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Abstract

We extend the Coleman–Weinberg inflationary model where a scalar field φ is non-
minimally coupled to gravity with the addition of the R2 term. We express the theory
in terms of two scalar fields and going to the Einstein frame we employ the Gildener–
Weinberg formalism, compute the one-loop effective potential and essentially reduce
the problem to the case of single-field inflation. It turns out that there is only one
free parameter, namely, the mixing angle between the scalars. For a wide range of
this angle, we compute the inflationary observables which are in agreement with the
latest experimental bounds. The effect of the R2 term is that it lowers the value of the
tensor-to-scalar ratio r.
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1. Introduction

Most of the problems of the Big Bang cosmology can be solved if one postulates that the Universe
underwent a quasi–de Sitter expansion in its early stages. This inflationary era, when treated
quantum-mechanically, can also produce and amplify the small inhomogeneities which have re-
sulted in the large scale structures and the anisotropy in the temperature of the cosmic microwave
background (CMB) [1–4] we observe today.

One of the simplest and most successful inflationary models is that of Starobinsky [5]. By
extending the Einstein-Hilbert action with the addition of an R2 term, one may express the
inflationary observables, i.e. the scalar spectral index ns and tensor-to-scalar ratio r, in terms of
the number of e-folds N as [6, 7]

ns = 1− 2

N
, (1.1)

r =
12

N2
. (1.2)

Then, for N = 55 one obtains ns = 0.9636 and r = 0.004. These values lie within the sweet spot of
the latest results from the Planck collaboration [8] which have recently further constrained these
parameters to be

ns = 0.9649± 0.0042 at 68% CL , (1.3)

r0.002 < 0.064 at 95% CL . (1.4)

Starobinsky inflation belongs to the general class of f(R) models [9–20] which are equivalent to
the scalar-tensor theories of gravity [15,21–45]. Other simple and popular scenarios have been the
monomial potentials with integer powers of the inflaton field. These, however, are all now excluded
with possibly the exception of linear inflation which gives r = 0.066 [38,46–49]. Recently, popular
ideas such as Higgs inflation have been combined with the Starobinsky model [50–66]. The analysis
of these models, however, becomes more complicated, since the appearance of the scalaron in the
Einstein frame results in a two-field inflaton potential.

The fact that the R2 term of the Starobinsky model dominates over the linear term during
inflation suggests that at very high energies gravity is scale invariant. In recent years, numerous
scale-invariant models have been proposed [37,38,42,46–49,67–89], both in relation to gravity but
also to beyond the Standard Model physics. The measured value of the scalar spectral index ns,
which is close to 1, suggests a nearly scale-invariant power spectrum. But since exact scale invari-
ance is excluded above 5σ, the symmetry must be broken dynamically by quantum corrections via
the Coleman–Weinberg mechanism [90,91]. Furthermore, by coupling the scalar field(s) to gravity
in a non-minimal way, the Planck scale can by generated in a dynamical way through the vacuum
expectation value (VEV) of the scalar(s).

The paper is organised as follows. In the next section, we present the model in the Jordan
frame. By using a Weyl transformation, we bring it to the Einstein frame, thus obtaining the tree-
level potential which depends on two fields. Then, in Section 3, we analyze the scalar potential by
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employing the Gildener-Weinberg formalism, which is a generalization of the Coleman-Weinberg
mechanism for multiple fields. Ultimately we arrive at the one-loop corrected potential which is
effectively one dimensional along the flat direction in the field space. In Section 4, we use the
one-loop potential to compute the inflationary observables and compare them to the experimental
constraints. Finally, in Section 5 we summarize and conclude.

2. The Model

We start by presenting the model to be studied and defining our notations. In the context of
classical scale invariance we consider the following Lagrangian density in the Jordan frame:

LJ =
√
−ḡ
[
ξφ2

2
R̄ +

α

2
R̄2 − 1

2
∇̄µφ∇̄µφ−

λφ
4
φ4

]
, (2.1)

where a bar indicates quantities in the Jordan frame. We have ommitted the Lagrangian Lm(ψ, φ, ḡµν)
describing the rest of the matter fields interacting with the scalar φ and gravity through scale-
invariant interactions, the details of which are not directly relevant to what we are about to
discuss. It is known [92–94] that a general scalar-tensor theory of gravity f(φ,R) can be expressed
in terms of an additional auxiliary scalar. In our case this amounts to writing the Lagrangian in
the classically equivalent way

LJ =
√
−ḡ
[

1

2

(
ξφ2 + αχ2

)
R̄− α

8
χ4 − 1

2
∇̄µφ∇̄µφ−

λφ
4
φ4

]
. (2.2)

Then we consider a Weyl rescaling of the metric

gµν = Ω2ḡµν , (2.3)

where gµν is the Einstein frame metric and the conformal factor is

Ω2 =
(
αχ2 + ξφ2

)
/M2

Pl (2.4)

or, equivalently expressed in terms of an auxiliary field ζ as

Ω2 =
ζ2

6M2
Pl

. (2.5)

The scale MPl introduced by the conformal transformation (2.3) will be identified with the Planck
mass and will ultimately be related to VEV of the field ζ. The Lagrangian density in the Einstein
frame takes the form

LE =
√
−g
[
M2

Pl

2
R− 6M2

Pl

ζ2

(
1

2
∇µφ∇µφ+

1

2
∇µζ∇µζ

)
− V (0)E(φ, ζ)

]
, (2.6)
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where the tree-level potential becomes

V (0)E(φ, ζ) =
36M4

Pl

ζ4

[
λφ
4
φ4 +

1

8α

(
ζ2

6
− ξφ2

)2
]
. (2.7)

It is convenient to rewrite (2.7) as

V (0)E = A

(
φ

ζ

)4

+B

(
φ

ζ

)2

+ C , (2.8)

where we have defined

A ≡ 9M4
Pl

(
λφ +

ξ2

2α

)
, (2.9)

B ≡ − 3ξ

2α
M4

Pl , (2.10)

C ≡ M4
Pl

8α
. (2.11)

The mass matrix for (2.7) can then be written in compact form as

M2
ij ≡

(
∂2φV

(0)E ∂φ∂ζV
(0)E

∂ζ∂φV
(0)E ∂2ζV

(0)E

)∣∣∣∣
φ=υφ,ζ=υζ

=
B

3M2
Pl

 −2
√
−2B

A√
−2B

A
B
A

 , (2.12)

where υφ and υζ are the VEVs of the two fields.

3. Gildener–Weinberg Approach

The tree-level potential (2.7) contains two scalar fields which obtain nonzero VEVs, namely φ
and ζ. An elegant and simple formalism for analyzing spontaneous symmetry breaking due to
quantum corrections in theories with multiple scalar fields was proposed by E. Gildener and S.
Weinberg (GW) [91].

According to the GW approach [91], due to the running of the couplings of the theory, the tree-
level potential is flat at some renormalization scale ΛGW and has a degenerate valley of minima
along a ray that extends out from the origin in field space. Then, by including the one-loop
corrections, the effective potential obtains a radial shape along this ray and a non-zero VEV is
dynamically generated, along with a mass for the radial component of the fields.

The conditions for the minimization of V (0)E yield the same constraint for the parameter space
of the model, namely

dV (0)E

dφ

∣∣∣
φ=vφ

=
dV (0)E

dζ

∣∣∣
ζ=vζ

= 0 , (3.1)
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which gives

v2φ = − B

2A
v2ζ . (3.2)

In the GW prescription, the mass matrix of the scalars φ and ζ contains the direction along the
dynamically generated VEVs as one of its eigenvectors

1√
v2φ + v2ζ

(
vφ
vζ

)
. (3.3)

The scalar masses may be diagonalized by a two-dimensional orthogonal rotation, parametrized
by an angle ω, as (

φ
ζ

)
=

(
cosω − sinω
sinω cosω

)(
s
σ

)
, (3.4)

We can relate the VEVs through this mixing angle ω as

tanω =
vζ
vφ

. (3.5)

The diagonalization of the mass matrix (2.12) then yields the following masses for the two scalar
fields along the flat direction:

m2
s = 0 , (3.6)

and

m2
σ =

ξ (ξ + 12λφα + 6ξ2)

6α (2λφα + ξ2)
M2

Pl , (3.7)

the first corresponding to the massless pseudo-Goldstone boson of broken scale invariance (scalon)

s = φ cosω + ζ sinω , (3.8)

while the second corresponds to the mass of the orthogonal state σ = −φ sinω + ζ cosω. Employ-
ing (3.5), along the flat direction the VEVs of the fields are related as

vs =
vφ

cosω
=

vζ
sinω

. (3.9)

The kinetic terms of the original φ and ζ bosons are

6M2
Pl

ζ2

(
1

2
∇µφ∇µφ+

1

2
∇µζ∇µζ

)
=

6M2
Pl

ζ2

(
1

2
∇µs∇µs+

1

2
∇µs∇µσ

)
, (3.10)

where σ = − sinω φ + cosω ζ is the orthogonal (massive) combination. Along the σ = 0 direction
in field space ζ = sinω s + cosω σ can be replaced with just ζ = s sinω and its kinetic term
reduced to

1

2

(
6M2

Pl

sin2 ω

)
(∇s)2

s2
=

1

2
(∇sc)2 =⇒ sc − vsc =

√
6MPl

sinω
ln

s

vs
(3.11)
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where sc is the corresponding canonical field. In the following, we only work with the canonically
normalized inflaton s and we omit the subscript c for brevity.

At this point we may define the scale MPl that was introduced by the conformal transformation
in terms of the dynamically determined vev of the field ζ through the relation

v2ζ = 6M2
Pl , v2 =

6M2
Pl

sin2 ω
, (3.12)

The one-loop contribution to the potential, modulo derivative interactions of σ, in terms of the
canonical field is given by [81,91]

V (1) =
m4
σ

64π2v4s
s4
[
log

(
s2

v2s

)
− 1

2

]
, (3.13)

where v2s = v2φ + v2ζ is the VEV of the pseudo-Goldstone boson of broken classical scale invariance
s. We require the vanishing of the one-loop effective potential at the minimum. This requirement
ensures that the cosmological constant is zero at the one-loop level. We have

V (vs) ≡ V (0)E(vs) + V (1)(vs) = 0 . (3.14)

Then, the total one-loop effective potential along the flat direction is given by

V (s) =
m4
σ

128π2

[
sin2 ω

36M4
Pl

s4
(

2 ln

[
s2 sin2 ω

6M2
Pl

]
− 1

)
+ 1

]
. (3.15)

From the above potential we can obtain the radiatively generated mass for the s boson

m2
s =

sin2 ω

48π2

m4
σ

M2
Pl

. (3.16)

We see that the mass of s is loop-suppressed with respect to that of σ. This means that the
orthogonal state σ effectively decouples during inflation and the pseudo-Goldstone boson s plays
the role of the inflaton along the flat direction.

Assuming a FLRW metric, the Klein–Gordon equation for the inflaton field s has the form

s̈+ 3Hṡ+ V ′(s) = 0 , (3.17)

where H = ȧ/a is the Hubble parameter and a the scale factor.

In Fig. 1 we fix the values of the parameters to ξ = 0.3, α = 0.01 and ω = 0.16, we numerically
solve the Klein–Gordon equation (3.17) for a plethora of initial conditions for the inflaton s and
plot the s− ṡ phase space. Clearly, the potential exhibits an attractor behavior since, regardless
of the initial conditions, all trajectories in the phase space (green-dotted curves) quickly converge
in a single trajectory that terminates at the location of the minimum.
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Figure 1: The attractor behavior of the one-loop effective potential (3.15) in the s− ṡ phase space,
where we have used ξ = 0.3, α = 0.01 and ω = 0.16. With the black curve we show the normalized
(5V (s)/V (0)) potential.

Notice that the conditions (3.2) and (3.12) constrain the free parameters of the model. As a
result we find that

v2φ = v2 − v2ζ = 6M2
Pl cot2 ω . (3.18)

Then, upon substituting (3.12) and (3.18) into (3.2) one obtains

2A cot2 ω = −B . (3.19)

Equivalently we have the constraint(
12αλφ + 6ξ2

)
cot2 ω = ξ , (3.20)

and so we are left with 3 free parameters. If we choose to solve (3.20) for the coupling λφ we have
that1

λφ =
ξ

12α

[
tan2 ω − 6ξ

]
. (3.21)

1Note that we have ignored the running of the couplings ξ and α, assuming that their β-functions are such that
their values do not vary much over the inflaton field excursion.
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4. Observables

The imposition of the constraint (3.20), has reduced the number of the free parameters of the
system to three, namely the non-minimal coupling of the field (ξ), the Starobinsky parameter
(α), and the mixing angle (ω). As we shall now demonstrate, it is only the angle ω that affects
the predictions for observables and the other two parameters come into play via the VEVs that
determine the value of ω.

In the slow-roll approximation, the expressions for the tensor-to-scalar ratio r, the tilt ns of the
scalar power spectrum and the running αs of the scalar spectral index are given in terms of the
values of the potential slow-roll parameters εV , ηV and ξ2V at horizon crossing as

r ≈ 16ε∗V , (4.1)

ns ≈ 1− 6ε∗V + 2η∗V , (4.2)

and
αs = 16ε∗V η

∗
V − 24ε2∗V − 2ξ2∗V , (4.3)

where

εV ≡
M2

Pl

2

(
V ′(s)

V (s)

)2

, ηV ≡M2
Pl

V ′′(s)

V (s)
, ξ2V ≡M4

Pl

V ′(s)V ′′′(s)

V (s)2
, (4.4)

and ∗ has been used to denote the value of the slow-roll parameters at horizon crossing.

By performing a direct computation it is straightforward to show that the slow-roll parameters
for the potential (3.15) take the form

εV = M2
Pl

32s6 log
[

6M2
Pl

s2 sin2 ω

]
sin8 ω[

36M4
Pl + s4 sin4 ω

(
2 log

[
s2 sin2 ω
6M2

Pl

]
− 1
)]2 , (4.5)

ηV = M2
Pl

8s2
[
2 + 3 log

(
s2 sin2 ω
6M2

Pl

)]
sin4 ω

36M4
Pl + s4 sin4 ω

(
2 log s2 sin2 ω

6M2
Pl
− 1
) , (4.6)

and

ξ2V = M4
Pl

128s4 sin8 ω log
(
s2 sin2 ω
6M2

Pl

)(
3 log

(
s2 sin2 ω
6M2

Pl

)
+ 5
)

(
s4 sin4 ω

(
2 log

(
s2 sin2 ω
6M2

Pl

)
− 1
)

+ 36M4
Pl

)2 , (4.7)

Thus it is evident that the sole parameter that plays a role in the expressions (4.1) and (4.2) for
the observables is the mixing angle ω2. Note that an inflaton field excursion can occur on either

2This is already clear from (3.15) where the parameters ξ and α enter the expression of the potential only via
the mass mζ and the latter cancels out in the expressions for εV , ηV and ξ2V .
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side of the minimum of the potential (3.15), corresponding to small and large field inflation. In the
following, however, we will not deal with the large field scenario since it yields a tensor-to-scalar
ratio which is excluded by observations.

In Fig. 2, we plot the slow-roll parameters εV and ηV , given in Eqs. (4.5)–(4.6), as a function
of the inflaton field s for a few fixed values of the mixing angle ω. We observe that both slow-roll
parameters become unity around the same inflaton field value.

0 5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

1.0

1.2

s/MPl

ε
V
,η
V

Figure 2: The slow-roll parameters εV (solid curves) and ηV (dashed curves) as a function of the
inflaton field s for fixed values of the mixing angle at sinω = 0.07 (blue curves), sinω = 0.12 (red
curves) and sinω = 0.30 (green curves).

The number N of e-folds of inflation elapsed in the Einstein frame is defined as dN = Hdt
where H and t are the Hubble parameter and time coordinate respectively. In terms of the slow
roll parameter εV one has

N =

∫ sf

s∗

1√
2εV (s)

ds , (4.8)

where s∗ is the value of the inflaton field at the time of horizon crossing while sf is its value at
the end of inflation.

In the case of the model under consideration, the total number of e-folds is given by the following
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analytic expression:

N =

{
3

8 sin2 ω

[
li

(
6 sin2 ωM2

Pl

s2

)
− li

(
sin2 ω s2

6M2
Pl

)]
+

s2

8M2
Pl

} ∣∣∣∣∣
s∗

sf

, (4.9)

where li(z) is the logarithmic integral (li(z) =
∫ z
0

1
log t

dt).

The required amount of inflation in order for the horizon and flatness problems to be solved is
N ≈ 60. Inflation ends exactly when the first Hubble slow-roll parameter εH ≡ −Ḣ/H2 = 1 but
in the slow-roll approximation εH ≈ εV and so it is often the condition εV = 1 that is used instead
in order to obtain sf .

An example of an inflaton excursion in our model (3.15) that yields a sufficient amount of
inflation is given in Fig.3. The red-dashed line corresponds to the value sf of the inflaton where
inflation ends subject to the condition εV = 1. The green-dashed line corresponds to the value s∗
of the inflaton at the time of horizon crossing that is obtained by the requirement N ≈ 60. By

Figure 3: An inflaton excursion that yields N = 59.3 when sinω = 0.15. Inflation starts(ends) at
the green(red)-dashed line. The values of the observables in this case are (r, ns) = (0.014, 0.963).

considering different values for s∗ we vary the total number of e-folds of inflation elapsed during
the field excursion and consequently obtain different predictions for the observables r and ns.

In Fig.4 we considered different values for the mixing angle ranging from sinω = 0 up to
sinω = 0.23 that yield 50 6 N 6 70 and plot the predictions of the model in the ns − r plane
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against the current bounds set by the Planck collaboration [8]. One can see that for small values
of the mixing angle the predictions of the model converge to the ones obtained by the minimal
quadratic inflation model. This is explained by the fact that the potential (3.15), for sinω → 0
and around its minimum, is approximated by

V (s) ' m4
σ sin2 ω

96π2M2
Pl

(s− vs)2 . (4.10)

Finally, in Fig. 5, for various values of the mixing angle ω and for N = 50− 70 e-folds we plot
the running of the scalar spectral index αs. All of the resulting values are compatible with the
observational constraints [8] αs = −0.0045± 0.0067 at 68% CL.

Figure 4: The predictions of the model (3.15) for a wide range of values for the mixing angle ω and
for field excursions that yield sufficient amount of inflation i.e. 50 to 70 e-folds.
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Figure 5: The running of the scalar spectral index αs for values of the mixing angle in the range
sinω = 0− 0.25 and for a number of e-folds between N = 50− 70.

5. Summary and Conclusions

In this work, we considered slow-roll inflation in the theory of a scalar field with scale-imvariant
interactions coupled to gravity non-minimally in the presence of an R2 term. The gravitational
sector in the Jordan frame consists of a nonminimal coupling term of the inflaton to the Ricci scalar
and an R2 correction. Expressing the action in terms of an auxiliary scalar field and transforming
it to the Einstein frame by means of a Weyl rescaling of the metric, the theory consists of two real
scalar fields with non-canonical kinetic terms subject to a two-dimensional inflationary potential.
By applying the formalism of Gildener and Weinberg we were able to effectively describe inflation
by means of a single scalar field (s), the pseudo-Goldstone boson along the flat direction of the
tree-level potential. We obtained the one-loop corrected potential along the flat direction and
in turn, by numerically solving the Klein-Gordon equation, we have verified that it exhibits an
inflationary attractor behavior.

Then, we studied the predictions for the tensor-to-scalar ratio (r), the scalar spectral index
(ns) and the running of the scalar spectral index (αs). We found that the only free parameter
that affects the predictions is the mixing angle (ω) between the two scalar degrees of freedom. For
various field excursions of the inflaton s that produce a sufficient amount of inflation, i.e. 50 to
70 e-folds, and for a wide range of values for ω we found that the model yields predictions that
lie well within the recent, strict bounds for the allowed region in the (ns − r) parametric space
set by the Planck collaboration. For the aforementioned field excursions and values of the mixing
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angle the predictions for the running of the spectral index are also in excellent agreement with the
observations.

In conclusion, the present model is able to successfully describe inflation and at the same time
generate the Planck scale in a dynamical way by means of the Coleman-Weinberg mechanism.
The inclusion of the R2 term affects mainly the predictions of r. Larger values of the Starobinsky
coupling α correspond to larger values of the mixing angle ω, which in turn result to smaller values
for r.
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