekbol  Single Gauss Block Gauss

email 1133 105 3.0255e-3 2.5456e-1 1.9332e-1
autobahn 1168 693 3.3218e-3 3.1138e-1 6.6705e-1
internet 22963 4 5.8657e-1 4.1855e4 5.6162e4

PÐnakac 6.3: O qrìnoc ektèleshc (se deuterìlepta) gia ton prosdiorismì tou
shmantikìterou kìmbou se pragmatik� dÐktua meg�lhc di�stashc.

6.2 Diakrit� kak¸c topojethmèna probl ma-
ta (discrete ill-posed problems)

6.2.1 Jewrhtikì plaÐsio

JewroÔme to grammikì sÔsthma

Ax = b,

ìpou A ∈ Rp×m (p ≥ m) eÐnai o pÐnakac twn suntelest¸n, b ∈ Rp to di�nusma
twn stajer¸n ìrwn kai x ∈ Rm h zhtoÔmenh lÔsh tou sust matoc. 'Otan
o pÐnakac A èqei polÔ meg�lo deÐkth kat�stashc sunep�getai ìti k�poiec ( 
ìlec) oi exis¸seic eÐnai arijmhtik� grammik� exarthmènec. Suqn� o meg�loc
deÐkthc kat�stashc prokaleÐtai apì èna “lanjasmèno” majhmatikì montèlo to
opoÐo ja èprepe na tropopoihjeÐ protoÔ upologisteÐ mÐa arijmhtik  tou lÔsh.
Majhmatik� ergaleÐa, ìpwc h paragontopoÐhsh idiazous¸n tim¸n (SVD), mpo-
roÔn na entopÐsoun autèc tic grammikèc exart seic kai ètsi na beltiwjeÐ to
montèlo kai na odhghjoÔme se èna tropopoihmèno sÔsthma me pÐnaka pou èqei
kalÔtero deÐkth kat�stashc. Autì to tropopoihmèno sÔsthma mporeÐ na epi-
lujeÐ me tic klasikèc arijmhtikèc mejìdouc, [41].

Wstìso, up�rqoun kathgorÐec problhm�twn gia ta opoÐa o pÐnakac sunte-
lest¸n eÐnai pr�gmati polÔ kak c kat�stashc, dhlad  aut  h idiìthta eÐnai
mèroc thc montelopoÐhshc tou probl matoc. 'Etsi, oi klasikèc teqnikèc thc
Grammik c 'Algebrac den mporoÔn na efarmostoÔn kai h arijmhtik  epÐlush
gÐnetai suqn� polÔ dÔskolh. H antimet¸pish autoÔ tou eÐdouc twn grammik¸n
susthm�twn exart�tai apì to eÐdoc thc kak c kat�stashc tou pÐnaka A. MÐa
shmantik  t�xh problhm�twn pou emfanÐzetai suqn� stic efarmogèc eÐnai ta
diakrit� kak¸c topojethmèna probl mata (discrete ill-posed problems).
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Ta probl mata aut� prokÔptoun apì th diakritopoÐhsh twn kak¸c topo-
jethmènwn problhm�twn ìpwc oi oloklhrwtikèc exis¸seic Fredholm pr¸tou
eÐdouc. Se aut  thn perÐptwsh ìlec oi idi�zousec timèc tou pÐnaka A fjÐnoun
sto mhdèn kai h diakrit  sunj kh tou Picard ikanopoieÐtai, [43, 44]. Dedo-
mènou ìti den up�rqei kenì metaxÔ twn idiazous¸n tim¸n, den èqei nìhma h
arijmhtik  t�xh gia autoÔc touc pÐnakec. Gia aut� ta probl mata, o stìqoc
eÐnai na brejeÐ mÐa isorropÐa metaxÔ thc nìrmac upoloÐpwn (residual norm) kai
thc nìrmac thc lÔshc, [44].

H majhmatik  montelopoÐhsh autoÔ tou eÐdouc twn problhm�twn eÐnai mÐa
sugkekrimènh kl�sh problhm�twn elaqÐstwn tetrag¸nwn thc morf c

min
x∈Rm

‖Ax− b‖2, (6.2)

ìpou o pÐnakac A ∈ Rp×m èqei idi�zousec timèc pou fjÐnoun sto mhdèn kai
eÐnai polÔ kak c kat�stashc. Suqn�, lìgw twn sfalm�twn stroggÔleushc
kaj¸c kai twn sfalm�twn pou up�rqoun sta dedomèna, tètoioi pÐnakec èqoun
pl rh t�xh me thn austhr  majhmatik  ènnoia kai to prìblhma twn elaqÐstwn
tetrag¸nwn (6.2) den eÐnai kak¸c topojethmèno me thn klasik  ènnoia tou
Hadamard. Wstìso, exakoloujeÐ na eÐnai dìkimh h orologÐa diakrit� kak¸c
topojethmèna probl mata, epeid  pollèc apì tic duskolÐec aut¸n twn pro-
blhm�twn parousi�zontai kai se probl mata thc morf c (6.2). EpÐshc, ta
probl mata aut� suqn� prokÔptoun ìtan diakritopoieÐtai èna upokeÐmeno ka-
k¸c topojethmèno prìblhma gia ton upologismì thc arijmhtik c tou lÔshc,
[43].

To di�nusma b ∈ Rp perièqei èna �gnwsto sf�lma e ∈ Rp. 'Estw bexact to
�gnwsto di�nusma to opoÐo den perièqei to sf�lma, dhlad  b = bexact + e. H
akrib c lÔsh tou probl matoc elaqÐstwn tetrag¸nwn thc parap�nw morf c
(6.2) eÐnai

xexact = A†bexact.

ExaitÐac ìmwc thc Ôparxhc tou �gnwstou sf�lmatoc e sto di�nusma b kai
thc meg�lhc nìrmac tou A†, h lÔsh tou probl matoc (6.2), h opoÐa eÐnai
A†b = xexact + A†e, perièqei to sf�lma A†e kai praktik� den eÐnai mÐa ka-
l  prosèggish thc akriboÔc lÔshc xexact, [28].

MÐa kalÔterh prosèggish thc lÔshc xexact mporeÐ na prokÔyei lÔnontac
èna �llo prìblhma to opoÐo eÐnai kont� sto arqikì all� ligìtero “euaÐsjh-
to” sto sf�lma e pou up�rqei sto b. Autìc o trìpoc eÐnai gnwstìc wc
kanonikopoÐhsh (regularization). MÐa apì tic pio diadedomènec mejìdouc ka-
nonikopoÐhshc eÐnai h kanonikopoÐhsh Tikhonov. H aploÔsterh morf  thc
eÐnai h antikat�stash tou arqikoÔ probl matoc (6.2) me to akìloujo poini-
kopoihmèno prìblhma elaqÐstwn tetrag¸nwn

min
x∈Rm

{‖Ax− b‖2 + µ‖x‖2}, (6.3)

129



KEFALAIO 6. EFARMOGES

ìpou h par�metroc µ > 0 onom�zetai par�metroc kanonikopoÐhshc (regular-
ization parameter). H lÔsh tou poinikopoihmènou probl matoc elaqÐstwn
tetrag¸nwn (6.3) dÐnetai apì ton tÔpo

xµ = (ATA+ µIm)−1ATb. (6.4)

'Opwc eÐnai fanerì h lÔsh (6.4) exart�tai apì thn par�metro kanonikopoÐhshc
µ. MÐa kal  epilog  gia aut n thn par�metro ja odhg sei se kal  prosèggish
thc akriboÔc lÔshc. 'Enac trìpoc epilog c aut c thc paramètrou eÐnai mèsw
thc elaqistopoÐhshc thc sun�rthshc GCV h opoÐa dÐnetai apì ton tÔpo (5.1)
kai èqei ektimhjeÐ sto Kef�laio 5.

Parat rhsh 6.1.
MÐa �llh diadedomènh mèjodoc kanonikopoÐhshc gia th lÔsh twn diakrit¸n ka-
k¸c topojethmènwn problhm�twn eÐnai h Truncated SVD (TSVD). H mèjodoc
aut  krat� tic k megalÔterec idi�zousec timèc tou pÐnaka A kai oi upìloipec
m − k idi�zousec timèc jewroÔntai Ðsec me to mhdèn. 'Estw Σk ∈ Rm×m o
diag¸nioc pÐnakac pou perièqei autèc tic idi�zousec timèc. MporoÔme t¸ra na
orÐsoume ton pÐnaka Ak = UΣkV

T t�xhc k. Oi proseggistikèc lÔseic me th
mèjodo TSVD dÐnontai apì ton tÔpo

xk = A†kb =
k∑
j=1

ukjb

σj
vj, k = 1, 2, . . . , r,

ìpou r eÐnai h t�xh tou pÐnaka A. Se aut  th mèjodo to k eÐnai h par�metroc
kanonikopoÐhshc, [49].

6.2.2 Arijmhtik� apotelèsmata

Sth sunèqeia, parajètoume arijmhtik� paradeÐgmata sta opoÐa lÔnoume dia-
krit� kak¸c topojethmèna probl mata epilegmèna apì to pakèto “Regular-
ization Tools” tou Hansen, [45]. Perissìterec leptomèreiec sqetik� me ton
trìpo kataskeu c twn problhm�twn mporoÔn na brejoÔn sthn Upoenìthta
5.4.3.

H lÔsh twn problhm�twn aut¸n gÐnetai mèsw tou antÐstoiqou poiniko-
poihmènou probl matoc elaqÐstwn tetrag¸nwn (6.3). H tim  thc paramètrou
kanonikopoÐhshc µ prosdiorÐzetai mèsw thc elaqistopoÐhshc thc akriboÔc su-
n�rthshc GCV kai twn ektim sewn enìc kai dÔo ìrwn. Sugkekrimèna, qrh-
simopoioÔme tic GCV ektim seic enìc ìrou µ̃1 kai dÔo ìrwn µ̃2 (me n = 1,
k = 0) pou dÐnontai sta PorÐsmata 5.2 kai 5.3. Oi apaitoÔmenec par�metroi
stic ektim seic enìc ìrou eÐnai νf = −3/2 kai νe = −1, kaj¸c oi pÐnakec
aut¸n twn problhm�twn ikanopoioÔn thn upìjesh tou PorÐsmatoc 5.1, ìpwc
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èqoume  dh anafèrei sthn Enìthta 5.4. H akrib c tim  thc sun�rthshc GCV
upologÐzetai qrhsimopoi¸ntac to pakèto tou Hansen, [45]. H poiìthta twn
lÔsewn xµ̃ axiologeÐtai upologÐzontac th nìrma tou sf�lmatoc ‖x− xµ̃‖.

Se ìla ta paradeÐgmata jewroÔme to mègejoc deÐgmatoc N = 50 gia to
Je¸rhma tou Hutchinson, ektìc apì to teleutaÐo par�deigma sto opoÐo qrh-
simopoi same N = 100. To plègma pou qrhsimopoieÐtai gia thn par�metro
µ perigr�fetai sthn Upoenìthta 5.4.1. 'Oloi oi upologismoÐ èginan qrhsimo-
poi¸ntac MATLAB (R2015a), 64-bit, se upologist  Intel Core i7, me 16 Gb
DDR4 RAM.

Par�deigma 6.3. Ta probl mata dokim c Tomo kai Heat.

Se autì to par�deigma, dokim�zoume ta probl mata Tomo kai Heat me
pÐnaka A megèjouc 100× 100 kai to epÐpedo jorÔbou eÐnai σ = 10−3 kai σ =
10−4 antÐstoiqa. To prìblhma dokim c Heat prokÔptei apì thn antÐstrofh
exÐswsh jermìthtac. Sta graf mata 6.1, 6.2 sqedi�zoume thn akrib  lÔsh
x twn problhm�twn kai thn ektÐmhsh enìc ìrou (arister� graf mata)   thn
ektÐmhsh dÔo ìrwn (dexi� graf mata) gia th lÔsh xµ. H kat�llhlh epilog 
thc paramètrou kanonikopoÐhshc µ mporeÐ na odhg sei se mÐa ikanopoihtik 
lÔsh xµ h opoÐa eÐnai polÔ kont� sthn arqik  lÔsh x, ìpwc mporoÔme na
doÔme se aut� ta graf mata kai ston PÐnaka 6.4 ston opoÐo katagr�fetai h
nìrma tou sf�lmatoc ‖x− xµ‖.
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Sq ma 6.1: LÔsh tou probl matoc dokim c Tomo me th qr sh twn ektim sewn
enìc kai dÔo ìrwn.
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Sq ma 6.2: LÔsh tou probl matoc dokim c Heat me th qr sh twn ektim sewn
enìc kai dÔo ìrwn.

Prìblhma dokim c
Mèjodoc µ ‖x− xµ‖(p,σ)

Tomo GCV-One 8.2879e-4 3.1328e-1
(100,10−3) GCV-Two 3.9349e-6 5.5987e-1

Exact GCV 3.7321e-3 3.6006e-1
Heat GCV-One 1.0389e-7 4.8332e-2

(100,10−4) GCV-Two 2.3073e-8 6.1547e-2
Exact GCV 2.2734e-4 5.9325e-1

PÐnakac 6.4: Par�metroi pou qarakthrÐzoun ta arijmhtik� paradeÐgmata twn
grafhm�twn 6.1 kai 6.2.

Par�deigma 6.4. Ta probl mata dokim c Baart kai Phillips.

Se autì to par�deigma, sugkrÐnoume ta apotelèsmata pou prokÔptoun qrh-
simopoi¸ntac tic paraqjeÐsec oikogèneiec ektim sewn me ta antÐstoiqa apote-
lèsmata pou up�rqoun sto Kef�laio 15 sto biblÐo twn Golub kai Meurant,
[38]. Sugkekrimèna, dokim�zoume ta probl mata Baart kai Phillips me te-
tragwnikì pÐnaka A di�stashc 100 kai 200, antÐstoiqa. Ston PÐnaka 6.5,
katagr�foume thn ektÐmhsh GCV gia to µ, to upìloipo bper−Axµ (to di�nu-
sma bper dÐnetai apì th sqèsh (5.27)) kai th nìrma tou sf�lmatoc ‖x− xµ‖.
'Opwc parathroÔme se autìn ton PÐnaka, h poiìthta twn ektim sewn exar-
t�tai apì to epÐpedo jorÔbou σ. Wstìso, oi ektim seic gia thn par�metro
kanonikopoÐhshc eÐnai kalèc. SugkrÐnontac ta apotelèsmata tou PÐnaka 6.5
me ta apotelèsmata stouc PÐnakec 15.10 kai 15.12 sto [38, sel. 327, 331], ta
opoÐa èqoun prokÔyei qrhsimopoi¸ntac tic mejìdouc pou perigr�fontai stic
ergasÐec [19] kai [42], blèpoume ìti h poiìthta twn lÔsewn eÐnai sqedìn Ðdia.
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Prìblhma
σ

µ ‖bper − Axµ‖ ‖x− xµ‖
(p) GCV-One GCV-Two GCV-One GCV-Two GCV-One GCV-Two

Baart 10−7 2.855718e-12 2.044066e-12 2.6298e-7 2.6290e-7 5.8582e-2 5.7744e-2
(100) 10−5 5.286602e-9 2.291529e-9 2.4339e-5 2.4205e-5 6.4653e-2 6.3754e-2

10−3 2.291529e-9 1.174044e-9 3.1809e-3 3.1809e-3 5.6132e-1 5.9153e-1
10−1 4.646328e-8 6.491280e-8 2.8115e-1 2.6879e-1 5.1292e0 7.4336e0

Phillips 10−7 7.338751e-7 3.036678e-7 1.8031e-6 1.4264e-6 7.3570e-4 7.4559e-4
(200) 10−5 1.474286e-5 2.272868e-4 1.5585e-4 3.0357e-4 5.5019e-3 7.8508e-3

10−3 9.404826e-5 7.157553e-4 1.4791e-2 1.5077e-2 2.0590e-1 6.7724e-2
10−2 9.326777e-4 1.122007e-4 1.3631e-1 1.3517e-1 5.7666e-1 1.3282e0
10−1 1.729768e-3 3.859297e-4 1.4218e0 1.4536e0 2.5851e0 7.4383e0

PÐnakac 6.5: Ta probl mata dokim c Baart kai Phillips gia di�fora epÐpeda
jorÔbou σ.

Par�deigma 6.5. To prìblhma dokim c Shaw.

Se autì to par�deigma, sugkrÐnoume th sumperifor� thc proteinìmenhc
mejìdou me mÐa mèjodo pou basÐzetai sthn merik  didiagwniopoÐhsh (bidiago-
nalization), h opoÐa perigr�fetai sthn ergasÐa [57]. Sugkekrimèna, dokim�zou-
me to prìblhma Shaw me pÐnaka A megèjouc 200 × 200 gia di�fora epÐpeda
jorÔbou σ. Ston PÐnaka 6.6 parousi�zoume thn ektÐmhsh GCV gia thn pa-
r�metro kanonikopoÐhshc µ kai tic antÐstoiqec nìrmec sfalm�twn ‖x − xµ‖.
SugkrÐnontac aut� ta apotelèsmata me ta antÐstoiqa pou parousi�zontai ston
PÐnaka 5.1 thc ergasÐac [57], parathroÔme ìti oi paraqjeÐsec GCV ektim seic
gia thn par�metro kanonikopoÐhshc µ eÐnai polÔ kont� kai mporoÔn na epiteu-
qjoÔn ikanopoihtikèc proseggÐseic.

σ
µ ‖x− xµ‖

GCV-One GCV-Two Exact GCV GCV-One GCV-Two Exact GCV
10−2 4.648693e-6 7.676470e-6 7.008714e-4 2.4151e0 5.0564e0 7.7344e-1
10−4 1.579728e-8 2.381715e-6 6.251839e-7 3.9144e-1 6.1598e-1 4.4459e-1
10−6 5.793231e-9 2.124513e-9 3.785969e-7 3.3267e-1 2.7528e-1 4.5536e-1
10−8 3.991690e-10 1.147620e-12 2.045106e-10 2.6640e-1 1.0418e-1 2.6010e-1
10−10 2.750381e-11 8.214432e-13 2.417275e-10 2.2266e-1 9.3875e-2 2.6201e-1
10−12 3.250896e-11 6.949720e-13 8.214432e-13 2.2792e-1 9.0655e-2 9.3922e-2

PÐnakac 6.6: To prìblhma dokim c Shaw di�stashc 200 gia di�fora epÐpeda
jorÔbou σ.

Par�deigma 6.6. Probl mata dokim c meg�lhc di�stashc.

JewroÔme tèssera diaforetik� probl mata dokim c meg�lhc di�stashc
me di�fora epÐpeda jorÔbou σ. Eidikìtera, jewroÔme to prìblhma domik c
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Phillips di�stashc p = 3000 kai p = 10000 me jìrubo σ = 10−5, to prìblh-
ma Tomo di�stashc p = 10000 me σ = 10−4, to prìblhma Baart di�stashc
p = 15000 me σ = 10−6 kai to prìblhma Heat di�stashc p = 20000 me
σ = 10−3. Ston PÐnaka 6.7 anafèroume thn tim  thc paramètrou kanonikopo-
Ðhshc µ kai th nìrma tou sf�lmatoc thc paragìmenhc lÔshc qrhsimopoi¸ntac
tic ektim seic enìc   dÔo ìrwn. ParathroÔme ìti h GCV ektÐmhsh thc para-
mètrou kanonikopoÐhshc µ eÐnai polÔ ikanopoihtik , afoÔ h nìrma tou sf�l-
matoc ‖x − xµ‖ eÐnai arket� mikr . AxÐzei na shmeiwjeÐ ìti h poiìthta thc
lÔshc xµ den exart�tai apì thn di�stash tou probl matoc dokim c.

Prìblhma dokim c
Mèjodoc µ ‖x− xµ‖(p,σ)

Phillips GCV-One 9.5202e-7 8.1020e-3
(3000,10−5) GCV-Two 5.1542e-6 3.2307e-3

Exact GCV 1.6812e-3 1.7508e-2
Phillips GCV-One 7.7961e-8 6.6911e-2

(10000,10−5) GCV-Two 1.0254e-6 4.2442e-3
Exact GCV 1.1201e-3 1.5003e-2

Tomo GCV-One 4.0425e-5 5.1220e-1
(10000,10−4) GCV-Two 5.2334e-7 2.2169e-1

Exact GCV 4.9637e-4 6.0263e-1
Baart GCV-One 2.9667e-11 6.1209e-2

(15000,10−6) GCV-Two 1.0473e-12 5.7591e-2
Exact GCV 1.3162e-6 1.3940e-1

Heat GCV-One 4.8599e-6 1.3017e-1
(20000,10−3) GCV-Two 2.9431e-6 1.1307e-1

Exact GCV 8.6606e-4 9.3654e-1

PÐnakac 6.7: Ektim seic GCV gia to µ gia probl mata dokim c meg�lhc di-
�stashc.

6.3 Statistik : Grammikì montèlo palin-
drìmhshc

6.3.1 Jewrhtikì plaÐsio

Se di�fora probl mata thc Statistik c mac endiafèrei h tautìqronh melèth
dÔo   perissìterwn metablht¸n, gia na prosdiorÐsoume me poion trìpo oi
metablhtèc autèc sqetÐzontai metaxÔ touc. O kl�doc thc Statistik c pou
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exet�zei th sqèsh metaxÔ dÔo   perissìterwn metablht¸n me ap¸tero skopì
thn prìbleyh mÐac apì autèc mèsw twn �llwn, lègetai an�lush palindrìmhshc
(regression analysis).

Se k�je prìblhma palindrìmhshc diakrÐnoume sun jwc dÔo eÐdh metablh-
t¸n, tic anex�rthtec (independent variables) kai tic exarthmènec (dependent,
response variables). Anex�rthtec metablhtèc eÐnai ekeÐnec stic opoÐec mpo-
roÔme na dÐnoume mÐa sugkekrimènh tim    paÐrnoun timèc pou mporoÔme na
parathr soume all� ìqi na elègxoume. H exarthmènh metablht  antanakl�
to apotèlesma metabol¸n stic anex�rthtec metablhtèc, [71].

'Opwc anafèrame parap�nw, o stìqoc thc melèthc enìc grammikoÔ mo-
ntèlou palindrìmhshc (jewrÐa pollapl c palindrìmhshc) eÐnai h prìbleyh
(prediction) mÐac metablht c y me b�sh ta stoiqeÐa pou diajètoume gia èna
sÔnolo �llwn metablht¸n x1, x2, . . . , xd. Sto klasikì grammikì montèlo, h y
jewreÐtai ìti apoteleÐ mÐa tuqaÐa metablht  (me sugkekrimènec statistikèc idi-
ìthtec) kai ìti perièqei èna grammikì komm�ti pou qrhsimopoieÐ tic metablhtèc
x1, x2, . . . , xd kai èna tuqaÐo sf�lma e, dhlad 

y = β1x1 + β2x2 + · · ·+ βdxd + e.

Qrhsimopoi¸ntac n anex�rthtec parathr seic, paÐrnoume

y1 = β1x11 + β2x12 + · · ·+ βdx1d + e1,

y2 = β1x21 + β2x22 + · · ·+ βdx2d + e2,
...

yn = β1xn1 + β2xn2 + · · ·+ βdxnd + en.

'Etsi to grammikì montèlo palindrìmhshc mporeÐ na grafeÐ sthn isodÔnamh
morf  pin�kwn

y = Xβ + ε, (6.5)

ìpouX =


x11 x12 . . . x1d
x21 x22 . . . x2d
...

...
. . .

...
xn1 xn2 . . . xnd

 ∈ Rn×d (n > d) eÐnai o pÐnakac sqediasmoÔ

(design matrix), y =
[
y1 y2 · · · yn

]T ∈ Rn eÐnai to di�nusma apìkrishc

(response vector), ε =
[
ε1 ε2 · · · εn

]T ∈ Rn eÐnai to di�nusma twn a-
nex�rthtwn kai isìnomwn tuqaÐwn sfalm�twn (independent and identically
distributed (iid) random errors), ìpou εi ∼ N(0, σ2) gia k�je i = 1, 2, . . . , n

kai β =
[
β1 β2 · · · βd

]T ∈ Rd eÐnai h par�metroc-di�nusma palindrìmh-
shc pou epijumoÔme na ektim soume.
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'Enac trìpoc ektÐmhshc twn suntelest¸n tou montèlou, dhlad  tou dia-
nÔsmatoc β eÐnai h mèjodoc elaqÐstwn tetrag¸nwn. H ektÐmhsh twn sun jwn
elaqÐstwn tetrag¸nwn (ordinary least squares (OLS)) tou (6.5) prokÔptei
elaqistopoi¸ntac to ‖y −Xβ‖2 kai dÐnetai apì

βOLS = (XTX)−1XTy.

An o pÐnakac XTX eÐnai idi�zwn kai kaj¸c to di�nusma apìkrishc y eÐnai
“molusmèno” me èna �gnwsto sf�lma, lamb�noume upìyin to poinikopoihmèno
prìblhma elaqÐstwn tetrag¸nwn thc morf c

min
β∈Rd
{‖y −Xβ‖2 + µ‖β‖2}, (6.6)

to opoÐo exart�tai apì mÐa kat�llhla epilegmènh tim  thc paramètrou µ. Sthn
ergasÐa [37] apodeÐqjhke ìti to di�nusma β ikanopoieÐ mÐa oikogèneia ridge
ektim sewn pou exart�tai apì mÐa par�metro µ, h opoÐa kaleÐtai rujmistik 
par�metroc (tuning parameter) se aut� ta probl mata. H oikogèneia ridge
ektim sewn gia to β dÐnetai apì

β̂(µ) = (XTX + µId)
−1XTy.

H apotelesmatikìthta thc lÔshc twn poinikopoihmènwn elaqÐstwn tetrag¸nwn
exart�tai apì thn kat�llhlh epilog  thc rujmistik c paramètrou µ kaj¸c
odhgeÐ sthn epilog  tou swstoÔ statistikoÔ montèlou.

'Opwc kai sthn epÐlush twn diakrit¸n kak¸c topojethmènwn problhm�twn
pou perigr�fhkan sthn Enìthta 6.2, o prosdiorismìc thc rujmistik c para-
mètrou µ, gÐnetai mèsw thc mejìdou GCV. Lamb�nontac upìyin touc sumboli-
smoÔc tou grammikoÔ montèlou palindrìmhshc (6.5), h sun�rthsh GCV (5.4)
gr�fetai wc

V (µ) =
yTB−2y

(Tr(B−1))2
, (6.7)

ìpou B = XXT + µIn ∈ Rn×n kai X eÐnai o pÐnakac sqediasmoÔ. Ja qrhsi-
mopoi soume tic ektim seic enìc ìrou Ṽ1(µ) kai dÔo ìrwn Ṽ2(µ) gia th sun�r-
thsh GCV pou dÐnontai apì touc tÔpouc (5.18) kai (5.19) antÐstoiqa, gia thn
ektÐmhsh thc rujmistik c paramètrou µ.

6.3.2 Melèth prosomoÐwshc

Sthn akìloujh melèth prosomoÐwshc, jewroÔme to statistikì montèlo me
uyhl� susqetismènouc par�gontec (high correlated covariates), ìpou ìloi
èqoun thn Ðdia diakÔmansh. Aut  h kl�sh pin�kwn perigr�fetai analutik�
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sthn Enìthta 1.7. Lamb�noume xeqwrist� upìyin tic peript¸seic ìpou to mo-
ntèlo den perièqei stajerì ìro (intercept) kai thn perÐptwsh me stajerì ìro.
Ac xekin soume na perigr�foume analutik� to montèlo pou ja melet soume.

Prosomoi¸noume 100 datasets pou apoteloÔntai apì n parathr seic apì
to statistikì montèlo

y = Xβ + ε,

ìpou X =
[
x1 x2 · · · xd

]
n×d, eÐnai o pÐnakac sqediasmoÔ kai oi st lec

tou xi, i = 1, . . . , d eÐnai oi par�gontec pou akoloujoÔn thn kanonik  katano-
m  N(0, σ2In). To di�nusma twn sfalm�twn εn×1 eÐnai kanonik� katanemhmèno
wc N(0, In) kai β eÐnai èna tuqaÐa epilegmèno d×1 di�nusma. Sthn perÐptwsh
pou to montèlo perièqei stajerì ìro ìla ta stoiqeÐa thc pr¸thc st lhc tou
pÐnaka sqediasmoÔ eÐnai Ðsa me èna. 'Etsi, to montèlo me stajerì ìro ja èqei
th morf 

y = X̃β + ε,

ìpou X̃ =
[

1 X
]
kai o pÐnakac X èqei tic idiìthtec pou èqoume perigr�yei

parap�nw.
Gia ìla ta prosomoiwmèna paradeÐgmata, h sun jhc ektÐmhsh twn elaqÐstwn
tetrag¸nwn (OLS) den eÐnai ikanopoihtik  kai ètsi qrhsimopoioÔme thn elaqi-
stopoÐhsh tou antÐstoiqou poinikopoihmènou probl matoc (6.6).

Stouc PÐnakec pou akoloujoÔn, parousi�zoume ta apotelèsmata thc e-
ktÐmhshc thc paramètrou palindrìmhshc β̂ gia di�forec diast�seic twn pi-
n�kwn sqediasmoÔ X   X̃. To plègma pou qrhsimopoieÐtai gia thn par�metro
µ perigr�fetai sthn Upoenìthta 5.4.1. 'Oloi oi upologismoÐ èginan qrhsimo-
poi¸ntac MATLAB (R2015a), 64-bit, se upologist  Intel Core i7, me 16 Gb
DDR4 RAM.

Stic pr¸tec st lec twn Pin�kwn apeikonÐzetai h diakÔmansh σ2 twn para-
gìntwn xi, i = 1, . . . , d. H diakÔmansh eÐnai Ðsh me 0.25 kai 1 stic peript¸seic
pou exet�zoume. Sth deÔterh st lh katagr�fontai oi mèjodoi pou qrhsimo-
poioÔntai. Sugkekrimèna, oi mèjodoi pou parousi�zoume eÐnai oi akìloujec.

- Exact GCV
H mèjodoc aut  upologÐzei ton tÔpo thc sun�rthshc GCV me b�sh
thn paragontopoÐhsh idiazous¸n tim¸n (SVD) kai mporeÐ na brejeÐ sto
pakèto tou Hansen, [45].

- GCV-One
H mèjodoc aut  basÐzetai sthn ektÐmhsh enìc ìrou thc sun�rthshc GCV
kai ulopoieÐ ton tÔpo Ṽ1(µ) (me νf = −3/2 kai νe = −1) pou dÐnetai apì
th sqèsh (5.18).
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- GCV-Two
H mèjodoc aut  basÐzetai sthn ektÐmhsh dÔo ìrwn thc sun�rthshc GCV
kai ulopoieÐ ton tÔpo Ṽ2(µ) (me n = 1, k = 0) pou dÐnetai apì th sqèsh
(5.19).

- GCV-One(ei)
Aut  h mèjodoc ulopoieÐ ton tÔpo (5.7) gia ton arijmht  (me νf = −3/2)
kai ton tÔpo (5.17) gia ton paronomast  (me ν = −1) thc ektim¸menhc
sun�rthshc GCV.

- GCV-T1
H mèjodoc GCV-T1 ulopoieÐ ton tÔpo (5.7) gia ton arijmht  (me νf =
−3/2) kai ton tÔpo (1.34) gia ton paronomast  (pou upologÐzei akrib¸c
to Ðqnoc tou pÐnaka B−1 me b�sh tic idiotimèc tou) thc ektim¸menhc
sun�rthshc GCV.

Sthn trÐth kai sthn tètarth st lh h mèsh tim  thc ektim¸menhc rujmisti-
k c paramètrou µ kai h mèsh tim  tou antÐstoiqou apaitoÔmenou qrìnou (se
deuterìlepta) katagr�fontai. Sthn pèmpth st lh twn Pin�kwn apeikonÐzetai
o suntelest c epit�qunshc (speedup factor - SF) o opoÐoc ekfr�zetai wc

SF =
timeexact GCV

timemethod

.

H poiìthta thc lÔshc β̂ axiologeÐtai me ton upologismì tou mèsou tetra-
gwnikoÔ sf�lmatoc (MSE(β̂)) tou paragìmenou ektimht  β̂(µ), pou upolo-
gÐzetai apì ton tÔpo

MSE(β̂) = E[‖β̂ − β‖2]

kai emfanÐzetai sthn teleutaÐa st lh twn pin�kwn.

Tèloc, axÐzei na shmeiwjeÐ ìti lìgw thc kataskeu c tou pÐnaka sqediasmoÔ
kai sugkekrimèna afoÔ oi par�gontèc tou xi ∼ N(0, σ2In), i = 1, . . . , d, h su-
sqètish r twn paragìntwn dÐnetai apì ton akìloujo tÔpo, pou èqei ekfrasteÐ
me th bo jeia norm¸n,

r = cor(xi,xj) =
xi

Txj
‖xi‖‖xj‖

, i, j = 1, . . . , d, i 6= j.

Stouc PÐnakec pou parousi�zoume parak�tw jewroÔme Ðdia susqètish twn
paragìntwn Ðsh me r = 0.999   r = 0.8.
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• Susqètish paragìntwn: r = 0.999.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 5.9094e-1 2.1902e-2 - 6.1124e-1
GCV-One 1.6985e-1 6.5967e-4 33.2014 7.9650e-1
GCV-Two 2.4755e-1 7.8833e-4 27.7828 7.1166e-1

GCV-One(ei) 1.5732e-1 6.4923e-4 33.7353 8.9493e-1
GCV-T1 3.7213e-1 6.4480e-4 33.9671 6.3205e-1

1

Exact GCV 9.8921e-1 2.1828e-2 - 5.2153e-1
GCV-One 3.5394e-1 6.5243e-4 33.4565 6.3445e-1
GCV-Two 5.4247e-1 7.7464e-4 28.1783 6.0732e-1

GCV-One(ei) 3.1464e-1 6.4788e-4 33.6914 6.9532e-1
GCV-T1 6.0041e-1 6.4452e-4 33.9819 5.8731e-1

PÐnakac 6.8: Apotelèsmata gia pÐnaka sqediasmoÔ X100×6.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 4.8973e-1 2.2012e-2 - 5.7386e-1
GCV-One 1.9091e-1 6.6933e-4 32.8866 6.3990e-1
GCV-Two 1.6315e-1 7.9069e-4 27.8390 7.1962e-1

GCV-One(ei) 1.5732e-1 6.5424e-4 33.6451 7.6961e-1
GCV-T1 1.9575e-1 6.5123e-4 33.8007 6.1154e-1

1

Exact GCV 7.9510e-1 2.2276e-2 - 4.2876e-1
GCV-One 3.8709e-1 6.7665e-4 32.9210 4.8686e-1
GCV-Two 3.3948e-1 7.8507e-4 28.3745 5.2634e-1

GCV-One(ei) 3.1464e-1 6.7398e-4 33.0514 5.9400e-1
GCV-T1 3.4296e-1 6.5760e-4 33.8747 5.1230e-1

PÐnakac 6.9: Apotelèsmata gia pÐnaka sqediasmoÔ X̃100×7.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 7.7571e-1 2.2405e-2 - 6.4085e-1
GCV-One 2.4896e-1 7.0932e-4 31.5866 8.4998e-1
GCV-Two 3.1470e-1 8.3219e-4 26.9229 8.0412e-1

GCV-One(ei) 2.2305e-1 6.9186e-4 32.3837 8.8405e-1
GCV-T1 4.3276e-1 6.7824e-4 33.0340 7.3860e-1

1

Exact GCV 1.1968 2.2003e-2 - 5.7760e-1
GCV-One 4.9860e-1 7.2376e-4 30.4010 6.3504e-1
GCV-Two 6.0885e-1 8.4788e-4 25.9506 6.2630e-1

GCV-One(ei) 4.4609e-1 7.1976e-4 30.5699 6.6019e-1
GCV-T1 8.6180e-1 6.8156e-4 32.2833 6.1625e-1

PÐnakac 6.10: Apotelèsmata gia pÐnaka sqediasmoÔ X200×10.
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σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 8.2269e-1 2.2978e-2 - 5.8908e-1
GCV-One 2.5850e-1 7.3364e-4 31.3205 7.4309e-1
GCV-Two 2.3462e-1 8.4738e-4 27.1165 7.8261e-1

GCV-One(ei) 2.4305e-1 7.1754e-4 32.0233 7.5029e-1
GCV-T1 3.2299e-1 7.1289e-4 32.2322 7.0848e-1

1

Exact GCV 1.0864 2.4547e-2 - 5.0989e-1
GCV-One 5.6537e-1 7.9805e-4 30.7587 5.2467e-1
GCV-Two 4.7612e-1 9.0637e-4 27.0828 5.7095e-1

GCV-One(ei) 4.9609e-1 7.6773e-4 31.9735 5.6362e-1
GCV-T1 5.8887e-1 7.6251e-4 32.1924 5.2109e-1

PÐnakac 6.11: Apotelèsmata gia pÐnaka sqediasmoÔ X̃200×11.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 1.7715 3.1048e-2 - 7.1281e-1
GCV-One 5.7176e-1 1.3580e-3 22.8630 7.7552e-1
GCV-Two 6.1393e-1 1.6853e-3 18.4228 7.6790e-1

GCV-One(ei) 4.9975e-1 1.3125e-3 23.6556 7.1332e-1
GCV-T1 5.1352e-1 1.2928e-3 24.0161 7.6367e-1

1

Exact GCV 1.1616 3.1412e-2 - 4.6203e-1
GCV-One 1.2054 1.4547e-3 21.5935 4.5642e-1
GCV-Two 1.0778 1.6780e-3 18.7199 4.5627e-1

GCV-One(ei) 9.9950e-1 1.3913e-3 22.5774 4.4783e-1
GCV-T1 1.0270 1.3852e-3 22.6769 4.4318e-1

PÐnakac 6.12: Apotelèsmata gia pÐnaka sqediasmoÔ X1000×50.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 1.8936 3.2574e-2 - 5.6198e-1
GCV-One 6.3770e-1 1.5241e-3 21.3726 6.3129e-1
GCV-Two 5.4290e-1 1.6693e-3 19.5136 6.6779e-1

GCV-One(ei) 5.1823e-1 1.4244e-3 22.8686 6.7509e-1
GCV-T1 7.1158e-1 1.4119e-3 23.0710 5.9354e-1

1

Exact GCV 1.2869 3.0653e-2 - 4.1756e-1
GCV-One 1.2892 1.4788e-3 20.7283 4.1266e-1
GCV-Two 1.0651 1.6059e-3 19.0877 4.1567e-1

GCV-One(ei) 1.0275 1.4561e-3 21.0514 4.2801e-1
GCV-T1 1.1766 1.4214e-3 21.5654 4.0983e-1

PÐnakac 6.13: Apotelèsmata gia pÐnaka sqediasmoÔ X̃1000×51.
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• Susqètish paragìntwn: r = 0.8.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 3.1543 2.2041e-2 - 5.5065e-2
GCV-One 3.2712 7.2141e-4 30.5527 5.4415e-2
GCV-Two 3.5971 8.3102e-4 26.5228 5.3680e-2

GCV-One(ei) 3.2199 7.1922e-4 30.6457 5.3107e-2
GCV-T1 3.1839 7.1885e-4 31.2930 5.4831e-2

1

Exact GCV 6.3403 2.2181e-2 - 1.7219e-2
GCV-One 6.5940 7.2469e-4 30.6076 1.7213e-2
GCV-Two 6.5750 8.4031e-4 26.3962 1.7155e-2

GCV-One(ei) 6.3087 7.1954e-4 30.8266 1.6540e-2
GCV-T1 6.3403 7.1901e-4 30.8494 1.7219e-2

PÐnakac 6.14: Apotelèsmata gia pÐnaka sqediasmoÔ X200×10.

σ2 Mèjodoc µ Qrìnoc SF MSE(β̂)

0.25

Exact GCV 3.1543 2.2495e-2 - 5.4595e-2
GCV-One 3.2429 7.3401e-4 30.6467 5.4102e-2
GCV-Two 3.1913 8.4230e-4 26.7066 5.4389e-2

GCV-One(ei) 3.1543 7.2888e-4 30.8624 5.4595e-2
GCV-T1 3.1543 7.2821e-4 30.8908 5.4595e-2

1

Exact GCV 6.3087 2.2701e-2 - 1.5374e-2
GCV-One 6.5586 7.3395e-4 30.9299 1.5306e-2
GCV-Two 6.4671 8.4093e-4 26.9951 1.5331e-2

GCV-One(ei) 6.3087 7.3198e-4 31.0131 1.5374e-2
GCV-T1 6.3087 7.2735e-4 31.2106 1.5374e-2

PÐnakac 6.15: Apotelèsmata gia pÐnaka sqediasmoÔ X̃200×11.

SÔnoyh twn apotelesm�twn

• H ektim¸menh tim  thc rujmistik c paramètrou µ.
H tim  tou µ sthn Exact GCV eÐnai h jèsh elaqÐstou thc (6.7). Sth
GCV-One   GCV-Two h tim  tou µ eÐnai h jèsh elaqÐstou thc (5.18)  
thc (5.19). Oi timèc tou µ diafèroun kai ètsi esti�zoume sthn epÐteuxh
enìc sugkrÐsimou mèsou tetragwnikoÔ sf�lmatoc, dhlad  na epitÔqou-
me èna mèso tetragwnikì sf�lma thc Ðdiac t�xhc me mÐa ektÐmhsh polÔ
mikrìterhc poluplokìthtac (tetragwnik  t�xh) apì ton jewrhtikì upo-
logismì (kubik  t�xh).

• To mèso tetragwnikì sf�lma MSE(β̂).
EÐnai shmantikì na tonÐsoume ìti se ìlec tic prosomoi¸seic epiteÔqjhkan
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fthnèc lÔseic me MSE(β̂) thc Ðdiac t�xhc me ton akrib  upologismì
pou deÐqnei ìti oi mèjodoi ektÐmhshc mporeÐ na eÐnai protimìterec gia ton
prosdiorismì thc rujmistik c paramètrou. Kaj¸c h diakÔmansh aux�nei
to MSE(β̂) se ìlec tic mejìdouc mei¸netai.

• O qrìnoc ektèleshc kai o suntelest c epit�qunshc (speedup factor -
SF).
ParathroÔme ìti oi mèjodoi ektÐmhshc eÐnai polÔ pio gr gorec apì ton a-
krib  upologismì thc sun�rthshc GCV (ìpwc anamèname apì th meÐwsh
thc poluplokìthtac). O SF apeikonÐzei aut  th diafor�. EpÐshc, mpo-
roÔme na parathr soume ìti oi mèjodoi ektÐmhshc pou sthrÐzontai stic
ektim seic enìc ìrou (dhlad  oi GCV-One, GCV-One(ei) kai GCV-
T1) èqoun ton uyhlìtero suntelest  epit�qunshc (èwc kai 33% gia
orismènec peript¸seic) en¸ h GCV-Two epitugq�nei epÐshc kalì rujmì.

To gr�fhma 6.3 apeikonÐzei ton qrìno ektèleshc (se deuterìlepta) wc
sun�rthsh tou arijmoÔ twn parathr sewn gia thn epÐlush tou pro-
bl matoc twn elaqÐstwn tetrag¸nwn. Sugkekrimèna, jewroÔme pènte
pÐnakec sqediasmoÔX di�stashc n×10 gia n = 100, 300, 500, 1000, 2000.
Oi mèjodoi pou apeikonÐzontai eÐnai h Exact GCV kai oi mèjodoi ektÐmh-
shc GCV-One kai GCV-Two. Blèpoume ìti autèc oi mèjodoi èqoun sqe-
dìn grammik  sumperifor�. Oi GCV-One kai GCV-Two epitugq�noun e-
xairetik� gr goro qrìno ektèleshc kai se sÔgkrish me thn Exact GCV
èqoun suntelest  epit�qunshc mèqri 32%.
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Sq ma 6.3: Qrìnoc ektèleshc (se deuterìlepta) wc sun�rthsh tou arijmoÔ
parathr sewn gia thn epÐlush tou probl matoc twn elaqÐstwn tetrag¸nwn.
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